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Rén luyén tu duy sang tao cho sinh vién thong qua Iop bai toan tim vét
cua mat phang

Hoang Vin Tai", D6 Viét Anh
Truong Dai hoc Mo - Pja chat

TOM TAT

Muc dich nghién ctu: Rén luyén kha nang sang tao cho sinh vién.

Pham vi nghién ciru: Sinh vién ndm nhét va nam hai cac nganh Co dién, Xay dung va Moé.

Phuong phap nghién ciru: Nghién ctu ly thuyét vé tu duy sang tao va cac biéu hién Tu duy sang tao trong
qué trinh day giai bai tap tim vét cua mat phang.

Céc két qua chinh: Néu bat cac biéu hién cia Tu duy sang tao, qua d6 dé xuat bién phap rén luyén Tu duy
sang tao cho sinh vién.

Tir khéa: Tu duy séng tao; Hinh hoc Hoa hinh; Vét.

1. Pit van dé

Ngay nay, cach day hoc Toan ndi riéng va cac mdn Khoa hoc co ban néi chung cia mot b phan giao
vién da lam giam di htng thd, say mé tim t0i, khdm pha, sang tao & ngudi hoc. Giang vién chi lo truyén
thu kién thirc cho ngudi hoc ma chua cha y dén viéc rén luyén tu duy sang tao cho ho. Nhiéu ngudi nghi
rang hoc Toan 1a dé c6 céc kién thirc Toan hoc tng dung trong doi séng hang ngay va dé hoc cac mén
hoc khéac, nhit 1 cac mén khoa hoc tu nhién va ki thuat. Trong thoi dai méi, gido duc dao tao doi hoi cé
nhiing yéu cau cao vé viéc rén luyén tri thdng minh, sang tao, tinh nang dong thich nghi véi nhiing thay
ddi nhanh cua x& hoi.

Bai viét nay trinh bay mét sb biéu hién cua tu duy sang tao va cach rén luyén tu duy sang tao cua sinh
vién qua day hoc giai bai tap Hinh hoc hoa hinh tai trudng Dai hoc Mo - Dia chat.

2. Co 6 ly thuyét va phuwong phap nghién ctu
2.2. Vet va thugc tinh co bdn vé Vet ciia mdt phang

+ Khai niém vét ciia mat phang: Vét ciia mat phing (P) 1a giao tuyén ciia mat phang (P) véi cac mit
phing hinh chiéu (P 1), (P2). (Nguyén Dinh Dién, B Manh Mén, 2006).
Ta ki hiéu:
- x 1a giao tuyén cua hai mat phang hinh chiéu (P 1), (P2).
(P) N (P1) = V1P -vét dung.
(P) N (P2) = V2P - vétbang (Hinh 1)

=)

: 0.9

Hinh 1. Minh hoa vét diing va vét bang ciia mdt phdng.

* Tac gia lién h¢
Email: hoangvantai@humg.edu.vn
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- Buong bang b ctia mit phang (P) la duong thang thugc (P) va song song véi (P z)
+ Mot sb (thudc tinh) dic diém co ban vé vét cua mat phiang (Nguyén Binh Dién va nnk, 2006).
(1) V1P, V2P, x hoic song song, hodc dong quy.

) Mevlpc{mlevlp (3)NeVzP©{Nlex
M; e x N, e V2P

(4) Gia sir duong thang d € (P) = Vid € V1P, Vad € V2P.
(5) Buong bang b ¢6 hinh chiéu bs song song véi x, hinh chiéu b, song song V2P.
2.2. Nghién ctru thuc nghi¢m

- Muc dich thyc nghiém: Chiing t6i thuc hién cac phan tich, tong hop, danh gia dé thiy duoc tiém ning
phat trién tu duy sang tao cho sinh vién trong day hoc giai bai tap Hinh hoc hoa hinh, dic biét trong 16p
céc bai toan vé vét cia mat phang.

- Phuong phap thyc nghiém: Thyc nghiém dugc ching toi st dung phuong phap danh gia dinh tinh.
Qua qua trinh day giai bai tap Hinh hoa, ching toi dua ra mot s6 thuat toan co ban lién quan téi vét cua
duong thang, vét cia mit phing, sau d6 tich hop véi hai phiéu hoc tap va phat cho sinh vién. Sau do,
chung t6i tién hanh thyc nghiém trén 60 sinh vién, Truong PH M6 - Dia chét (chia 1am 4 nhém, mdi
nhdm 15 sinh vién). Nguoi hoc dugc gidi thiéu vé cac thuat toan co ban trong Hinh hoa (Xac dinh giao
diém, giao tuyén, do 16n that ciia doan thang). Giang vién phat 1an luot hai phiéu hoc tap dé sinh vién
thuc hién cac nhiém vu trong mdi phiéu, cac em thuc hanh khéo sat trén bai toan cu thé Giang vién dit ra
va thao luan dé giai quyét van d&. Sau khi sinh vién hoan thanh hai phiéu hoc tap, ching 61 phat phiéu
diéu tra, thu thap dir liéu bang cach quay phim qua trinh sinh vién thuc hanh, thu lai phiéu hoc tap cua cac
nhom va phiéu diéu tra ciia mdi sinh vién.

- Cong cu nghién ciru: Cac cong cu nghién ciru bao gdm cac bai toan lién quan téi vét ctia mat phang
(Xac dinh vét; xac dinh giao diém, giao tuyén,...) ciing véi phleu hoc tdp v6i cac nhiém vu tuong tmng;
phiéu diéu tra, bang khao sat thu thap thong tin phan hdi vé tAm quan trong Vét mit phang, vé tu duy
thuat toan trong qua trinh giai bai tip Hinh hoa. Trong khuén kho cuia bai bao, ching toi chi trinh bay 3
trong 5 biéu hién cua tu duy sing tao thong qua cac bai toan lién quan t&i vét cia mat phang.

2.3. Tw duy sdng tao

Tu duy sang tao (TDST) 1 sy van dung cac kinh nghiém giai quyét van dé nay cho cac van dé khac,
TDST tao nén céc kinh nghiém mai dua trén cdc kinh nghiém cit va do d6 1am phong pht thém kinh
nghiém va tao nén sy thay doi vé chét cho cac sy vat ma no giai quyét. Cac nghién ciru da chi ra: “TDST
1a mot loai tu duy doc 13p tao ra y tusng mai, doc ddo va ¢ hiéu qua cao trong giai quyét van d&” (Tén Than,
1995).

TDST duoc hiéu 1 su két hop ¢ dinh cao, hoan thién nhét cua tu duy tich cuc va tu duy doc 1ap, tao ra
nhitng cai méi c6 tinh giai quyét van dé mot cach hiéu qua va chat luong. TDST la tu duy doc lap vi nd
khong bi go b6, phu thugc vao nhiing cai da c¢6. Tinh doc 1ap cua n6 duge boc 16 vira trong viéc dat dugc
muc dich vira trong viéc tim giai phap. Mdi san pham cia TDST déu mang dam ddu 4n ciia mdi c& nhan
tao ra né.

2.4. Mgt sé biéu hién ciia Tw duy sdng tao (TDST)

TDST bao gdm 5 thanh té co ban (Phan Thi Phuong Théao, 2007): Tinh mém déo; Tinh nhuin nhuyén:
Tinh ddc dao; Tinh hoan thién va Tinh nhay cam van dé. Trong cac thanh t6 nay thi tinh mém déo, tinh
nhuan nhuyén, tinh doc do 1 3 tinh chat co ban caa TDST.

2.4.1. Tinh mém déo

Biéu hién dau tién caa TDST la tinh mém déo, dugc hiéu 1a kha ning thay ddi linh hoat trat tu cia hé
thdng tri thirc, chuyén tir goc d6 quan niém nay sang goc d6 quan niém khac; dinh nghia lai sy vat, hién
tuong, xay dung phuong phap tu duy méi, tao ra su vat méi trong nhitng mbi quan hé méi hoic chuyén
ddi quan hé va nhan ra ban chat cua sy vat va diéu phan doan; lam thay d6i mot cach linh hoat cac thai do
da 6 cb hitu trong hoat dong tri tu¢ cta con nguoi. Tinh mém déo ciia TDST ¢6 cac dic trung nhur:

- Chuyén tir hoat dong tri tu¢ nay sang hoat dong tri tu¢ khac, van dung linh hoat cac hoat dong phan
tich, tdng hop, so sanh, triru trong hoa, cu thé hoa va cac phuong phép suy ludn nhu quy nap, suy dlen
tuong ty, linh hoat chuyén tir giai phap nay sang giai phap khac, diéu chinh kip thdi huéng suy nghi néu
gap tro ngai.

Vi du 1: Xéc dinh V2P biét V1P va cac hinh chiéu A1, Az ctia diém A e (P) (Hinh 2)
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Hinh 2. Piém A thugc mat phang (P) — Cho truréc vét dimg.

Quy trinh 1: Xac dinh vét bang ciia mat phang nho lay thém mot diém thudc vét ding vai cac bude cu
thé nhu sau (Hinh 3):

Budc 1: Lay diém B € V1P = ¢6 B; € V1P, By 12 hinh chiéu cua B trén x (tinh chat (2)).

Budc 2: Xac dinh hinh chiéu cua duong thing AB trén (P 1) va (P 2) (A1B: chinh 1a duong thang ndi A;
véi By, A2B; chinh 1a duong thang ndi Az véi By).

Budc 3: Xac dinh hinh chiéu M cua giao diém AB véi (P2): My 1a giao diém cua A:Bi Vai X, M2 la
giao diém cua A;B, véi duong thang qua My va vudng goc véi x (tinh chat (3)).

Budc 4: Xac dinh V2P: 1a duong thang ndi M2 va giao diém ciia x véi VaP. (tinh chat (1).

Ve,
B,

A,

09

M2

Hinh 3. Xdc dinh vét bang cia mat phang théng qua vét bang cia duong thang thugc mp.
Ciing c6 thé xac dinh V2P bang quy trinh 2 nhd mét duong bang caa (P), véi cac budc cy thé nhu sau
(Hinh 4):
Budc 1: Xéac dinh mot duong bang b ciia mat phang (P), di qua A,( by qua A; va song song X (tinh chat
(5))-
Bude 2: Xéc dinh duong by: ndi Az vai hinh chiéu I cia giao diém I gitabva ViP.
Buéc 3: Xac dinh V2P: 1a duong thang qua giao diém cua V1P va x, song song b (tinh chat (5).

(El

Hinh 4. Xac dinh vét bang cia mp théng qua phicong.
So sanh hai quy trinh néu trén, cd thé thay: quy trinh 2 don gian hon quy trinh 1.
2.4.1. Tinh nhuan nhuyén
Thyc té da cing minh kha ning cia con ngudi la \{6 han, tly thudc vao hoan canh, moéi truong gido
duc, mdi truong hoat dong,... Kha nang tao ra mét so lugng nhat dinh céc ¥ tudng dac trung cho tinh
nhuan nhuyén caa TDST. S6 y tuorng ngh1 ra duoc cang nhiéu thi c6 nhiéu kha nang xuét hién ¥ tuorng

doc dao. Trong truong hop ndy co thé ndi sé lwong 1am nay sinh chat lugng. Tinh nhuan nhuyén cé cac
dac trung sau:
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- Tinh da dang cta cac cach xu i khi giai toan, kha nang tim dwoc nhiéu giai phép trén nhiéu goc do va
tinh huong khac nhau. Trudc mot van dé can giai quyet nguoi ¢o tu duy nhuan nhuyén s& nhanh chéng
tim, dé xuat nhiéu phuong an khac nhau va tir d6 c6 thé tim duoc phuong an t01 uu.

Vi du 2. Bai toan xac dinh vét bang V,P clia mit phang khi da biét mot vét ding V1P va c6 diém A
(A1, Az) thudc (P). (Hinh 5)

A

Hinh 5. iém A thugc mat phang (P) — Cho trude vét dimg.
Phén tich: Trong bai toan nay, giao diém cia V1P va x 1a diém thudc VP (Piém dong quy), do vay loi
giai bai toan duoc thuc hién theo hai cach:

V.P VP,

B,

A, L A by

Hinh 6a Hinh 6b
Xac dinh VP nho quan hé lién thugc. Xdc dinh VoP nho tinh chét ddc trung.

Céch 1. (Hinh 6a)

Bude 1. Xac dinh diém B thudc mit phing (P) c6 By € V4P, Bz € X;

Bude 2. Xac dinh duong thing AB;

Buée 3. Xac dinh V,AB;

Buoc 4. Xac dinh V,P.

Céch 2. (Hinh 6b)

Buée 1. Qua diém A, xac dinh dudng bang b cua mit phing (P);

Buée 2. Xac dinh hinh chiéu bang b, ciia duong b;

Bmi'c 3. Xéc dinh VzP // bz.

Nhan xét:

- Trong cach gidi thtr hai, do sir dung tinh chat vét bang ciia mit phang song song véi duong bang, nén
cach giai thir hai ngén gon hon céach giai thr nhat.

- Trong vi du trén, néu ta thay do6i vi tri mat phang (P) (chang han cho (P) // x) ta s& dugc bai toan
tuong tu va co thé dit ra yéu cau sinh vién thao luan, dé xuét quy trinh thuat toan dé giai bai toan nay.

2.4.3. Tinh doc dao

Tinh doc d4o 1a kha nang tim kiém va quyét dinh phuong thuc giai quyét mai la hoac duy nhit. Tinh
ddc dao cua tu duy duogc dac trung bai: ,

- Khd néng tim ra nhiing lién tuéng va ket qua méi.

- Kha néng nhin ra nhitng moi lién h¢ trong nhitng su Kién bén ngoai tuéng nhu khong c6 lién quan voi
nhau.

- Kha ning tim ra nhiing giai phap mai la tuy da biét nhimng giai phép khac.
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Vi du 3. (Nguyén Quang Cu, Nguyén Manh Diing, 2004). Tim giao diém ciia duong canh AB véi mat
phing (P) = (V1P, V2P).

Phuong phap chung:

- Gan duong AB vao mit phang phu trg (R), xac dinh giao tuyen phu g cua (R) va (P).

- Xac dinh giao diém K ctia g va AB, ta duoc giao diém K can tim.

Cung tim hiéu va khai thac loi giai bai toan theo nhitng cach giai khac nhau:

Cach 1: (H7a) Trong cach giai nay, mat phang phu tro (R) x4c dinh bang hai duong thang song song p
va q, voi p qua A, g qua B; & day ta lay p va q 1a hai duong thang mit.

Céch 2 : (H7b) Dung mit phang phu trg (R) la mat phang canh: vIR =v2R = A;B; = A;B,.

p' 7'-‘: Q_, T.": ‘/R.E T'.z' /R.
s A;

fi': _ A
Ll b
Hinh 7a Hinh 7b
PP xdc dinh giao diém Cua dt va mp. Vdn dung hinh chiéu canh dé tim giao diém dt va mp.

Céch 3: Dung phép chiéu phu chiéu mat phang P va duong canh AB 1én mat phang P theo huéng VP
xuong mat phang P, (Hinh 8). e
A

5 H,

.Bl

Hinh 8. Minh hoa si dung phép chiéu phy tim giao diém.

Nhdn xét: Cung mét bai toan dat ra véi 3 cach giai khac nhau, cé thé nhdgn thay viéc sir dung phép
chieu phu cho ta loi gidgi ngan gon, déc ddo trong loi gidi thir 3.
3. P& xuit bién phap rén luyén tu duy sang tao cho sinh vién théng qua day giai bai tap Hinh hoc
hoa hinh

An tang trong mdi loi giai hiu hét cac bai toan Hinh hoa 1a co hoi dé rén luyén, phét trién tu duy cho
nguoi hoc, dac biét la tw duy thudt toén va tu duy sang tao. Tuy vy qua qua trinh giang day, ching toi
nhan j[héy‘ ngudi hoc chua thuc sy bi,ét céqh van dung tu duy thuét todn mot cdch linh hoat dé giai quyét
cac van dé dat ra va diéu d6 can tro rat nhiéu tinh sang tao ctia nguoi.
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Qua nghién ctu li thuyet va thyc té giang day, nhom tac gia dé xuat giai phap nham gitip ngudi hoc
nhan thirc dung dén vé vai trd, tim quan trong ciia TDST, qua d6 gop phan nang cao chat lugng giang day
mon hoc.

Giai phap dugc chia thanh cac budc:

Budc 1: Trao d6i, phan tich cac biéu hién caa TDST qua loi giai cua mdi bai toan, dang toan.

Budc 2: Dé xuat cac bai toan, dang toan tuong tu, hoic tong quat hda bai toén dé ngudi hoc tim toi.

Budc 3: Ngudi hoc bao céo lai san pham, phan tich nguoc dé tim ra wu diém ciing nhu han ché trong
san pham.

4, Két luan

Céc tinh chit co ban caa TDST khong tach roi nhau ma tréi lai, ching c6 méi quan hé mat thiét, hd tro
va b sung cho nhau. Kha ning linh hoat chuyén tir hoat dong tri tu¢ nay sang hoat dong tri tu¢ khac (tinh
mém déo) tao diéu kién cho viéc tim duoc nhiéu giai phéap trén nhidu goc do, tinh hudng khac nhau (tinh
nhuan nhuyén) va nho dé xuat dugc nhiéu phuong an khac nhau ma c6 thé tim dugc phuong an méi la va
dic sic (tinh doc d4o).

Qua viéc phan tich, chi rd cac biéu hién cua TDST thong qua cac bai toan cu thé, ngudi hoc duoc trai
nghiém, tim toi nhiéu loi giai cho cling mot bai toan, biét van dung linh hoat céc kién thuc da hoc dé giai
quyét van dé dat ra. Sinh vién thay duoc kién thirc khong dwoc truyén mot chiéu tir gido vién sang ngudi
hoc va nhan thirc ding dén vai trd cia minh trong qua trinh linh hoi tri thic.

Trén thyc té, khong chi 16p bai toan vé Vét méi chira dung trong d6 co hoi dé rén luyén va phat trién
TDST, ma céc bai toan Hinh hoc hoa hinh déu c6 cac thudc tinh d6 (Bai toan vé vi trf, bai todn vé lugng,
bai toan giao hai mat,...). Do vy, trong qua trinh giang day, véi vai tro 1a ngudi huéng dan, diéu khién
qua trinh nhan thirc cia ngudi hoc, ngudi Giang vién can biét va quan tam téi cac biéu hién cua tu duy
sang tao cua ngudi hoc thi s& bdi dudng TDST cua cac em, tir d6 hiéu qua cua viéc giang day s& dugc
nang cao hon rat nhiéu.
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ABSTRACT
Fostering Creative Thinking in Students through Plane Trace Problems

Hoang Van Tai, Do Viet Anh
Hanoi University of Mining and Geology

Research purpose: Cultivate students' creative abilities.

Scope of research: First and second year students in the fields of Electrical Engineering, Construction
and Mining.

Research method: Research on the theory of creative thinking and the manifestations of creative
thinking in the process of teaching and solving exercises on finding traces of planes.

Main results: Highlight the manifestations of Creative Thinking, thereby proposing measures to train
Creative Thinking for students.

Keywords: Creative thinking; Descriptive geometry; Trace.
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Ap dung mé hinh A-SIR danh gia dich covid-19 & Viét Nam
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TOM TAT

M6 hinh SIR 1a m6 hinh todn hoc co ban dé nghién ciu toe do lan truyén cua mot dich bénh. Tuy nhién mo
hinh SIR coi téc 6 nhiém bénh va binh phuc 1a cac hing s6 nén trong thai gian dai, mé hinh SIR s& khéng
du doan dugc chinh xac duong cong dich bénh. Trong bai bdo nay, toi nghién cau mot moé hinh mai, mé
hinh A-SIR, & d6 tdc do nhidm bénh va phuc hdi thay ddi theo thai gian. Dit lidu trong bai béo la di liéu
covid-19 tai c4c tinh Viét Nam dugc dung dé xac dinh cac chi s 1y nhiém bang phwong phéap nghich dao,
tir d6 xay dung mé hinh A-SIR mo phong su lan truyén cia dich bénh. Bai béo ciing so sanh mo hinh SIR
cd dién va mo hinh A-SIR, cho thidy mé hinh A-SIR mé phong duong cong dich bénh chinh xéac hon.

Tir khoa: phuong phap nghich ¢ao; mé hinh A-SIR; téc 6 nhiém bénh va phuc hoi; COVID-19.

1. Pit van dé

Ngay nay, khi khoa hoc va cong nghé ngay cang phat trién thi con ngudi ciing tac dong lam thay d6i moi
truong va ty nhién, dan dén xuat hién cac chung bénh la va méi. Cac mé hinh toan hoc phét trién dé du
doan sy lay lan cua dich bénh. Mot trong nhitng mé hinh kinh dién, d6 1a mé hinh SIR (Susceptible-
Infected-Recovered), bit nguén tir nghién ctru cua Kermack va McKendrick (Kermack, W., & McKendrick,
A., 1927) vao nam 1921. M6 hinh nay 14 co sé cua tat ca cac mo hinh hién tai vé sy phat trién cua cac bénh
truyén nhidm. Pa c6 rat nhidu cac dan xuit cia mo hinh SIR nay, nhu mé hinh SEIR (Kabir, K. A., &
Tanimo, J., 2020), SIUR (Liu va nnk, 2020), A-SIR (Dos Santos, I., Almeida, G., & de Moura, F., 2021).
M6 hinh A-SIR duoc xay dung dua trén cac théng sé dich bénh thay d6i theo thoi gian, va cac thong sb
nay duoc lay tir dix liéu c6 sin bang phuong phap nghich dao. Dinh nghia ctia bai toan nghich dao lién quan
dén cac phuong trinh vi phan theo (Bellomo, N., & Preziosi, L., 1995) la: “Mot bai toan gié tri bién ban
dau 1a nghich dao néu maot sb thong tin vé diéu kién ban du va bién can thiét cho giai phap va céc thong
s6 dic trung cho mé hinh bj thiéu va duoc thay thé bang thong tin phd hop vé giai phap cua van dé toan
hoc”. Bai toan nghich dao duoc goi 1a bai toan xac dinh tham sé: diéu chinh cac tham sé dé tai tao dit liéu
do luong. Trong bai bao nay, ching tdi ap dung mé hinh A-SIR dé diéu tra dich COVID-19 cho céc tinh &
Viét Nam. Diéu nay cung cap cho chling ta cai nhin siu sic vé mirc d6 hiéu qua cia phuong phap nay.

2. Phwong phap nghién ciru
2.1. M6 hinh A-SIR

M0 hinh SIR 12 mét m6 hinh toén hoc co ban vé dich bénh, duoc giéi thiéu trong bai bao kinh dién
cua Kermack va McKendrick (Kermack, W., & McKendrick, A., 1927). Trong mé hinh nay, dan sb duogc
chia thanh 3 nhém, dya theo trang thai ddi vai bénh: 1) nhirg ngudi c6 kha nang mac bénh (Susceptible),
2) nhitng ngudi dang nh1em bénh va c6 thé lay cho nguoi khac (Infected) va 3) nhimg ngudi khong con
kha nang mac bénh, bao gém hoi phuc va da chét (Removed hay Recovered). S6 nguoi thuge mdi nhom tai
mot thoi diém t dugc Ky hiéu 1an Tuogt 1a S(t), I(t) va R(t). Trong m hinh SIR don gian, tong dan sé dugc
coi la khong d6i, c6 nghia S(t) + I(t) + R(t) = N khong phu thudc vao t. Trong m hinh SIR c6 dién, toc do
lay nhidm B va tbc d6 hdi phuc y duoc gia dinh khong ddi. Tuy nhién, thuc té cc téc do nay ciing thay ddi
theo thoi gian do chinh pha thuc hién cac chinh sach cong nhu cach ly xa hoi hay tiém vac xin phong bénh.
Ngoai ra, mé hinh SIR ¢é dién con khong xét dén cac trudng hop nhidm bénh khdng cé triéu ching hay
nhiing trudng hop bi tai nhidm. Chinh vi vay, néu sir dung md hinh SIR ¢ dién trong thoi gian dai s& khong
md phong chinh xac dudng cong dich bénh. Bai b4o nay str dung mé hinh A-SIR (Dos Santos, 1., Almeida,
G., & de Moura, F., 2021) Ia mot bién thé ciia mé hinh SIR, trong d6 toc do lay nhidm B va toc do hoi phuc
y duge xét ciing thay ddi theo thoi gian, B = B(t),y = y(t). M6 hinh A-SIR gom 3 phuong trinh:

* Tac gia lién h¢
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ds(t)

~BOSOIO) 0
‘“(t)_ﬂ(t)S(t)I(t) y(OI) @

20— Y1 ®
dI(t)

Néu c¢6 nguoi nhiém bénh thi —=
B®)S(®)

Re(t) ==
1a, mot ngudi bénh co thé lay nhiém cho ngudi khac. Khi s6 lugng ngudi dugc tiém chung tang 1én, thi he
s0 R,(t) < 1, Kha nang mién dich cua dan s6 sé dugc tao ra va s6 ca mac bénh s¢ giam xuong 0. Mot dac
diém quan trong khac 1a hé s tai tao co ban [9] Ry(t) = ﬁ(t)N . Trong md hinh SIR ¢ dién, s6 téi tao co

> 0 hoac ,[s’(t)S(t)I(t) y(@®I(t) > 0, diéu nay twong duong véi
> 1. Bién R, (t) duoc goi 1a h¢ sd tai tao hiéu qua. Dich bénh xay ra néu R,(t) > 1, nghia

ban R, (t) la hing sb. Tuy nhién, trong thyc té, he s6 nay 1uon thay dbi theo thoi glan va chung ta sé coi hé
s6 nay nhu mot ham so. Bai ton gia tri ban dau gdbm céc quan hé (1)-(3) vai cac hé sb da biét B (t) vay(t),
VGi cac Q1eu Kién rat ra tir dit liéu da cho. Viéc giai bai toan nghich dao s&€ gitip ching ta xac dinh chinh xac
céc hé sb tur dix liéu co san.
2.2. Bai toan nghich ddo
Gia sir cho S(t) va I(t) tai hai thoi diém, thoi diém bat dau t = T, va thoi diém két thic t = Tp.
S(T)=S,1(T)=1 4)

S(T) =S, 1(T)=1, (5)
M@ hinh SIR ¢6 dién gia dinh rang toc do lay nhiém va toc do phuc hdi 1a khéng ddi. Cac phwong trinh
(1), (2) va diéu kién ban dau (4) cho phép xéac dinh I(t) va S(t) néu cac hé s6 1a hang s da biét. Tuy nhién,
trong truong hop nay, diéu kién cudi cing (5) c6 thé khong dwoc thoa man chinh xac vi bai toan c6 thé thay
dbi theo thoi gian do cac didu kién khach quan. Phuong phép giai bai todn nghich dao cho mé hinh SIR ¢
dién da duoc trinh bay trong (Kabir, K. A., & Tanimo, J., 2020), trong d6 cac diéu kién duoc xac dinh theo
Tikhonov. Bai todn nghich do tiép can md hinh thich tng A-SIR, coi téc d6 lay nhidm 13 mot tham sé phu
thugc vao thoi gian va tée do phuc hdi 1a mot ham khong ddi véi bude nhay phu thudce vao thoi gian: B(t) =
Bi VA ¥ (t) = Y, VOi tp_q <t < t,. Mot tap dit liéu cac gia tri tai cac thoi diém nhit dinh t;, t,,...D =
{(S(t), I(ty)), k = 1,2,...}. Khi d6, céc hé s6p,va y, duoc tinh toan bang hé cac phuong trinh D, @,
(4), (5) , tir d6 suy raS; = S(ty-1),Sp = S(te), [y = I(ty-1), Ip = 1(ty), k = 2,3,. . Néu Bre:Vie la cac hang
s6 chua biét, thi nghiém tong quat cua hé phuong trinh (1), (2) phu thude vao 4 hang s6: hai hang s tur
phuong trinh vi phén va hai hang s6 13 hé sé chua biét. Tuy nhién, hé phuong trinh (4), (5) bao gém bén
phuong trinh vai bén an sé 1a giai dwoc.

3. Két qua

Tat ca cac biéu dd bén dudi 1a két qua cia md hinh A-SIR dua trén sé lisu COVID-19 tai Viét Nam
trong 2 khoang thoi gian, tir 1/1/2022 dén 31/5/2022 (dot dich thir 4 cao diém) va tir 21/10/2023 dén
18/12/2023 (giai doan Covid da trong tam kiém soét) (Covid-19 data in Vietnam) bang cach giai cac hé
phuong trinh vi phan bang phan mém Microsoft Excel. Tc do truyén nhiém va binh phuc duge xéac dinh
bang phuong phap nghich dao trinh bay & muc 2.2, dugc thé hién & bang 1-3. Céc chi s6 nay dugc tinh toan
tai cac budc nhay P=7,10 va 14 ngay trong téng thoi gian 220 ngay. Trong muc nay, toi xay dung md hinh
A-SIR cho 3 tinh dai dién 1a Ha Noi, H5 Chi Minh, va Nghé An. O c4c Hinh 1-3, duong cong lién mau den
biéu di&n s6 nguai nhidm bénh thuc té, dudng cong durt mau do, xanh 14 cdy, xanh da troi lan luot biéu dién
s6 ngudi nhiém bénh theo mé hinh A-SIR v6i budc nhay P=7 ngay, P=10 ngay va P=14 ngay. O céc Hinh
4-6, duong cong lién mau den biéu dién s6 nguoi nhidm bénh thyc té, duong cong lién mau do biéu dién
s6 ngudi nhiém bénh dy doan theo md hinh A-SIR, con dudng cong lién mau xam biéu dign s6 ngudi nhiém
bénh du doan theo mé hinh SIR.

Bang 1. Toc dé nhiém bénh BN, toc d6 binh phuc 7, va hé sé tai tao R, cho Ha Ngi.

Sb ngay BN 7 R
7 0.0188256 0.0185147 1.0012964
10 0.0191726 0.0188515 1.0015377
14 0.0184895 0.0187628 0.9704194
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Bdng 2. Téc d@6 nhiém bénh BN , toc dg binh phuc 7, va hé sé taitao R, cho TP. Hé Chi Minh.

S6 ngay AN y R
7 0.0741 0.0458993 1.5301279
10 0.0721 0.0529085 1.2914299
14 0.0717 0.0495303 1.3717887
Bang 3. Téc dé nhiém bénh AN, téc dé binh phuc 7, va hé so tai tao R, cho Ngh¢ An.
S6 ngay AN v R
7 0.0407199 0.0391513 0.9903510
10 0.0420083 0.0387259 1.0329091
14 0.0406791 0.0382816 1.0118355
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Hinh 1. M6 hinh A-SIR cho Ha Ngi véi khoang cach P = 7, 10, 14 ngay.
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Hinh 2. M6 hinh A-SIR cho TP Ho Chi Minh véi khodng cach P = 7, 10, 14 ngay.
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O céc Hinh 1+3, md hinh A-SIR V& co ban phan &nh tt duong cong dich bénh, tuy nhién c6 thé thay
mé hinh A-SIR duoc xay dung véi budc nhay thoi gian cang ngan thi do chinh xac cang cao, cu thé duong
cong wng véi P = 7 ngay tét hon 2 dwdng cong tng véi P = 10 ngay va 14 ngay. O cac Hinh 4+6, so sanh
do tin cay gitra md hinh A-SIR va mé hinh SIR ¢6 dién, c6 thé thy su khac biét rd rét, md hinh A-SIR biéu
dién rat tét so vai md hinh SIR ¢b dién, diéu do 1a hién nhién, vi cac chi s6 cia md hinh A-SIR dugc hiéu
chinh theo thoi gian. Tat nhién, mé hinh A-SIR ciing khong tranh khoi cac 18i hay nhidu sai s§, nhung vé
co ban thi dap tng mo phong tét dudng cong dich bénh trong thyc té.
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Hinh 3. M6 hinh A-SIR cho TP Nghé An véi khodng cach P = 7, 10, 14 ngay.
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Hinh 4. So sanh dz liéu that va md hinh SIR, A-SIR cho Ha Ngi.
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Hinh 5. So sanh d liéu thadt va md hinh SIR, A-SIR cho TP Hé Chi Minh.
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Hinh 6. So sanh di liéu thdt va mé hinh SIR, A-SIR cho TP Nghé An.

4. Két luan

Bai bao nay nghién ciru mot md hinh todn hoc mai dé danh gia qua trinh phat trién mot dich bénh bang
cach st dung phuong phap nghich dao dé udc tinh ty 1¢ 1ay truyén va loai bo phu thudc vao thoi gian trong
mé hinh dich A-SIR. Giai quyét vin dé nghich dao, gitip chling ta giam thiéu sb lugng dir liéu, thay vi phai
sir dung toan bo dir liéu cua dan sé. Cac két qua va md hinh nghién cttu cho thiy, md hinh A-SIR bidu dién
t6t hon nhiéu so vai mo hinh SIR ¢ dién. Mac du két qua tao ra rat thuyét phuc, nhung mé hinh A-SIR
van chua phai 1a m6 hinh hoan hao, vi né van con chia 16i do bi nhidu théng tin néu nghién ctru trong mot
khoang thai gian dai. Con néu gia dinh, dit liéu dwoc thu thap va béo céo trong thoi gian khdng qué dai thi
t6i tin rang nhirng sai s6 nho trong dit liéu ciing s& khong anh huong déng ké dén két qua.
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ABSTRACT

Application adaptive sir model to evaluate Covid-19 infection in
Vietnam

Le Thi Huong Giang
Hanoi University of Mining and Geology

If the classical Susceptible — Infected — Removed (SIR) model considers the infection and removal rates as
constants, in this paper, we study a new model, the Adaptive Susceptible — Infected — Removed (A-SIR) model,
where the infection and removal rates change over time. Covid-19 data from January 2022 in Vietnamese
provinces was used to determine infection indicators by inverse problem method, thereby building an A-SIR
model to simulate the spread of the disease. The paper also compares the classical SIR model and the A-SIR
model in case of Vietnam, showing that the A-SIR model simulates the epidemic curve more accurately.

Keywords: Inverse problem; Adaptive SIR model; time-dependent infection and removal rates; COVID-19.
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Ung dung cac dinh Iy trung binh dé chimg minh cang thirc sai s
cua phuong phap parabol tinh xap xi tich phan xac dinh
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TOM TAT

Nhu d biét phép tinh tich phan dong mot vai tro quan trong trong céc tinh toan cua ky thuat. Tuy nhién
viéc tinh chinh xéc gié tri ciia n6 theo cong thac Newton-Lepnhits gap kho khan do khong thé tim duoc
nguyén ham trong phan 16n cac trudng hop. Chinh vi vay cac phuong phap xap xi (hinh thang, Simpson)
dugc giang day trong bo mén Phuong phap tinh. Tuy nhién, trong phan 16n céc tai liéu giang day hién nay
chi trinh bay vé phwong phap tinh xap xi, cong thic sai s6, vi du minh hoa chir khéng hé dé cap téi cach
ching minh cong thic sai s6. L& hong do tao nén mot sy khap khiéng cho sinh vién va giang vién - nhiing
nguoi lubn c6 nhirng cau hoi chuyén su.

Mot cau hoi don gian Xuét hién ngay khi nhin théy cong thie sai sé cua phwong phap Simpson la: ¢6 su
Xuét hién gia tri dao ham cip 4 cia ham dudi dau tich phan. Mac du trong cong thirc xap xi khong co. Piéu
d6 c6 nghia la, khi tién hanh danh gia sai s6, Chung ta phai sir dung toi cac dinh 1y vé gid tri trung binh (cac
dinh ly nay vén tao ra méi lién hé giira ham sb va dao ham cua no)

Trong noi dung bai bao nay, tac gia mudn trinh bay bang 2 cach tiép can khac nhau. Cach thu nhat: mét lan
&p dung dinh ly trung binh Lagrange, két hop véi déanh gia ham dudi dau tich phan. Céch thir hai: bén lan
sir dung dinh ly trung binh Rolle. Trong ca hai cach déu can phai khéo Iéo xay dung ham sé riéng, phu hop
vé6i diéu kién cua ting dinh ly.

Tir khoa: phuwong phéap parabol; cong thirc sai s6; dinh ly vé gid tri trung binh Lagrange; Rolle.

1. Phwong phap Simpson

Dau tién, ta s& trinh bay phuong phap Simpson (parabol) dé tinh tich phan xac dinh f; f(x)dx. Chia
doan [a, b] thanh 2n doan nhé bang nhau bang cac diém chia
a=xy<x <xy < <Xy, =h.
Budc nhay tuong tng la h = Ax; = x; — x;_4 = I:—na.
Ditir tréi sang phai, bat dau tir diém a = xo, ¢t ba diém lién nhau ta 13p mot parabol néi suy di qua ba
diém cua d6 thi ham s6 da cho y = f(x). o
Trudc tién, ta 1ap da thirc ndi suy di qua ba diém dau (Bang 1) nhu sau:

Bang 1. Bang ty hiéu cho da thirc Newton.

STT X; y; Ty hiéu cap 1 Ty hiéu cap 2
0 X0 Yo
1 X1 =Xy +h Vi Y1~ Yo _ Y1~ Yo
x1 - xo h
2 Xy = xo + 2h Y2 12:11:}@;)’1 %_%z}’z_%ﬁ‘k}’o
. X, — Xg 2h?

Pa thirc Newton ni suy qua ba diém noi trén c6 phuong trinh nhu sau:

- — 2y, +
Po () = yo + 220 = x0) 4+ P T (- ) (= — ). ®

Khi d6, ta c6 xap xi nhur sau:

* Tac gia lién h¢
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Xo+2h Xo+2h h
f F)dx ~ f pPodx =5 (o + 431 + 7). @)
Xq X0

Tuong tu nhu vay véi cac doan [x;, x,], [X4, Xe], .- [x2n 2, X2n]. Cong thirc xap xi trén ca doan [a, b]
la (Cao Quyét Thing, 1998; Dwong Thiy V¥, 2001; Dang Quodc Luong, 2001; Phan Van Hap, 1990; Phan
Van Hap, 1978; Ralston A, 1965; Ta Van Pinh, 1994.):

Xon=b X2 X4 X2n
f f()dx ~ f Po(O)dx + f Py (O dx + -+ + f Pon2(X)dx
X0 X3

Xo=a X2n-2

Vo +YVon + 41 +¥s + -+ Yan-1) + 2(y2 + Yu + -+ Yan2)] (3)

h
= §[Z Ypien T 4‘2 Yie t+ zzychfm]-

2. Sai sb ciia phwong phap Simpson
2.1. Pdnh gid sai so qua cdc dao ham

3

Trong mot s6 cudn sach it 6i, ¢6 trinh bay phuorng phéap nhu sau:

n-1
f f)dx — _Z(}’zl + 4Yoi41 + Vair2) = Z T (4)
i=0
T cdng thirc nay suy ra:
n-1 (5)
IRI< ) il
i=0
Xét mot sai s6 thanh phan:
X2i+2 h
= j fx)dx — §()’2i + 4Y2i41 + Yair2): (6)
X2i
Ta s& danh gia sai s6 ndy bang ham phuy:
v+t t
r(t) = f&ﬂx—ng—ﬂ+4ﬂﬂ+fW+QLHﬂQM )
y—t

Khiy = x,; + hvat = h thi ham s6 nay tring véi 7;. Ngoai rar(0) = 0. Ta s& di tim cac dao ham cia
r(t). Vi:

y+t 0 v+t
O = [ f@dr=[ feodc+ [ foodx ®)
—t -t 0
Lay vi phan cta biéu thirc trgn ta dugc: ’
WO = -0+ +0 (©)
Tuong tu ta co:
FO=f0 -0+ +0 t
2 -vw SO0+ 0) + (0 - 2)] I
= S0 =D+ fO + 01 =5 fO) =5 [F G+ = 'y = 0]

) ) r'(0) =0
Tiep tuc lay vi phan, ta thu dugc:

2 1
rO=3Fr+O-f-0l-Zf' ¢+ - f -0

~L G+ 0+ =) (1)
1
=S G+0 = F =0l = [f" G+ 0+ f0r — )]
r"”(0) = 0.
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1 1
O =3f"r+ O+ -0l -+ O+ - 0]

t
~3UF a0 -1 -0 (12)
t
="+~ - 0]
r'"'(0) = 0.
Ap dung dinh 1y Lagrange cho ham f'"'(t):
"o+ )=y -0 =P fely—ty+tl (13)
Twr d6 suy ra:
2t2
) = -5 F O (14)
Dit M, 1a gié tri 16n nhit cua tri tuyét d6i cia dao ham cap bdn cua f(x) trén doan [a, b]:
- 4)
M, = max || (15)
Tir do, ta c6 danh gias ciia ham r(¢): | (¢)] < §M4t2.
Bai vi:
t
r'"@) =r"({t)—-r"(0) = f r'" (x)dx (16)
0
Nén:
t t 2 2
" ()] < f [r"" (x)|dx < f =M,x*dx = = M,t3 an
0 0 3 9
Tuong tu nhu vay:
t
r'()=r'"(t) —r'(0) = f r'' (x)dx (18)
0
Cho nén:
t t 2 2
Ir'(t)] < f [r" (x)|dx < f —M,x3dx = — M,t* (19)
, , . . 9 36
Cudi cung 1a doi véi ham r(t):
t
rt) =r) —r(0) = f r'(x)dx (20)
0

t t 2 2
[r(®)] < fo 7" (x)|dx Sfo %M4x4dx = ﬁM4t5.

Vi r; = r(h) nén déi vdi sai sé r; c6 danh gia sau:
< = 2 M(b—a)5 (21)
7 , ~180 ' 180 ' (2n)S
Biéu thic (5) ¢d n s6 hang nén ta ¢c6 danh gia chung d6i vai cong thirc Simpson nhu sau:
n-—1

2 (b —a)®
IR| < eril S@M4W

i=0
2M,(b—a)*b—a M
=—4!—=—4h4(b—a).
180 (2n)* 2n 180

2.2. Bang cach chgn ham thich hgp

|7y

(22)

Piat q;(x) = (x — x5;,) (¢ — X3;01) (X — X3;4,) VA goi & 13 diém nao d6 nam gitra hai diém
(%20, X2i42]: § € [x24, X2442]- DE dang thay:

X2i4+2 1
f q;(x)dx = Zx(—x + 2h 4 2x,)[—x? + 2x(h + x;) — 4x,;h — 2x%] =0 (23)
X2i
Bay gio ta dat ham moi:
r.
D(x) = f(x) —pi(x) — kq;(x) — bil x - qi(x) 24
[ xq:(0)dx (24)

Trong d6 k 1a s6 thyc, dong vai trod 1a tham s6 diéu khién.
Theo nguyén tac cua da thic ndi suy f va p; s€ cé gia tri nhu nhau & cac nlt X,;, X341, X2i42. Va vi thé
ma & (x) cling dat gia tri 0 tai cac nlt nay. Ta di tinh tich phan cua ®(x) trén doan [a, b]:
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Xpi+2h _ [x2it2h . _ ) s S .
i e = [ |00 = ) = k) — el x40
i+2h i+2h ffziiﬂhxqi(x)dx

= o e —pi@ldx — k [T qi(@dx =i

X2i
=r—k fx?i"”h qi(x)dx —1; = 0. (25)
Ta c6 thé chon tham s6 k sao cho tich phan ciia ham ®(x) trén doan nho [x,;, x,; + h] bang khong

fx2i+h d(x)dx = 0.

X2i

Mait khac:
Xpi+2h Xgith Xpit2h
0 =J- ®(x)dx =J- ®(x)dx +f ®(x)dx. (26)
X2i X2i X2i+h
Tu day suy ra:
Xpi+2h
f ®(x)dx = 0. (27)

X2i+h
Vi @(x) 12 ham lién tuc ma tich phén trén cac doan con [Xy;, X2in], [X2i+h X2i+25] ciia né bang 0 nén
ton tai C4C Qi& tri u € [Xu; Xpi4nl, V € [Xpisn, X2iszn] 30 Cho ®(x) dat gia tri 0 tai cAc gid tri ny:
®d(u) =0, o) =0. (28)
Nhu vay c6 tit ca 5 diém phén biét trén doan [x,;, X,; + 2h] ma tai d6 ham ®(x) dat gia tri 0. Ap dung
dinh 1y Rolle cho ham ®(x) trén cac doan [x,;, ul, [u, X3; + h), [X2i40m V], [V, %5 + 2k] 140 lugt c6
Tbn tai:
&1 € (xppu): ®'(§)=0
$HEWxy; th): @(5)=0
&3 € (ipnv): (&) =0
' &, € (v, x5 + 2h): (&) =0. ‘
Tiép tuc ap dung dinh Iy Rolle cho ham ®'(x) trén cac doan mdi [, &,], [€2, &3], [€5, €4]. Ton tai cac
gid tri 01,12, M3:
N1 € (§1,$2): ®"(m) =0
12 € (§2,¢3): ®"(m) =0
) N3 € (§3,§4): ®"(n3) = 0. .
Tiép theo, ta lai 4p dung dinh 1y Rolle cho ham ®"'(x) trén cac doan m&i [n4, 1], [2, n3]. Ton tai cic
gia tri wq, w,:
w1 € (M,n2): @ (w) =0
w, € (M, m2): @""(wy) =0.
Cudi cing, ap dung dinh 1y Rolle cho doan [w,, w,]: ton tai gia tri & € (w,, w,) théa man dU)(§) = 0.
Tirc la:
4! T;
S22 xq; () dx

X2i
Luu ¥: q;(x) 1a da thuc bac 3 véi hé s6 cao nhat bang 1 nén khi lay dao ham cap 4 n6 sg triét tiéu con
ham xq;(x) khi lay dao ham cap 4 s& dugc 4!. Tir d6 suy ra

Fa©E) - (29)

av) Xpi+2h
= f—@f xq; (x)dx. (30)
4 X2i
Thé ma
Xpit2h 4 .
. xq;(x)dx = —1—5h . (31)
Vi thé:
= 90 h ( )

Ttec la ta cling thu dugce danh gia (20).
Tai liéu tham khao
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ABSTRACT

Applications of the mean value theorems to prove the error formula of
the parabolic method integral approximation determination

Hoang Ngu Huan
Hanoi University of Mining and Geology

As you know, integral calculus plays an important role in engineering calculations. However, it is not
always possible to use the Newton and Leibniz formula to find the exact value. Because in most cases it is
impossible to find a primitive one. Therefore, approximation methods (trapezoidal rule, Simpson's rule) are
taught in the course of numerical methods. However, in most modern educational materials containing only
approximation methods, error formulas, example for illustrations, and their proof is not provided. This
disadvantage creates difficulties for students and teachers — people who always have professional questions.

A simple question that arises as soon as we see the error formula of the Simpson method is as follows:
there is a 4th-order derivative of a subintegrative function. Although it is not in the approximate formula.
This means that when making an erroneous estimate, we must resort to theorems about the mean value
(those theorems that establish a connection between a function and its derivative).

In this article, the author wants to present 2 different approaches. The first way is to apply the Lagrange's
mean value theorem once, estimating the subintegral function. The second way is to use Rolle's mean value
theorem four times. In both cases, it is necessary to skillfully construct a suitable function, in accordance
with the conditions of each theorem.

Keywords: parabolic method; error formula; mean value theorems Lagrange; Rolle.
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E‘ng HOI NGHI TOAN QUOC KHOA HOC TRAI DAT
o b VA TAI NGUYEN VOI PHAT TRIEN BEN VIPNG (ERSD 2024)

NATURAL RESOURCES FOR
SUSTAINABLE DEVELOPMENT

Mot vai phuong phap tinh dinh thirc ma tran vudng cap n va ang dung

Nguyén Thuy Linh*
Truong Dai hoc Mo - Bja chat

TOM TAT

Trong béo céo tdi trinh bay mot s6 phuong phép tinh dinh thirc cia ma tran vuéng cép cao: phuong phap
dua vé dang ma tran tam giac, phuong phap truy hdi, phuong phap dong du, phuong phap biéu dién dinh
thirc duéi dang tong cac dinh thirc. Mdi phuong phap déu ¢ vi du. Ngoai ra toi con dwa ra mot vai vi du
g dung cua dinh thirc bai toan thyc té.

Tir khéa: Dinh thirc; ma tran; ma tran Hess; dong du; truy hoi.

1. Gigi thigu

Nam 1696, Leibnitz la nguoi dau tién nghién ctru dinh thie va dén nam 1801 Gauss lan dau tién sir
dung dinh thuc trong tac pham Arithmaticase. Thé ki XVIII va thé ki XIX dinh thirc duoc sir dung rong
rdi vi tdm quan trong cua ching trong hinh hoc va du doan hanh vi trong tuong lai cua mét so su viée.
Dinh thirc 1a mot cong cu hiru higu dé giai cac hé phuong trinh, gop phan giai quyét hau hét cac bai toan
dinh lugng ciing nhu dinh tinh trong Dai s6 tuyén tinh. Ngay nay, dinh thuc ciing duoc Gng dung vao cac
linh vic nhu khoa hoc may tinh, kinh té va kinh doanh, vt Iy, hinh hoc,... (Nguyén Van Ngoc, 2021)

Trong chuong trinh toan cua cac trudng cao dang va dai hoc tai nuéc ta, tinh dinh thic cua mot ma
tran vuong la kién thiee thuoc mon hoc Dai s6 tuyén tinh hodc Toan cao cdp danh cho sinh vién nam thir
nhét. Phan tiép theo, tic gia trinh bay mot sé phuong phap tinh dinh thic giup sinh vién tinh mot dinh
thirc cép cao dé dang hon.

2. Mt sb cach tinh dinh thic cap n

Dinh nghia: Cho ma tran vubéng A = (aif)n cip n véi a;; € R. Dinh thic caa ma tran 4, ky higu 1a
det A hoac |4 |, dugc dinh nghia det A = ¥, (—=1)NU1zInay; ay; ... ay;, .

Tong duoc liy theo moi hoan vi {1,2,3, ..., n}.

De tinh dinh thac cta ma tran vudng Cap n ta ¢6 thé ding dinh nghia hodc sir dung cac phép blen d01
SO cap (cong, trir, nhén v6 hudng) theo hang (cot) dé dua dinh thtrc c6 mot hang (cot) gdm nhiéu sb 0 r01
khai trién theo hang hay cot do (Nguyen Huy Hoang, 2018). Cach nay thuong ép dung v6i dinh thirc cap
2, cép 3, cdp 4,... con véi dinh thirc cip cao hay dinh thirc chira tham so thi s& thdy phirc tap va cong
kénh. Trong phan sau ddy, t0i s& dua ra mot s6 phuong phép tinh dinh thtrc va vi du minh hoa dé cé thém
cach tinh dinh thtrc cip cao dwoc don gian hon.

2.1. Phwong phdp dwa vé dang ma trdn tam giac

Phuong phap dung cac phep bién ddi so cap dua dinh thirc da cho vé dang tam giac. Khi d6, dinh thic
bang tich cua cac phan tir ndm trén duong chéo chinh.
Bai 1. (Ki yéu ki thi Olympic Toan hoc sinh vién hoc sinh, 2024)

a; +c¢ a, eoay,
R a a,+c -ooa , . L A
Chomatran 4 = 1 "2 + . |. Tinh dinh thac cua ma tran A.
o a, a, - ap+c
Loi giai.
a; +c a, eoay Yhia+c a, eay
n

TacodetA=| % Gtc = n || X ate ate an

a, a; - aptc Yriai+c  a oaptc

* Tac gia lién h¢
Email: nguyenthuylinhbmtoan@humg.edu.vn
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n

Zai+c a, ' Gn n
L a
= |i=1 nl = (Zal +C>Cn L

Do =

0 O ees c
2.2. Phwong phdp biéu dién dinh thiec dwéi dang téng cdc dinh thic
Phuong phép: Téch dinh thirc thanh tong cac dinh thirc ¢6 ciing bac ddi vai cac hang (céc cot).
Bai 2. (Ki yeu ki thi Olympic Toan hoc sinh vién hoc sinh, 1993)
Cho 2n s6 nguyén a4, a,, ..., a,; by, by, ..., b, thoa man diéu kién: a,;b; + a,b, + -+ a,b, =0

1 + albl albz A albn_l albn
az b, ax b, azby_y az by
bat A = : : . : :
An-1by  an_1b; o 14 apqbyy anby
a, b, a,b, anby,_q 1+ a,b,
Tinh det A.
Lai giai.
bat D, = det A.
[1+aby ab, - aby_q aby |
) azby azb, - azby—q azby
Taco D, = : : - : : +
Ap-1by  ay_1by o 14anqby oy apby
0 0 0 1
1+aby ayb, - a1by_q a;b,
az by ab, - azbn_y az by
an-1b1  ay_1b; o l+agqbyy  apby
anbl anbz anbn—l anbn
hay D, = D,_, + B.
1 + a1b1 a1b2 A albn_l albn
a,b, azb, - azbp_q aby
Trong 36 B = : : -, : :
An-1b1  ay_1by o 1+ apabyg apby
anbl anbz anbn—l anbn
1 + a1b1 a1b2 A albn_l albn
a,bq azb, - azbp_q aby
=a, : : : :
An-1b1  ay_1b; o 1+agqbyg apby
B . by b, bp-1 b,
Nhén hang cuodi vai a; roi cong véi hang tha i vsii = 1,2,...,n — 1.
1 0 0
0 1 0 0
Khido,B =a,|: : : i | = ayby,.
0 O 1 0
b1 bz bn—l bn

Do d6 D,, = D,_; + a,b,. Ap dung quy nap ta c6 D,, = D; + a,b, + -+ apb, = 1 + Y%, a;b; = 1.
2.3. Phuwong phdp truy hoi

Phuong phap: Dinh thuc s& dwoc khai trién theo hang hoic cot sao cho nhan dugc ¢6 mot biéu thirc
lién hé gitta dinh thac da cho véi dinh thirc cung dang nhung bac nho hon.

Gia sir ching ta cé:

h =PDp_1 + an—Z,(n > 2) (D)

Trong d6 p, q 1a hai hang s6 doc 1ap véi n.

Néu g = 0 thi D, = pD,,_ 1- Ap dung cong thire tinh s6 hang tong quat trong cap s6 nhan tacoD, =
p™ 1D, trong d6 D; 1a mot hing sb. Xét ¢ # 0 vaa, b 1a hai nghiém cua phuong trinh x2 — px — q = 0.
Khido p = a + b, q = a.b thi phuong trinh (1) c6 thé viét lai:

D, — bDn—l = a(Dn—l - bDn—z) (2)

Hodc: Dy —aDy_4 = b(Dn—l - aDn—Z) (3)
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Giastra # b. Tuong tu D,, — bD,,_; = a™ 2(Dy_; — bDy_3); D, — aDy_; = b™ 2(D,_; — aDp_5)
a™"2(D,—-bD;)-b"™"2(D,—aD,) 4)

Suy ra: D, = —
Xét truong hopa =b. Tu (2) va(3)tacé D,, — aD,,_, = a(D,_, — bD,,_;)
Do d6 D, — aD,_, = Aa™ 2 Véi A = D, — aD;.

Thay n bangn — 1 tacé D, — aD,_; = Aa™3.

Suy ra D, = a’D,,_, + 2Aa™"2.

Tuong twtacd D, = a® *D; + (n — 1)A a2 trong d6 A = D, — aD;.

a -1 0 - 0 0
aq x -1 - 0 0
Bai 3. Tinh dinh thic D, |%2. 0. X = 0 0
ap-; 0 0 x -1
a, 0 0 0 x
Loi giai.
x -1 0 00 a -1 0 0
0 x -1 00 a x -1 - 0
Taco Dyyy = (-DMap |0, 0 X o 0 014+ (—D)™2(-1)|az; 0 x - 0
0 0 0 - x -1
0 0 0 - 0 «x a 0 0 - x

=agx" + Dy, = agx™ + a;x™ 1+ D,y = apgx™ + a;x™ 1 + a,x™2 + D,
= agx™ + a; x4+ ax™ 2 + -+ a,_x% + D,
A a1 —1
Ma D2 = n-1
a, X
VAY Dpyq = apx™ + a;x™ 1+ apx™ 2 + o+ ay_ox? + a1 x + ay,.

| =a,_1x+a,.

2.4. Phwong phdp dong dw

Phuong phép: St dung Iy thuyét dong du dua tat ca phan tir trong ma tran nay dong du véi mot ma
tran mai don gian hon. Khi do, dinh thirc caa chung ciling dong du véi nhau theo cung mét modulo.

Tinh chat: Cho A = [a;;] va B = [b;;] Ia hai ma tran vudng cap n c6 cac phan ta nguyén. Cho m Ia
mot s6 nguyén duwong thoa man a;; = by (mod m), vi,j,1<1i,j <n. Khid6detA = detB (mod m).

Bai 4. (Ki yéu ki thi Olympic Toéan hoc sinh vién hoc sinh, 2023)

R ) 0 néui=j

Chomatran A = (aii)axa trong d6 a;; = {1 hoiic 2023 néu i ;]tj'

Chirng minh rang dinh thie ciia ma tran A khac 0.

Loi giai:
Ta xét phép ddng du véi 2 ta co:
011111 5555 5 5
101111 50555 5
detAE%%(l)(l)%%(modZ)Egggggg(modZ)
111101 555505
111110 5555 5 0
111111 111111
101111 101111
S RER R CR BRREE
111101 111101
111110 111110
11 1 1 1 1
0 -1 0 0 0 0
55% 00 ‘01 o % %(modZ)E—S(modZ)El(modZ)
0 0 0 0 -1 0
o 0 0 0 0 -1

Suy ra det A4 1a mot s6 nguyén lé. Vay det A # 0.
3. Ung dung caa dinh thirc

1534



Trong phan nay téi s& trinh bay tng dung cua dinh thuc trong viéc tim 1oi giai t6i wu loi nhuan hoic
tim cach giam chi phi trong san xuat la cac bai toan quan trong (L& Pinh Thuy, 2010). Gia sir ching duoc
thiét 1ap boi mot ham f(xy, x5, ..., x,) phu thudc vao ham nhiéu bién (von, cdng nhan, phi dich vy,...).

Gia st f c6 dao ham cap 2 va diém (x?, x2, ..., x2) thoa man %(xf,xg, XD =0,vi=12,..,n

L

o’ o .. 9
ax? 9x10x7 0x10xn
a%f a%f a%f
Ma tran Hess ctia ham f duoc xac dinh H(f) = | ax,0x;  8xpx2 8x20%n
oof o . %f
0xp0xq 0xpndxy 6)(,21
%y 9
f s , . 92 ax? dx,0x
H(f) co cac dinh thirc con chinh sau: det (#) ,det 32,1‘ 612f 2|, .. det(H(H)) .
1

0x20x1  Oxpx3

-Néu céc dinh thirc con H; > 0,V i = 1,..n thi (x2,x9, ..., x2) 1a diém cuc tiéu cua ham f .

-Néu H, < 0,H, > 0,H; < 0,H, > 0,...thi (x%,x9, ..., x9) la diém cuc dai caa ham f .

Bai 5. Mot doanh nghiép san xuat va doc quyén tiéu thu bo ga givong tai hai thi trudng khac nhau voi
don gia mdi san pham tai tirng thi trueong lan luot 1a p; = 650, p, = 550 (don vi tinh: nghin VND). Gia
sir tong chi phai san xuét cua doanh nghiép do 1a € = 0% + 0,Q, + Q2 + 300, + 250; (Q, =10,Q, =
0). O day Q,, Q, lan luot 1a lugng san pham tidu thu ¢ tirng thi truong. Hoi doanh nghiép do6 can tiéu thy
bao nhiéu san pham & mdi thi truong dé tdi wu hod lgi nhuan?

Loi giai.

Doanh thu cta doanh nghiép: R = 650Q, + 550Q,; @, =0,Q, = 0.

Téng chi phi san xuat 1a: € = Q2 + Q,Q, + Q% + 30Q, + 250.

Do d6, loi nhuan ctia doanh nghiép la: # = R — € = 650Q; + 520Q, — Q2 — Q,Q, — Q% — 250.

Viéc x4c dinh muc tiéu thy san phdm cua doanh nghiép tai mdi thi truong dé téi wu hod lgi nhuan ta
dua vé bai toan tim cyc tri nhu sau: Tim Q;, Q, = 0 sao cho ham 7 dat cyc dai.

Tacomy, =650 —2Q; — Qy; my, = 520 — 2Q, — Q4.

Tl" =0 —_ = = \
Xét{ o H{“O 201 -0, =0 {Ql 260 bidm ding M(260,130).

mp, =0 1520-2Q,—Q, =0 [Q, =130
o " : Tz M0
Taco my, = —2; mgq, = —1; myy = —2. Khido, H = ( S 2)
2 Mo To2

H = —2<0,H, = |:i | = 2> 0 nén ham s6 dat cyc dai tai M(260,130) Va 4, = 118050.

Vay khi doanh nghiép tiéu thu Q, = 260 san pham ¢ thi truong thir nhat, Q, = 130 san pham & thi
trudng thir hai thi s& dat loi luan téi da 1a 118050 nghin VND.

Nhan xét. Trong thuc té viéc tim ra phuwong an téi uu véi cac rang budc nhat dinh lusn xuat hién. D6 la
bai toan tim cyc tri ma cac bién khong doc 1ap ma rang budc véi nhau bai cac diéu kién phu thudc nao do
(phuong trinh hay bat phwong trinh) goi la cyc tri c6 diéu kién (Nguyén Vin Ngoc, 2021). Mot trong cac
phuong phép lam la Phuong phép nhan tir Lagrange. Phuong phap nay chuyén bai toan cuc tri cia ham
nhiéu bién z = f(x y) véi diéu kién g(x y) = 0 vé bai toan cyc tri tu do théng qua ham Lagrange.

Bud6c 1. Tim mién xac dinh (néu can) cua ham z = £ (x,y) va ham g(x,y). Lap ham Lagrange

L=Lxy)=fxy) —Ag(xy)
trong d6 A goi 1a nhan tir Lagrange.

L, =0
Budc 2. Tinh cac dao ham riéng L., L', L, va giai hé phuong trinh { Ly = 0 tim cac diém dung M; va
L,=0

Cac gia tri A tuong ung.
Budc 3. Kiém tra diéu kién ¢ cuc tri tai diém dimg M; va nhan tir A; twong ng.
0 g gy
TinhdetH voi H = gx Ly Ly
) gy Lyx Lyy
Buac 4. Két luan
-Néu det H > 0 thi M; 1a diém cyc dai
-Néu det H < 0 thi M; 1a diém cuyc tiéu.
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-Néu det H = 0 thi chua thé két luan gi vé M;.

Bai 6. Mot cira hang d6 g6 dang 130 triéu VND dé nhap hai mat hang A va B. Biét gia 1 san pham cia
mat hang A, B lan luot 1a 2triéu VND va 3 triéu VND. Khi mua x san pham mat hang A va y san pham
mat hang B thi ham lgi ich tiéu ding 12 U(x, y) = x%*y®®. Hay xac dinh sd lugng san pham mdi mat
hang ma ctra hang can mua dé sy hiru dung cao nhét.

Loi giai.

Goi x, y lan luot 12 s6 lugng mat hang A va B can mua (x = 0,y = 0).

Bai toan tim x, y dé ham s U(x, y) = x%*y®® dat cyc dai vai diéu kién g(x,y) = 2x + 3y = 130.

Lap ham Lagrange L(x,v,1) = U(x,y) — Ag(x,y) = x°*y%® — A(2x + 3y — 130).

Taco Ly, = 0,4x~%6y%¢ —22; L, = 0,6x%*y~%* — 31; L) = 130 — 2x — 3y.

L, =0 0,4x%6y%6 — 21 =0 x706y06 =53 x =26

Xéthe <Ly =0 {0,6x0%y 04 —31=0e1 x0%y 0% =51 o{y=26.

L,=0 130 —2x—3y =0 130—2x—3y=0 =02
Diém ding M (26,26) véi 1 = 0,2.
Taco: Ly, = —0,24x16y%6; LY, = 0,24x%6y~0%; [}, = —0,24x %y~ 14
91 = 9x(M) = 2; g, = gy (M) = 3; Ly = L, (26;26;,0,2)9 = === < 0;

325
" . . — 3 . — —Jn . . — 3
Lyy = L3, (26;26;0,2) = = < 02, Liz = Ly = L,(26;26,0,2) = —> 0.
0 2 3 oz 3 .
Xét |H| =2 Ly; L= “ 325 325 =E>O.
3 L21 L22 3 i _i
325 325

Do d6 M (26,26) la diém cyc dai. ‘ 7
Vay dé su hiru dung cao nhét thi vian phong can mua mdi loai 26 san pham.

4. Két luan

Trong bai t6i da trinh bay mot s6 phuong phap tinh dinh thuc cap cao va ung dung cua dinh thirc tim
161 giai cho bai toan t6i thiéu hoa chi phi va toi da hoa lgi nhuan trong kinh doanh théng qua tinh dinh
thirc ciia ma tran Hesse.
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ABSTRACT

Some methods for calculation of n-level square matrix determinants
and applications
Nguyén Thuy Linh
Ha Noi University of Mining and Geology

In this article, | present a number of methods for calculating the determinant of a high-level square
matrix: the method of converting it into a triangular matrix, the method of recurrence, the method of
congruence, the method of representing the determinant as a sum of numbers. determinant. Each method
has examples. In addition, | also give a few application examples of the determinant in real problems.

Keywords: Determinant; matrix; Hess matrix; congruence; recurrence.

1536



E RSE’ HOI NGHI TOAN QUOC KHOA HQOC TRAI BAT
L VA TAI NGUYEN VO'I PHAT TRIEN BEN VIPNG (ERSD 2024)

NATURAL RESOURCES FOR
SUSTAINABLE DEVELOPMENT

Kiém dinh trung binh hai tong thé trong phan mém R

Pham Ngoc Anh” )
Truong Dai hoc M¢ - Dja chat

TOM TAT

R 1a mot ngdn ngit lap trinh hoan thién dinh hudng cho tinh toan thdng ké va phan tich dit liéu. R cho phép
giai quyét mot khdi lugng Ion cac bai toan trong phan tich thong ké va db thi. Hon nita R chay trén nhiéu
h¢ diéu hanh: Windows, Linux, Mac OS,... Bo cai ciing nhu tai liéu huéng dan cai dat va sir dung déu tai
mién phi tir trang chu CRAN cua R. Viéc sir dung R trong nghién ctru va phan tich dir liéu Ia mot xu hudng
va ngay cang pho bién trong nhiéu linh vyc thuc tién. Trong bai bao nay, tac gia trinh bay vé phuong phap
nghién ciu dau hiéu hiéu tong the bang phuong phap kiém dinh gia thuyet thong ke cu thé tdi giai quyét
bai toan kiém dinh gia thuyét vé tham s trung binh cua hai tong thé bang phan mém R. T4c gia trinh bay
Ii thuyét chling cuia bai toan kiém dinh, sau d6 gigi thiéu nhiing quy trinh va géi Iénh ding dé thuc hién bai
toan kiém dinh gia thuyét vé trung binh ciia hai tong thé.

Tur khéa: phan mém R; kiém dinh gia thuyét; trung binh hai tong thé.

1. Pit van dé

Trong thyc té, cac van d& thudng gap trong khoa hoc va ki thuat khong chtra nhiéu su wdce lugng céc
tham sb, nhung can thiét thanh 1ap mot co sé thi tuc quyét dinh ma dé tir d6 c6 thé dua ra két luan vé van
dé khoa hoc nao d6. Vi dy, mot ki su c6 thé khang dinh dua trén co s& cAc mau sb liéu dé danh gia c6 sy
khéc biét giira d6 chinh xac cua hai loai may do; hodc mot nha x& hoi hoc c6 thé chon mét mau thich hop
cho phép ho khang dinh nhém méu, mau toc caa mot ngudi 1a doc lap nhau. Trong cac truong hop trén,
nha xa hoi hoc, hay k¥ su da nhan dinh dua ra két luan vé mot van dé. Hon nita, né doi hoi viéc sir dung di
liéu thyc nghiém va dua ra quyét dinh trén co s& cac dir liéu dy. Céc nhan dinh d6 duogc dat dudi dang mot
gia thuyét thong ke.

2. Cosé'ly thuyet va phwong phap nghién ciru
2.1. Coseoli thuyet
2.1.1. Gia thuyét thong ké

Gia thuyét thong ké la mot sy xac nhan hay phong doan lién quan toi mot hay nhiéu tong thé.
Gia thuyét ma ta muon kiém tra dugc ki hiéu la Hy — goi la gia thuyét géc.
Ménh dé& mau thuan vai gia thuyét mudn kiém tra, goi l1a gia thuyét ddi, ki hiéu 1a H,.

2.1.2. Tiéu chudn kiém dinh gid thuyét thong ké

Tir cac thdng tin mau x;, X5, ..., x,,, ta chon mot théng ke:
G = f(XllXZ' n) (l)
C6 thé phu thudc vao tham sb da biét trong gia thuyét goc Néu gia thuyet goc dang thi quy luat phén
phdi cia G hoan toan xéac dinh. Mot thdng ké nhu vay duoc goi 1a tiéu chuan kiém dinh.

2.1.3. Mién bac bé gia thuyét

Ta tim mién W, sao cho véi diéu kién gia thuyét Hyla dung xac suat && G nhan gi4 tri thugc mién W,
bang a:
P(G € W,|Hy) =« 2
O day xac sudt a bé va cho truée (thuong ldy a bing 0,05 hozc 0,01).
Do a khé bé nén theo nguyén ly xac suat nho coi nhu bién cé (G € W,) khong xay ra trong mot phép
thir.
Gié tri a goi 1a mirc y nghia cta kiém dinh.

* Tac gia lién h¢
Email: phamngocanhbmtoan@humg.edu.vn
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Mién W, goi la mién bac bo gia thuyét H, véi mirc ¥ nghia a.
2.1.4. Gia trj quan sat cua tiéu chudn kiém dinh.

Thyc hién mét phép thir doi voi mau ngau nhién W = (X;, X, ..., X,,) thu duoc mot mau cy thé w =
(x4, %2, ..., X5) va qua d6 tinh dugc mot gid tri cu thé cua tiéu chuan kiém dinh G.
Ggs = f(xl,xz, vy Xp, 0) (3)
Gia tri trén goi la gia tri quan sat cua tiéu chuan kiém dinh.

2.1.5. Quy tdc kiém dinh

Néu G tinh trén mau c6 gia tri thugc mién bac bo G, € W, thi ta bac bo H, thira nhan H, .
Nguoc lai, néu G tinh trén mau c6 gia tri khéng thudc mién bac bo thi ta chap nhan H,.

2.2. Phwong phdp nghién ciru )
2.2.1. Phuong phdp kiém dinh véi mize y nghia co dinh

Phuong phéap chung dé kiém dinh mot gia thuyét théng ké nhu sau: Truéc hét gia s H, ding va tir 46
dua théng tin cia mau rat ra tir tong thé tim duoc mot bién ¢ A nao d6 sao cho xéac suat xay ra bién c6 A
bang a bé dén mirc c6 thé st dung nguyén Ii xac suat nho tirc 1a ¢6 thé coi A khdng xay ra trong mot phép
thir vé bién c¢6 nay. Luc d6 trén mot mau cy thé thuc hién mot phép thir ddi vai bién cb A, néu A xay ra thi
diéu d6 chung to H, sai va bac bo nd, con néu A khdng xay ra thi ta chua cé co sé bac bo H, (Pang Hing
Thing, Tran Manh Cuong, 2019).

2.2.2. Phuong phdp P-value

Trong nhitng nam gan day nhiéu nha nghién ciru thudng sir dung mot cach tiép can khéc. Thay vi kiém
dinh gia thuyét véi mot gia tri a dinh truc thi ho cho rang ta nén dinh rd céc gia thuyét co s¢ H, va di
thuyét H,, sau d6 thu thap cac s liéu mau va xac dinh mutrc do khing dinh viéc bac bo gia thuyét H,,.

Mtc d6 khang dinh nay thuong duoc goi 1a gié tri xac suat p — value cua kiém dinh. Hay néi cach khac
p — value chinh 1& mite y nghia thdp nhat ma ta c6 thé bac bé H,. (Pang Hung Thing, Tran Manh Cuong,
2019).

Két luan dya vao p — value dugc dua ra theo quy tic: néu p — value nho hon a thi két luan c6 du bang
chung thdng ké dé bac bo gia thuyét H, ( do d6 chap nhan H;); nguoc lai néu p — value 16n hon hoic biang
a thi két luan c6 di bang ching thong ké dé chap nhan gia thuyét H, ( Nguyén Van Tuan, 2020).

Quy trinh 1am mot bai toan kiém dinh gia thuyét trong R thuong duoc tién hanh theo cac budc sau:

Budc 1: Thiét 1ap cap gia thuyét Hy va Hy;

Budc 2: Xac dinh ham kiém dinh cuing véi céc tham sé thich hop;

Budc 3: Thuc hién kiém dinh;

Budc 4: Poc két qua va dua ra két luan.

3. Két qua va thao luan

Dé thuc hién bai toan kiém dinh gia thuyét vé trung binh cua hai téng thé trong R ta ding cac ham
z.test, t. test hoic zsum. test, tsum. test. TUy theo mau chon 1a doc lap hay ghép cip va dir liéu la tha
cép hay so cAp ma ta lya chon ham cling véi nhiing tham sé cho thich hop. Khi mau dugc chon doc lap,
viéc chon ham va tham sb dugc xét theo phuong sai cua hai tong thé da biét hay chura biét va c6 bang nhau
hay khéng bang nhau.

Bdng 1. Bang ham sir dung dé kiém dinh gia thuyét trung binh hai tong thé trong R.

Chon mau doc lap
Dtr liéu

Phuong sai So cap Thtr cap

D3 biét z.test zsum. test
Chura biét t.test tsum. test

Chon mau ghép cip
Dir lidu so cap Dir liéu thr cap
t.test tsum.test

Ham t. test c6 sin trong goi co ban cua R, ba ham con lai phdi str dung g6i BSDA.
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3.1. Kiém dinh trung binh hai téng thé khi da biét phuong sai ciia hai tong thé, chen méu djc Igp va
dit liéu so cap

Khi phuong sai cia hai tong thé da biét, chon mau doc 1ap va dit liéu so cip, kiém dinh trung binh hai
tong thé dwoc tim qua ham z. test véi céc tham sb can thiét:

z.test(x,y,sigma. x, sigma.y, mu, alternative)

Trong do: x - véc to dit ligu mau thir nhat; y - véc to dir liéu mau tha hai; sigma. x - d6 léch chuan cua
téng thé thir nhat; sigma. y - d6 léch chuan cua tong thé thir hai; alternative - Chudi ki tu chi gia thuyét
dbi, alternative = c("two.sided", "less", "greater™) twong (ng la gia thuyét ddi 1a hai bén, bén tréi, bén
phai, mac dinh 12 "two. side"; m - Hi¢u chénh léch ciia hai gia tri trung binh xac dinh theo gia thuyét khong,
mic dinh bang 0.

Vi du: M6t nha phan tich thi trudng mudn xét xem c6 su khéc biét vé gia trung binh cua mot gallon sira
& hai thanh phé A va B khong. Bé thyc hién didu nay, nha phan tich da diéu tra duoc tir mdi thanh phé 31
ngudi da mua sita trong vong hai tudn gan day va thu duoc bang sb liéu nhu sau:

Bang 2.Két qua diéu tra gia sia.

Thanh phé A ($ Thanh phé B ($)

2.55 2.36 2.43 2.25 2.40 2.39
2.67 2.54 2.43 2.30 2.33 2.40
2.50 2.54 2.38 2.19 2.29 2.23
2.61 2.80 2.49 2.41 2.18 2.29
3.10 2.61 2.57 2.39 2.59 2.53
2.86 2.56 2.71 2.26 2.38 2.19
2.50 2.64 2.97 2.19 2.25 2.45
2.47 2.72 2.65 2.42 2.61 2.33
2.76 2.73 2.80 2.60 2.25 2.51
2.65 2.83 2.69 2.38 2.29 2.36

2.71 2.44

Cho biét gia mot gallon sira & thanh phd A tuan theo phan phéi chuan véi do léch chuan 12 0.2 va gia
sira ciia mot gallon sira ¢ thanh phd B tuan theo phan phdi chuan vai d6 léch chuan 1a 0.1. Tai mirc y nghia
a = 5%, hay xét xem c6 sy khac biét vé gia trung binh cua mot gallon sira ¢ hai thanh phé trén khong?

Loi gidi:

Budc 1: Goi g, 4, twong ung la gia tri trung binh ciia mot gallon sira & hai thanh phd A va B. Khi d6
ta kiém dinh cap gia thuyét sau:

Xétbaitodn :Hy: pty — 4y = 0;Hyipy — iy # 0

Budc 2: Ta st dung ham z.test voi cac tham sé can thiét duge cho nhu sau:

- x lavéc to dir liéu gia sira thanh phd A;

- ylavécto dit liéu gia sita thanh phd B;

- Do léch chuan gia sita sita thanh phd A 12 0.2 nén sigma. x = 0.2;

- Do léch chuan gi4 sira sira thanh phd B 12 0.1 nén sigma.y = 0.1;

- Giathuyét khong : u; — u, = 0 nén mu = 0 hodc khong can danh tham sé nay vao;

- Gia thuyét dbi : u; — u, # 0 dang hai bén nén alternative = "two. side" hoic khdng
can danh tham s6 nay vao.

Buac 3: Ta thuc hién trong R.
= Tibrary(BSDA)

> A =c(2.55,2.67, 2.50, 2.61, 2.10, 2.86, 2.50, 2.47, 2.76, 2.65, 2.36, 2.54, 2.54, 2.5

4, 2.80, 2.61, 2.56, 2.64, 2.72, 2.73, 2.83, 2.43, 2.43, 2.38, 2.49, 2.57, 2.71, 2.97,

2.65, 2.80, 2.8%, 2.71)

- B=c(2.25, 2.30, 2.19, 2.41, 2.39, 2.26, 2.19, 2.42, 2.60, 2.38, 2.40, 2.33, 2.29, 2.1
2.59, 2.38, 2.25, 2.61, 2.25, 2.29, 2.39, 2.40, 2.23, 2.29, 2.53, 2.19, 2.45, 2.32,

8,
2.51, 2.36, 2.44)

> Z.test(A,B,sigma.x = 0.2,sigma.y = 0.1,mu=0,alternative = "two.side")

Two-sample z-Test

data: A and B

z = 7.0392, p-value = 1.,934e-12

alternative hypothesis: true difference in means is not equal to 0O
95 percent confidence interwval:

0.2014193 0.3368670

sample estimates:

mean of x mean of vy

2.636363 2.3537419
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Budc 4: Doc két qua:

Dé két luan béac bo H, ta co thé dya vao gia tri thong ké z = 7.0392 16n hon gié tri téi han z, 5,5 = 1.96
hodc sir dung p — value = 1.934e — 12 nhé hon mirc ¥ nghia a = 0.05

Vay tai mirc y nghia @ = 5%, ta c6 du bang ching thong ké dé cho rang gié sira trung binh cua hai thanh
phd ¢6 su khac biét.

3.2. Kiém dinh trung binh hai téng thé, phwong sai da biét, chon mau déc \dp, di¢ liéu thie cip

Khi phuong sai tong thé da biét, chon mau doc lap, dir liéu thir cap, kiém dinh trung binh hai tong thé

duoc tim qua ham zsum. test vai cac tham s6 can thiét.
zsum. test(mean. x, sigma. x, n. x, mean. y, sigma.y, n.y, mu, alternative)

Trong d6: mean. x - trung binh mau tht nhat; n.x - ¢& mau thir nhat; mean. y - trung binh mau tht hai;
n.y - ¢& mau tha hai.

Vi du: Cuc thong ké lao dong mudn tim hiéu chi phi bao hiém trung binh ma mot cong ti chi tra trén
mot gio cho nhimg nhan vién duoc thué dé quan If va nhitng nhan vién 1a céng nhan lanh nghé. Bé xem xét
van dé nay, ho da diéu tra 35 nha quan Ii va 41 cong nhan lanh nghé thiy chi phi bao hiém trung binh ma
cdng ti cua ho tra tuong tng 1a 1.84% va 1.99$. Gia st chi phi chi tra cho cac nhan vién quan Ii tuan theo
phan phéi chuan véi do léch chuan 1a 0.4$ va chi phi tra cho cac cong nhan lanh nghé tuan theo phan phdi
chudn véi do léch chuan 12 0.5$. Vi mic ¥ nghia a = 5%, hay kiém dinh xem c6 sy khac biét vé chi phi
bao hiém trung binh trén mot gio gitra cac nhan vién quan 1 va cac cdng nhan lanh nghé hay khdng?

Lai giai:

Goi y, 11, 12 chi phi bao hiém trung binh trén mot gio cua cac nhan vién quan 1i va cac cong nhan lanh
nghé. Khi d6 ta kiém dinh cap gia thuyét sau:

Xétbaitodn :Hy:pty —u; =0; Hytpy—p, #0

Thuc hién kiém dinh trén R

> library(BsDA)
= zsum.test(mean.x = 1.84,mean.y =1.99,sigma.x=0.4,sigma.y=0.5,n. x=35,n.y=41)

Two-sample z-Test

data: summarized x and y
z = -1.4522, p-value = 0.1464
alternative hypothesis: true difference in means is not egual to O
95 percent cenfidence interval:
-0.35244625 0.05244625
sample estimates:
mean of x mean of y
1.84 1.939

Doc két qua:

Gia tri thong ké z = —1.4522 thoa man—z, 5,5 = —1.96 < —1.4522 < z, 4,5 = 1.96 hoic sir dung
p — value = 0.1464 Ién hon muc ¥ nghia @ = 0.05 nén ta két luan chap nhan H,

Vay Vé6i mic ¥ nghia 5% ta khong c6 du bang chimg thong ké dé cho rang c6 su khac biét giira chi phi
chi tra trung binh trén mot gio caa cac nhan vién quan Ii va cac cong nhan lanh nghé.

3.3. Kiém dinh trung binh hai téng thé, phuong sai chua biét nhung dwoc gid thiét bang nhau, chen
mau doc lap, die ligu so cap.

Dé kiém dinh trung binh hai tong thé khi chua biét phuong sai ciia tong thé nhung c6 gia thiét bang
nhau, chon mau doc lap, dit liéu so cip, ta ding ham t. test véi tham s6 val. equal = TRUE

t.test(x,y, mu, alternative ,var.equal = TRUE)

Trong d6: var. equal = TRUE - Tham s6 chi phuong sai ctia hai tong thé bang nhau.

Vi du: M6t nha nghién ciru dang mudn so sanh chi phi chi tra trong mot nam dé nudi séng mot gia dinh
gom bdn nguoi Viét séng ¢ nhiing thanh phd nudc ngoai khac nhau. Nha nghién ciru da chon ra hai thanh
phd A va B dé nghién ctru. Nha nghién ctiu chon ra trong mdi thanh phé 11 gia dinh dé diéu tra va thu dugc
bang s6 ligu:

Bang 3.Két qua diéu tra chi phi nudi song gia dinh trong mét nam.
A($/ndm) 69000 64500 67500 64500 66700 68000 65000 69000 71000 68500 67500
B($/nam) 65000 64000 66000 64900 62000 60500 62500 63000 64500 63500 62400

Cho biét chi phi chi tiéu hang nim cua gia dinh bon ngudi Viét ¢ hai thanh phé trén tuan theo phan phoi
chudn véi phuong sai bang nhau. Tai muc ¥ nghia @ = 5% hdy kiém dinh xem c6 sy khéc biét vé chi phi
chi tra cia cac gia dinh gdm bén nguoi Viét sbng & hai thanh phd A va B khong?

Loi giai
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Goi 11, 4, 1a chi phi chi tra trung binh trong mét nam dé nudi séng gia dinh gdm bén ngudi Viét o hai
thanh phd A va B. Khi d6 ta kiém dinh cap gia thuyét sau:

Xétbaitodn :Hy: iy —u, =0; Hy:pg—u, #0

Ta dung ham t. test véi tham sé var. equal = TRUE do phuong sai cua hai tong thé dugc gia thiét

bang nhau.
> A = c(69000,64500,67500,64500,66700,68000,65000,69000,71000,68500,67500)
> B=c(65000,64000,66000,64900,62000,60500,62500,63000,64500,63500,62400)
= T.test(A,B,var.equal = T}

Two Sample t-test

data: A and B
t = 4,9547, df = 20, p-value = 7.627e-05
alternative hypothesis: true difference in means is not equal to 0
95 percent confidence interwval:
2258.08 5541.92
sample estimates:
mean of x mean of vy
67381.82 63481.82
Gia tri thong ké t = 4.9547
Bac tu do (df: degree freedom) ctia phan phoitlan —1 = 20
) p —value = 7.627e — 05
bé bac bo Hy, ta cd thé dya vao gia tri thong ké t = 4.9547 16n hon gia tri t6i han t,4 4 9,5 = 2.09 hoac
sir dung p — value = 7.627e — 05 nhd hon muc y nghia @ = 0.05. i
Vay voi mirc y nghia 5% ta 6 du bang ching thong ke dé cho rang co su khac biét ve chi phi chi tra
trung binh trong mot nam dé nudi séng mot gia dinh gom bon ngudi ¢ hai thanh pho A va B.

4. Két luan

Bai b&o cd nhiing dong gop sau day:
- Dung céc lénh trong R dé kiém dinh dwoc tham s gia tri trung binh hai tong thé nghién ctu.
- Giai quyét dugc mot s6 vi dy thuce tidn méi, 4p dung duoc cho giang day mén hoc hoc xac suit thong
ké tai truong Pai hoc Mo - Dia chét theo hudng ddi méi.

Tai ligu tham khao

Ding Hung Thing( cha bién), Tran Manh Cudng, 2019. Thong ké cho khoa hoc xa hgi va khoa hoc sir
song (vai phan mém R). Nha xuat ban Pai hoc Quéc Gia Ha Noi, trang 109-137.

Nguyén Vin Tuén, 2020. Phan Tich D Liéu véi R. Nha xuat ban tong hop Thanh phé H6 Chi Minh,
trang 143-149.

ABSTRACT
R statistics in parameters testing problem

Pham Ngoc Anh
Hanoi University of Mining and Geology

R is a mature programming language oriented toward statistical computing and data analysis. R allows
solving a large number of problems in statistical and graphical analysis. Furthermore, R runs on many
operating systems: Windows, Linux, Mac OS,... The installer as well as installation and usage instructions
are all free to download from R's CRAN homepage. Using R in research Data research and analysis is a
trend and increasingly popular in many practical fields. In this report, | present the method of studying the
overall signal using the statistical hypothesis testing method. Specifically, | solve the problem of testing the
hypothesis about the average parameter of two populations using the section R software. | present the
general theory of the testing problem, then introduce the processes and command packages used to perform
the problem of testing the hypothesis about the average of two populations.

Keywords: R statistics; statistical hypothesis testing; overall average calculation.
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s HOI NGHI TOAN QUOC KHOA HQC TRAI DAT
vrore nesovnceeor VA TAINGUYEN VO PHAT TRIEN BEN VIPNG (ERSD 2024)

SUSTAINABLE DEVELOPMENT

Mot cach sang tac bai toan Giai tich cho ky thi Olympic
Toéan sinh vién
Pham Tuin Cuong”
Truwong Pai hoc M6 - Dja chat

TOM TAT

Olympic to&n Giai tich sinh vién 1a cuéc thi hoc thuat thudng nién duoc t6 chirc boi Hoi toan hoc Viét
Nam, B¢ Gido duc va Dao tao danh cho sinh vién yéu toan trong ca nudc. Cudc thi gép phan quan trong
trong viéc thuc day phong trao day va hoc toan trong cac trudng Dai hoc va Cao dang. Tuy nhién dé sinh
vién cac truong khéng chuyén vé toan c6 thé tiép can dwoc vai cac bai tap trong dé thi Olympic la chuyén
khdng hé dé dang néu khong co sy phan tich giang day cua cac giang vién c6 kinh nghiém thyc té 6n luyén
ddi tuyén. Bao céo trinh bay cach sang tac bai toan Giai tich trong cac ki thi Olympic toan toan quéc nham
gilp sinh vién khong nhitng nam bt dugc phuong phap giai ma con gidp sinh vién rén luyén dugc phuong
phap suy nghi logic va tu duy sang tao trong cac dang bai toan giai tich mé rong va téng quat.

Tur khoa: Bai todn Giai tich; Dao ham; Vi phén; Tich phan.

1. Mé dau

Trong béo céo nay ching tdi gi¢ thidu nhitng dinh Iy gié tri trung binh cho I6p céc ham kha vi, gom cac
dinh 1y quen thudc va mot sé dinh Iy méi duoc phat trién trong thoi gian gan day va mot s6 bai toan lién
quan dén tich phan. Tir d6 ching t6i dwa ra mot vai cach phat trién mé rong ra bai toan méi, trong do déc
biét quan tam téi dang bai tap nang cao danh cho di tugng du thi Olympic toan quéc gia.

2. Cac dinh ly co ban voi 16p ham kha vi
2.1. Dinh ly Fermat

Gia sirham f :[a,b] - R lién tyc trén doan [a,b], dat cuc tri tai diém x, €(a,b) va kha vi tai diém x,
khidé f'(x,)=0 (Vii Tién Viét, 2021).
2.2. Dinh Iy Rolle

Gia sirham f :[a,b] - R ién tuc trén doan [a,b], kha vi trong khoang (a,b) va c6 f (a)= f (b) khi do
ton tai ce(a,b) saocho f’(c)=0 (Vi Tién Viét, 2021).
2.3. Dinh ly Lagrange

Gia st ham f :[a,b] — R lién tuc trén doan [a,b], kha vi trong khoang (a,b) khi d6 ton tai ¢ (a,b) sao

cho f'(c)= M (Hoi Toan hoc Viét Nam).

2.4. Dinh ly Cauchy

Gia st ham f,g:[a,b]—>R lién tuc trén doan [a,b], kha vi trong khoang (a,b) ddng thoi

\ f' f(b)-f
9'(x)=0,vxe(a,b). Khi d6 ton tai ce(a,b)sao cho (©) = (b)-f(a) (Nguyén Vian Mau, Lé

9'(c) g(b)-g(a)

Ngoc Lang, Pham Thé Long, Nguyén Minh Tuén, 2006).
2.5. Dinh ly Meyer

* Tac gia lién h¢
Email: phamtuancuong@humg.edu.vn
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Cho ham f :[a,b]— Rlién tuc va kha vi trén [a,b], thoa man diéu kién f'(a)= f'(b) khi d6 ton tai

ce(a,b)saocho f'(c)= w (Vii Tién Viét, 2017).

3. Ap dung dinh Iy trén giii vd mé rong cho mot s6 dé thi Olympic toan sinh vién.

3.1. Cho ham f kha vi trén [0,1] va thod mdin diéu kign f(0) =0, f(1) =1. Chéng minh rang véi

a,B>0 tontaicacsé c,,c, €(0,1),c, #c, saocho ,a + ,'B =a+p.
v tt f'(c,) f'(c,)

Loi gidi. Xét ham g(x) = f (x) - —%—.
o

+p
D3 thiy g(0)=——%— <0, g() =—2— >0,
¢ thay g(0) a+ﬂ< 9@ a+,b’>
Suy ra tn tai sé ce(0,1) dé g(c)=0,tac f(c)=—%—.
a+p

Dung dinh ly Lagrange cho ham f trén (0,c) thi ton tai c,e(0,c) sao cho
fe)-1@Q-f@  # _ @

c-0 f'(c,) (a+p)c
Dung dinh Iy Lagrange cho ham f trén (c,1) thi ton tai c,e(c,) sao cho
feyfO-f@, 5 5

1-c f'(c,) (a+p)(1-c)

Tirds ta c6 — ’((ch) —(a+p)c, %cz) —(a+B)(1-0).

Tur d6 dé thay c;,c, € (0,1),¢, # ¢, vathoa man diéu phai chimg minh f,‘(l ) + f”f 7= (a+p).
Cl C2
+ LAy B =1-« tasé co bai thi OLP-2008 tai Nha Trang. (OLP-2008, Nha Trang). Cho ham f lién tuc
trén [0,1], kha vi trong (0,1) va thoa man f(0) =0, f (1) =1. Chung minh rang véi a € (0,1) ton tai cac

a -«
+

- - =1.
f(x)  f'(x,)
C6 thé mo rong bai toan trén thanh bai toan tong quét nhu sau: ’
+ Cho ham f kha vi trong (0,1) va thoa man f(0) =0, f (1) =1. Chiing minh rang véi cac s6 duong

6 X, X, €(0,1),X, # X, sao cho

&, ¢y, 0.t cho trude, ton tai cdc diém phan biét x;,X,,...x, €[0,1] sao cho ' f,o(‘k - > a,.
k=1 T (X k=1
+Cho ham f lién tuc trén [0,1] , kha vi trong (0,1) va thoa man f(0) =0, f (1) =1. Ching minh ring
LS S
f'(x)  f'(x,) f'(x,)

v6i mdi ne N ton tai cac diém phan biét x,X,,...x, €[0,1] sao cho

3.2. Cho ham f lién tuc trén [a,b] khd vi trong (a,b). Ching minh rang tén tgi e, B,y €(a,b) sao
cho

_a+b f(B) a’+ab+b’ f'(y)

fI
W= 6 7
Loi gidi. Theo dinh ly Lagrange véi ham f(x) trén [ab] thi tdn tai a<(ab) sao cho

Dung dinh ly Cauchy cho f(x) va g(x) = x?trén [a,b] thi ton tai e (a,b) sao cho
rp th)-f@ e fO)-f@ (D TB)
9'(A) gb)-g@ " 25 b’ -a® Nensuyra 2 B

Dung dinh ly Cauchy cho f(X) va h(x) = x®trén [a,b] thi ton tai ¥ € (a,b) sao cho
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') _f)-f(@ i o) f)-1@ 4 suy ra f,(a)=a2+ab+b2 ')
h() h)—h(@) hay 3,2~ b —a 3 7
Tir d6 ta thu dwoc dieu can phai ching minh. ,
+ Lay [a,b]=[0,1] ta sé& thu duoc bai toan cua ky thi OLP-2015 tai Hue.
(OLP-2015, Hué) Cho ham sb f:[0,1]— R 1a mot ham kha vi lién tyc. Chimg minh rang ton tai
Fix) )

X, X,,X; €(0,1) sao cho f'(x;)= X e
1 2

1 1
3.3.Cho ham f:[0,1]1—> R lién tuc va thod man diéu kién j f(x)dx =J' xf (x)dx.
0 0

a) Ching minh rang ton tai diém « < (0,1) sao cho I f (x)dx =0. Tir d6 suy ra v6i mdi s6 thuc a e R
0
ton tai ce(0,1) saocho f(c)=a [ f(x)dx.
0

b) Chtng minh rang voi mdi sé thuc a e R ton tai ¢ e(0,1) sao cho cf (c)+aj f(x)dx =0.
0
Loi giai:
t t
a) Xét ham g(t):tj f(x)dx-jxf (x)dx, te[0,1].
0 0
t
Taco 9(0)=9(1)=0 va g't)= [ T (x)dx

0
a

Theo dinh 1y Rolle ton tai e (0,1) sao cho g'(«)=0 hay [f(x)dx=0. Lai xét ham
0
t

hy=e* [ F(x)dx, te[0,1]
Taco h(0)=h(a)=0 va h’(t):e_a{f(t)—aj. f(x)dx}.
Theo dinh Iy Rolle ton tai ¢ € (0, ) < (0,1) sao cho h'(c)=0 hay f(c):aj f(x)dx. b) Xét ham s6
F(x):f f(f)dt, xe[0,1]. Tac F(0)=0 va F'(x) = f(x) va
F(l):j f(x)dx:jxf (x)dx:ij'(x)dx:xF(x)|;—jF(x)dx= F(l)—Jl'F(x)dx
Do do jF(x)dx =0.(*)

1
Ham s6 F(x) lién tyc trén [0,1]. Ta nhan thiy F(X)>0,vxe(0,1) thi jF(x)dx>0, néu
0

1
F(X) <0,vx e (0,)thi [F(x)dx <0, déu tréi véi (*).
0

Do d6 phai ton tai diém be (0,1) & F(b)=0.
Lai xét ham s6 g(x) =x“ F(x). Ta c6 g'(X) = ax**F(x)+x* f (x) va g(0) = g(b) = 0. Theo dinh ly

Rolle ton tai ce(0,b)c(0,1) sao cho g'(c)=0 . Tu do ac‘“jf(x)dx+caf(0):0 hay
0
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cf (c) +a_C[ f (x)dx =0.

+ Chon céc gia tri a thich hop ta s& dugc cac bai thi Olympic.

1 1
3.4. Cho ham f:[0,1] > R lién tuc va thod mdin diéu Kkign I f (x) dx =I xf(x)dx. Chiéng minh ring
0 0

méi s6 thue ae R ton tai diém c e(0,1) saocho f(c)=af ’(c)J' f (x)dx.
0

t a
Loi gidi: Xét ham sé g(t)=e (t)j f (x)dx, t [0,1]. Theo bai 3 ton tai a < (0,1) dé _[ f(x)dx =0.
0

0
t
Taco g(0)=g(ar) =0 va g®) =e | f(t)+a f'(t) j f (x)dx |.
0
Theo dinh ly Rolle tn tai ¢ e (0,a) < (0,1) sao cho g'(c) =0.
Tir d6 ta c6 diéu phai ching minh f (c) = af ’(c)j f (x) dx.
0

+ Chon a thich hop s& duoc cac bai thi Olympic. Chang han chon a=2018 lai bai thi OLP-2018 (bang A)
tai Quang Binh.

1 1
3.5. Cho ham f:[0,1] = R kha vi va thod mdn diéu ki¢n I f(x)dx =J' xf(x)dx =K.
0 0

Chirng minh rang ton tai diém c e (0,1) sao cho f’(c) =6k.

1 1
Loi giai: Xét ham s6 g(X) = 6kx —2k. D& dang thay Ig(x) dx :J xg(x)dx = k.
0 0

1 1

Suy ra [[f (X)~g0)]dx =0. Ham h(x) = f (X)~g(x) lién tuc trén [0,1] va c6 tich phan [h(x)dx =0
0 0

nén khong thé xay ra trudng hop h(x) >0, Vx € (0,1) hoic trudong hop h(X) <0, Vx (0,1).

Nhu vy phuong trinh h(X) = 0 phai c6 it nhat mét nghiém trong (0,1).

Gia st rang h(x) =0 chi c6 mot nghiém x =a e (0,1). Xay ra hai kha nang sau:

i) Néu h(x) <0, ¥x e(0,a), thi h(x)>0, Vxe(a1). Khido:

1 1 1 1

[ X () dx—k =] xF () dx—[ xg (x) dx =] X[f () -9 (x)]lx

0 0

0 0

O ey =

xh(x) dx :j xh(x) dx+j xh(x) dx >T ah(x) dx+j ah(x)dx = aﬁ h(x) dx+_1[ h(x) dx} = a.l[ h(x)dx =0. Suy

1
ra Ixf (X)dx >k, mau thuan vai gia thiét cua dau bai!
0
i) Néu h(x) >0, Vx e(0,a), thi h(x)<0, VX e(a,1). Khi dé

j xf (x)dx—k :Jl' xf (X) dx—Jl' Xg(X) dx :Jl' X[f (X) —g(X)]dx

O ey

xh(x) dx :T xh(X) dx+J1' xh(x) dx <jl ah(x) dx+j ah(x)dx

a 1 1 1
= a{ [ o) dx+[ h(3) dx} =a[h(x)dx=0. Suyra [ xf () dx < k, mau thudn vei gia thiét cua dau bai!
0 a 0 0

Nhu vy phuong trinh h(X) =0 phai c6 it nhat hai nghiém trong (0,1). Gia sir rang h(x) =0 chi c6 hai
nghiém a,be(0,1) a<b . Theo dinh ly Lagrange ton tai ¢ e (a,b) =(0,1) sao cho
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f ’(C) — f (b) - f (a) — g(b) — g(a) =6k.
b-a b-a i )
+ Chon k thich hop sé& duoc cac bai thi Olympic. Chang han chon k=1 la bai thi OLP-2010 tai Hué.

1 1
3.6. Cho ham f:[0,1]]>R khi tich véi jf(x)dx =j xf(x)dx=k. Cha#ng minh rang
0 0
1 2
j[f(x)] dx >4k,
0
t 2
Loi gigi: Xét ham sb g(x) = 6kx —2k. Ta co j[f(x)—g(x)] dx > 0. Mat khac
0

[£00-g0] dx =[[f (0] dx—2[ f () g(x)dx+ [[9(x)] dx

I e

o'—.»—\ O ey

[f ()] dx— zj f (x)[6kx-2k]dx+_1[[6kx —2k]*dx
= ([ f 0T dx- 12k.|‘xf(x)dx+4k_|‘f(x)dx+_[(36k2 2_24K*x+4K2)dx = j f )] dx—4k>2

Nhu vay ta cé j[ f ()] dx >4k?,
0
+ Chon k thich hop s& dugc cac bai thi Olympic. Chiang han chon k=1 1a bai thi OLP-2004 cua Kiev.

4. Két luan

Béo c4o nay cung cdp mot sb dang toan tir cac ki thi hoc sinh gioi toan quéc gia, Olympic Toan cac
truong dai hoc va Olympic toan sinh vién toan qudc nhimg nam gan day. Dé giai quyét cac dang toan nay
can dén céc kién thirc bo trg: su lién tuc, dao ham, tich phan, don anh, toan anh va song anh,... Hy vong
ndi dung cua b&o céo s& gilp cac thay, cd gido cing véi c4c ban sinh vién dang giang day va hoc tap co
thém nguon tai liéu hitu ich, bo sung thém phuong phap méi dé tiép can van d¢, nham nang cao kha ning
tiép thu bai giang hudng téi dat thanh tich cao trong cac ki thi .

Tai ligu tham khao

Hoi Toan hoc Viét Nam. Tuyén tap va Ky yéu thi Olympic Toan sinh vién tir ndm 1993 dén nay.

Nguyén Vin Mau, L& Ngoc Lang, Pham Thé Long, Nguy&n Minh Tuan, 2006. Tuyén tgp Olympic Toéan
sinh vién toan quac 1993 - 2005. Ha Noi.

Vi Tién Viét, 2017. Tai liéu 6n tdp Olympic Toan sinh vién. Nha xuit ban Pai hoc Quéc gia Ha Noi.

Vi Tién Viét (cha bién), Phan Thé Hai, 2021. Mgt s6 chuyén dé on tdp thi Olympic Toan sinh vién -
Phan 2. Gidi tich. Nha xuét ban Pai hoc Quéc gia Ha Noi.

ABSTRACT

A way to compose Calculus problems for National Student
Mathematics Olympiad

Pham Tuan Cuong
Hanoi University of Mining and Geology

Student Calculus Math Olympiad is an annual academic competition organized by the Vietnam
Mathematical Association and the Ministry of Education and Training for students who love math
throughout the country. The contest makes an important contribution to promoting the movement of
teaching and learning mathematics in universities and colleges. However, it is not easy for students of non-
math schools to be able to access the exercises in the Olympic exam without the teaching analysis of
instructors with practical experience in team training recruitment. In this paper, we present a way to
compose Calculus problems in the national math Olympiads to help students not only grasp the solution
method but also help them practice logical thinking and Creative thinking in general

Keywords: Calculus problem, Derivative, Differential, Integral.
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E‘ng HOI NGHI TOAN QUOC KHOA HOC TRAI DAT
SARYH SR M VA TAI NGUYEN VOI PHAT TRIEN BEN VIPNG (ERSD 2024)

NATURAL RESOURCES FOR
SUSTAINABLE DEVELOPMENT

Tinh toan dao dong cua 6 t6 c6 chia dao ham cap ba st dung
phuong phap Newmark

Bai Thi Thay” ,
* Truong Dai hoc Mé - Dja chat

TOM TAT

Dao dong cua 6 t6 sinh ra trong qué trinh chuyén dong anh huéng dén dudng, ban than xe va ngudi ngdi
trén xe. B4o céo nghién ciru phuong trinh vi phan dao dong c6 chtra dao ham céap ba cua 6 t6 sir dung
phuong phap Newmark (Newmark,1959). Trong béo céo, phuong trinh vi phan dao dong duoc thiét lap
va nghiém sé dugc xac dinh. Sau dé, khao sat dao dong cua 6 t6 dudi tac dong cua luc kich dong diéu
hoa.

Tir khoa: dao ham cip ba; dao dong 6 t6; phuong phap Newmark

1. Mé dau

O td la mot trong cc phuong tign van tai c6 vai tro rat quan trong trong tat ca céc Iinh vuc kinh té va
doi song. Dao dong 6 to khong nhing anh huong téi con nguoi (1ai xe va hanh khach), hang hoa chuyén
ché, d6 bén, d6 an toan chuyén dong cia 6 td ma con anh hudng dén tudi tho cua dudng. Dic biét trong
qua trinh chuyén dong, khi 6 t6 dao dong lam phat sinh tai trong dong rat lon tac dong Ién hé théng khung
V6 cua 0 0, cac chi tiét, co cdu tong thanh... anh hudng dén d6 bén va tudi tho cua ching (Hd Quéc
Khanh, 2019; M . Géradin and D. Rixen, 1994; Nguyén Vin Khang, 2023). Do dé, viéc nghién cau dao
dong cua 6 to la can thiét va hiru ich. Mot trong nhitng cong viéc quan trong cua nghién ciru dao dong 6
t6 1a thiét lap: va giai phuong trinh vi phén dé xac dinh cac thong sb dao dong.

Béo c4o gom 5 phan. Phan 2 trinh by phuong phap Newmark cho phwong trinh vi phan cap ba. Dya
trén dinh luat 1l Newton va phuong phap Newmark, phuong trinh vi phan chuyén dong cua 6 to duoc
thiét 1ap va nghiém sé duoc xac dinh trong phan 3. Phan 4 trinh bay vi du s6 va do thi dao dong cua 6 to
dudi tac dung cua luc kich dong diéu hoa. Phan 5 bao gom cac két luan chinh caa bao céo.

2. Phuwong phap Newmark giai phwong trinh vi phan cip 3

Ta xay dung phuong phép gidi h¢ phuong trinh vi phan c4p ba dya trén phuong phap Newmark di co
giai hé phuong trinh vi phan cap hai (N.M. Neyvmark, 1959; Bui Thi Thuy, 2017; Pinh Vian Phopg,
2006). Trong d6 véc to trang thai cia h¢ ¢ thoi diém t,,, =t +h duoc suy ra tir véc to trang thai da biét ¢
thoi diém t_ qua céc khai trién Taylor ciia dich chuyén, van téc va gia toc.

Str dung khai trién Taylor dbi voi do dich chuyén, van téc va gia toc tai thoi diém t
thic:

ta c6 cac cong

n+1

)‘(.n+1:Xn+(l_a)h.).(n+ah.).(‘n+l (1)
hoa = 0%+ 37 0K @

. h2 " 1 3 e 3 .
Xn+1:Xn+th+?Xn+ g_ﬂ h Xn+ﬂh Ko (3)

V6i a, 8,7 1a cac tham sb lién quan dén so d6 ciu phuong.
Gia str ta 6 phuong trinh dao dong tuyén tinh cuaa vat c6 dang
aX+a,X+a;x+a, x=f(t)
Trong d6 &, a,, a,, &, 1 cac hang s. Ap dung cac cong thiic (1-3) vao phuong trinh trén tai thoi

* Tac gia lién h¢
Email: buithithuy@humg.edu.vn
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diém t_, tatinh duoc X,

n+1

|:a1+aha2+7h2a3+ﬂh3a4:|.x.n+l = fn+1_a2|:x.n+(l_a)h.).(.n:|_a3|:xn+hxn+(%_7/jh2x.n:|

-a [x +hx +h—2)'(' +[1—ﬂ)h3 X }
4 n n 2 n 6 n
Str dung cac cong thirc Newmark (1) - (3) ta nhan duoc gid tri cta
Xn+1 Vé‘ Xn+1 .

(4)

Giai phuong trinh (4) ta duoc X ,, .
gia téc, van toc va do dich chuyén %, ,
Xéc dinh diéu kién ban dau cia X (t,) tir diéu kién ban dau cua x(t,), x(t,) va x(t,) da cho:

()= L1 (6) -2 () -ax(y) ()] ©)

3. Tinh to4n dao djng cua 6 t6 ¢ chira dao ham cAp ba sir dung phuwong phap Newmark
3.1. Thiét Igp phwong trinh vi phéin dao dgng cia 0 td
Goi x va u la dich chuyén cua vat va banh xe. Gia thiét do cang cua 16t truc c6 thé dugc biéu dién bang
mot 16 xo tuong duong vai do cang k véi do dich chuyén dugc ky hiéu la z.
Ta cé dinh luat 2 Newton:
mx = —-R(t), (6)
Trong d6 m 1a khéi lugng ciia vat, x(t) 1a do dich chuyén, R(t) 1a noi luc sinh ra bén trong vat thé

dan nhot.

[x

k
Z
Cl I
c2
| l“
Hinh 1. M6 hinh 6 t& cap nguyén. Hinh 2. Phén tich luc.

Gia tri luc R(t) bang tong gia tri luc R, tac dung Ién giam chan c, va luc R; tac dung 1&n 10 xo k hay
giam chén c,:

R(t):R1+R2'
()
Ry =Ry = Reey)» ®)
Trong do:
R=c(%-u), R, =k(x-z), R, =c,(2-1), ©9)
=R(t)=R +R, =R +R,,
(10)
=c,(x—u)+k(x-z),
Tir phuong trinh (8) va (9) taco:  k(x—z)=c,(z-u) (11)
Thay (10) vao (1) ta c6 phuwong trinh chuyén dong:
mx = —¢, (Xx—u)—k(x—2), (12)
RUt z tir phuong trinh trén:
- - oo o
S X+C, (X u)+X:mx+clx+kx cu (13)

k k ’
Tur phuong trinh (13) va (11) ta dugc phuong trinh vi phan:
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k(x—2)=c,(z-u),

@_mx,_cl),(%lu:Cz(mx+c1x:kx—c1uj_czu,

<:>Ck mX+mX+%X+(Cl+C2)X=%U+(01+C2)U,

k k
@'>'<'+[£+&j5<+—(cl+02)>‘<=EU+—(C1+C2)u. (14)
c, m mc, m mc,

3.2. Phwong phdap Newmark gidi phwong trinh vi phdn dao dong
Ta c6 phuong trinh vi phan dao dong cap nguyén cia o to:
k(c,+c k C
¥+ L_,_& X+MX :&U+MU.
c, m mc, m mc,

Ap dung phuong phap Newmark ddi voi phwong trinh vi phan cap 3 ¢ phan 2, ta giai phuong trinh vi
phan dao dong trén.

Tai thoi diém t_ phuong trinh chuyén dong cua hé c6 dang:

X‘(tn)+(£+&]X(tn)+Mx(tn):&U(tn)+wu(tn). (16)

c, m mc, m mc,

(15)

V6i x(t,),%(t,)va X(t,) lan luot 1a do dich chuyén, van téc va gia téc tai thoi diém t,
Tir phuong trinh (1), (2) va (3), ta ¢4 cac xap xi Newmark cua %, % ,X. nhu sau:

n?!n?n

%, =L (X, =%, 1)+ [1—1J (1— )hxnl{i—Ljthﬂl, (17)
Bh B 25 2 6
s _ _i, _ _a
Xn - ﬂhz (Xn Xn—l) ﬂh Xn 1 (1 2ﬂj (1 6ﬂjhx (18)
e _ L1 1 (1
Xn - ﬁh3 (Xn Xn—l) ﬂhz Xn—l 2ﬁh Xn—l (Gﬂ j -1 (19)

Thay cac phuong trinh (11), (12), (13) vao phuong trinh (10):

i3(Xn_an)_i2).(nl_ixnl_[i_ljy(n1-'—(k +&)|: az (X an)_ixnl-i_(l_i]x.nl

ph ph 2h 64 C, pgh ph 2P

+(1—ijhx;_l}+w{ 7 (x, -, )+[1—1j (1——jhxn_l+(1—ljhz'x;_l} (20)
64 me, | Bh Vi 28 2 68

G k(c1 +Cz) .

- mu(tn)+ mc, u(tn)

Ta tinh toan vé trai cua phuong trinh (20):

VT(20)=|: L +[k Clj +—k(cl+CZ)L:|X —|:LX_1+L)'(_1+LX' . [i_ ] _:|
Bh L, Bh? me, ph|" [ph® " ph* " 280 " (6
k LG a a " a
(Cz j|:ﬂh2 Xn 1t ﬁh n -1 [Zﬂ jxn-ﬁ'(@ 1jhxn-1:| (21)
kara)l r [__1j ( _1th [L__th
me, |ph "t B "l 2p 68 2

Gia str kich dong mit duong u duoc biéu dién boi ham diéu hoa
u=Usin(awt+¢) (22)

Véi U, @, la cac hing sb.
Ta c6 dao ham cdp 1, cdp 2 cuau
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u=Uawcos(wt+p),

(23)
i =-Uaw’sin(at+9), (24)
Thay (23), (24) va (21) vao phuong trinh (20) ta dugc:
k
L(kia)e Kara) y |,
ph c, m)pgh mc, ph
k
:—&Uwzsin(wtn+¢)+MUwCOS(wtn+go)+ 13xH+ 12>'<H+ L X, 4
m mc, ph ph 2h
(25)
+ i—l X, |+ £+& azxnfl+i>'<nfl+ | X, + Z hX
64 c, m)l pgh ph 2p3 64
k
JKera) AN A PR A S S PO
mc, | Bh Y 28 68 2
Xo1s Xy g0 X0 X

X, VoI X, X, va¥X _ duogc tinh nhu sau:
1

(X, — X )—ix R e
ﬂhg n n-1 ,th n-1 2ﬂh n-1 Gﬂ n-1
X, =%, +(1-a)hX_, +ahX,

(26)
X, =%, +hX  + [%— 7/) h*X |, +yh’X

Gia thiét rang diéu kién ban dau ciia cac cong thic trén x(0), x(0) va %(0) da cho.
4. Vidu sb

X =

n

Nhu vay ta di tim duoc nghiém sé x, cia phuong trinh vi phan dao dong (16) theo céac gia tri cia
n-17 “n-11 X

Lay céc sb lieu m=5000kg,k =10000N/m,c, =8000Ns/m,c, =10000Ns/m véi h=0.01,a =1/2,

y=1/4,3=1/12. Trong truong hop u =0.05sin (t +%j , phuong trinh vi phan dao dong c6 dang:

% +2.6%+3.6X= —0.0Ssin(t+%j+0.18cos(t+z]

3
V6i cac diéu kién dau x(0)=0,x(0)=0,%(0)=0.01= x(0)
dugc biéu dién trong Hinh 3.

(27)
—0.0053, db thi bién do dao dong

0.02 Newmark | |
— — —RK4
0 H ” ﬂ |
-0.02 - b
__0.04 1 g
1
-0.06 -
-0.08 -
-0.1
012 . | | . L L ! . .
0 10 20 30 40 50 60 70 80 90 100
t(s)

Hinh 3. D6 th; bién d dao déng cua 6 to.
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5. Két luan

Trong bao co nay, tac gia da nghién ciru Xxay dung chuong trinh tinh toan sb dya trén phuong phap
Newmark giai h¢ phuong trinh vi phan cip hai, tim nghiém ciia phuong trinh vi phan ¢ chira dao ham
cap ba. Sau do st dung chwong trinh thiét lap dugc dé tinh toan dao dong cua 6 t6. Két qua thu dugc 1a do
thi mo ta bién d6 dao dong cua 6 to trén mat duong map md cd dang mot ham diéu hoa.

B4o c4o ciing so sanh két qua tinh todn bang phwong phap Newmark va phuong phap Runge-Kutta.
Trong vi du, c6 su thdng nhat giita cac két qua bang phuong phap Newmark va phwong phap Runge-
Kutta. Thuat toan tich phan s6 Newmark mot budc dugc trinh by cho cac hé cip ba la hiéu qua va phu
hop. Theo thuat toan nay, mot chuong trinh méy tinh dwgc phét trién bang phan mém Matlab.
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ABSTRACT

Calculating the vibration of a car containing the third derivative using
the Newmark method

Bui Thi Thuy
Hanoi University of Mining and Geology

The car's vibrations generated during movement affect the road, the car itself and the people sitting in
the car. In this paper, the vibrational differential equation containing the third order derivative of a car is
researched by the Newmark method. The vibrational differential equation is established and the numerical
solution is determined. Then, investigate the car's vibrations under the influence of harmonic excitation
force.

Keywords: third order derivative; car vibration; Newmark method.
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HOI NGHI TOAN QUOCKHOA HOC TRAI AT
SARTI SCRNCES M VA TAI NGUYEN VOI PHAT TRIEN BEN VIPNG (ERSD 2024)

NATURAL RESOURCES FOR
SUSTAINABLE DEVELOPMENT

MO phong dong luc hoc robot song song Hexel

Tran Thi Tram" ’
* Truong Dai hoc Mé - Dja chat

TOM TAT

Cong ngh¢ Robot co cAu song song tao cho cac may c6 thé thuc hién dwoc cac thao tac phuc tap, tu thich
{ing gibng nhu cua con nguorl mot cach hoan thién. TAc gia da budc dau thuc hign md phong dong luc hoc
Robot co ciu song song véi viéc: Giai bai toan nguoc dong hoc theo quy dao chuyén dong x cho trudc
cua Robot trong khong gian, xac dinh toa d6 suy rong q . Vi g da biét, giai bai toan dong luc hoc Robot,
dé tinh lyc suy rong Q, tir d6 xéac dinh céc théng sé dong co can thiét cho viéc diéu khién Robot. Mot sé
Robot co ciu song song dugc m6 phong véi cc thdng s6 dong hoc (kich thuéc, khéi lugng,...) da thong
s6 hoda. Do do, c6 thé thay doi s6 liéu dau vao mot cach dé déng‘trong viéc md phg’mg ddng luc hoc Robot
v6i cac cong viéc khac nhau. Cong cu dung d¢ md phong la phan mem alaska, ket qua tinh toan Ia thong
so can thiét cho viéc thiét ké va diéu khién Robot.

Tur khoa: Robot song song; Hexel; Md phong dong luc hoc.

1. Pat véan dé ]
1.1. Tinh hinh nghién ciu robot trén thé gigi

Viéc nghién ciru va ng dung Robot truyén thong (co ciu chudi) vao cac nganh cong nghiép tai cac
nuéc cong nghiép tién tién da duoc trién khai manh mé tir nhitng nam 1980 va da hinh thanh nén cong
nghiép vai mot so cong ty hang dau (FanucRobotics, Kuka, Motoman, Kawasaki Robotics,...) chuyén ché
tao hang loat cac Robot cong nghiép. Viéc sir dung RObSt ngay cang phé bién trong cac day chuyén tu
dong nhu son, han,... Robot tro thanh mat hang thwong pham. Céc ung dung Robot dang co ngay cang
16n.

Trong céc thap nién gan day, su chd y téi viéc ung dung cua Robot co céu song song da dugc khoi
dong boi Steward vao nam 1965, 6ng la nguoi cho ra mét mot budng md phong tap lai may bay dua trén
co cdu song song. Hién nay co cdu song song dwoc tng dung rong réi trong nhiéu linh vuc.

Hinh 1. Hexel Tornado 2000.

* Téac gia lién h¢
Email: tranthitram@humg.edu.vn

1552


mailto:tranthitram@humg.edu.vn

1.2. Tinh hinh nghién czru robot ¢ Viét Nam

O Viét Nam viéc &p dung Robot con it, tuy nhién da c6 mét s6 san pham Robot da duoc nghién ciru va
ché tao mau nhu:

- Robot cdng nghiép cho viéc Cap phoi;

- Robot cap than cho méy nghién;

- Robot déng chai dung trong cong nghiép san xuét duoc pham, thudc trir sau;

- Robot 6 bac ty do diing trong cong nghé bao vé bé mat;

- Robot mini 4 bac tu do dung trong dan dung, hoc tap va lip rap nho.

Céc san pham nay da dua vao tng dung nhung van la tinh trang don chiéc nén gia thanh trén mdi san
pham chua that canh tranh. Tai mot s6 cong ty lién doanh da co Robot trong mot sé day chuyén san xuat
hién dai nhu viéc l4p rap, san xuit xe mdy, 6td,... nhu hé thdng han tai Cong ty Honda Viét Nam.

MGt trong nhitng nguyén nhan chinh cho vi¢c it ap dung ky thuat Robot ¢ Viét Nam la gia thanh cua
robot nhap ngoai rat cao, trong khi gia thué cong nhan Viét Nam con rat re.

Tai Viét nam c6 thé (tng dung Robot song song trong mot s linh vuc:

- Nganh Vat ly: Gia d& kinh hién vi, gia do thiét bi do chinh xéc,...

- Nganh Co khi: may gia cong co khi chinh xac, may cong cu,...

- Nganh Buu chinh vién thong: Gia d& angten vé tinh dia tinh,...

- Nganh ché tao Ot6: Hé théng thr tai 16p 6t6, budng tap i 619, ...

- Nganh quan su: Robot co ciu song song dugc dung lam bé d& 6n dinh dwoc dat trén tau thuy, céc
cong trinh thuy, trén xe, trén may bay, trén chién xa va tau ngam,... dé giir can bang cho angten, camera
theo ddi muc tiéu, cho rada, cho cac thiét bj do laser, bé 6n dinh cho phdo va tén lua, budng tap lai may
bay, xe tang, tau chién.

1.3. Uu nhwoc diém ciia Robot song song

- Uu diém:

Cong nghé Robot co cau song song tao cho cac may c6 thé thuc hién dwoc cc thao tac phuc tap, tu
thich wng gidng nhu cua con ngudi mot cach hoan thién. Thém vao d6 cac co ciu song song khéng truc
giao c6 nhiéu chirc ning hitu dung trong cac cong viéc san xuat hién dai.

Cac Robot co ciu song song c6 nhiéu wu diém nhu: ¢6 d¢ cting cao, khdi lugng nho, gia toc 1am viéc
I6n hon so véi cac Robot truyén thng hién nay.

+ Kha ning vé kich thuéc: Cac co ciu song song co thé thiét ké ¢ cac kich thuéc khac nhau. Tam hoat
dong cua chdng rat rong tir viéc Iap rap cac chi tiét cuc nho hoic sir dung trong phau thuat téi cac chuyén
dong 6 bac tu do thyc hién céc chirc nang nhu: nghién, cén, khoan, tién, han, kiém tra, 1ap rép ...

+ Tdc do: Vai viéc giam nho khéi lugng cua cac phan tham gia chuyén dong lam cho Robot co cau
song song ¢6 thé dat duoc gia toc I6n va toe do 1am viéc Ién toi 1 m/giay.

+ Gia thanh: Gia thanh cua cac Robot co ciu song song ung dung trong gia cong co khi it hon so v6i
cac mdy CNC c6 tinh nang twong duong. Thém vao d6 Robot dugc Iip rap d& dang va don gian, vi kich
thudc cua cac Robot co cdu song song rat d& phu hop véi khdng gian lam viéc that su.

+ P cling: Cac Robot co cdu song song ludn c¢6 d6 cing cao vi két cau hinh hoc cua ching.

+ Kha nang vé lip dat: Cac Robot co cdu song song 1am viéc khong can bé d& va c6 thé di chuyén téi
moi noi trong moi trudng san xuat. Ching co thé 1am viéc ngay ca khi trén thuyén va treo trén tran,
tudng,...

- Biém yéu ctia Robot co cau song song:

So véi cac Robot co cau dang chudi, cAc Robot co cau song song c6 mot vai yéu diém, cac diém yéu
nay can phai phén tich trudc va can dugce luu ¥ khi thiét ké Robot co cau song song:

+ CO thé ton tai mot s6 diém ky di (diém chét) trong khong gian 1am viéc cua Robot co cdu song song
lam cho Robot khéng hoat dong dugc.

+ Khong gian lam viéc bi gii han hon so véi cac Robot dang chudi.

+ CONg suét tinh todn cia may tinh can duoc nang 1én dé diéu khién Robot co ciu song song.

2. Co 6 ly thuyét va phwong phap nghién ciu
2.1. Bdi todn va co sé |y thuyét
2.1.1. Bai toan dat ra
- Giai bai toan nguoc dong hoc theo quy dao chuyén dong thuc cua robot trong khong gian.
- Giai bai toan dong luc hoc robot tir d6 xac dinh lyc suy rong dé tinh toan céc théng sé dong co cho
viéc diéu khién.
- Md phong chuyén dong ciia Robot theo quy dao cho truéc.
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2.1.2. Co s6 ly thuyét vé dong luc hoc Robot (Vii Liém Chinh, Phan Nguyén Di, Nguyén Vin Khang,
2001)

Bai toan thuan dong hoc.
Phuong trinh dong hoc cua Robot:
x=f(q) 1)
Trong do: x - quy dao chuyén dong cua Robot trong khdng gian; q - toa d6 suy rong cia Robot.
Tir quy dao chuyén dong cho trudc caa Robot ta cd ham:
a=17(x) 2
Tir phuong trinh (2) biét x s& x4c dinh dwoc dich chuyén q, van téc ¢, gia toc ¢ .
Bai toan dong luc hoc Robot.
Bai toan dong luc hoc Robot dugc md ta theo phuong trinh Lagrange loai Il:
gabqb +Fabcqch = Qa (3)
Trong d6:q- Toa do suy rong; Q, - Luc suy rong; g,, - Ma tran khdi lwong suy rong; I, - Cac luc
Criolis va luc ly tdm suy rong. '
Tir bai toan dong hoc theo phuong trinh (2) ta tim duoc ¢, § thé vao phuong trinh (3) s€ xac dinh dugc

Q.-
Turgia tri Q, tim dugc dé tinh cac thong sé dong co (ché do diéu khién) cho robot.
2.1.3. Chuong trinh mé phong dong luc hoc hé nhiéu vat Alaska

Alaska 1a phan mém chuyén dung dé mé phong dong luc hoc co hé hé nhiéu vat (Multibody System)
MBS.

2.1.4.C4c kiéu bai toan gidi duroc trong Alaska (Nguyén Phung Quang, 2007)

Chuyén dong hé nhiéu vat dwoc mo ta bang cac phuong trinh chuyén dong phi tuyén. Trong mét s6
truong hop, dé giai duoc bai toan dong lec hoc chi can tuyén tinh hoa phuong trinh chuyén dong 1a du.
Diéu d6 c6 nghia 1a chi xét dén nhitng dao dong nho quanh vi tri can bang tinh. alaska cung cap ca hai
kiéu tinh toan tuyén tinh va phi tuyén.

2.1.5.Céc phan tich phi tuyén (Ahmed A. Shabana, 2020)

- Tao ra cac phuong trinh chuyén dong phi tuyén.

- Giai cac phuong trinh chuyén dong phi tuyén theo tich phan sd.

Giai bai toan dong luc hoc nguoc. Tuc 1a tinh toan cac luc va mdmen lién két can thiét dé thuc hién
chuyén dong cho trudc caa MBS.

Tinh vi tri can bang cua hé nhiéu vat.

Giai bai toan diéu kién dau dong hoc.

Thuc hién cac phén tich déng luc hoc va dong hoc cho hé khdng bac tu do.

Tinh toan va dua ra cac két qua theo yéu cau caa ngudi diung dé nghién ctu chuyén dong cua hé thong,
chang han nhu céc luc lién két, lyc tic dong Ién 10 xo va céc phan tir giam chén, céc toa do, van téc, gia
téc cua cac diém, phép quay cac hé toa do, van téc goc.

Thuc hién phan tich tin s6 va tinh cac thdng s6 théng ké cua bt ky mot két qua nao duoc tinh toén
theo mién thoi gian

2.1.6. Céc phan tich tuyén tinh (Lung-wen Tsai, 1999)

- Tao ra cac phuong trinh duoc tuyén tinh ho4 dang s6 mé ta cac chuyén dong nho quanh vi tri can
bang tinh.

- Thyc hién phan tich gié tri riéng cac phuong trinh tuyén tinh hoa dé xac dinh cac tan s va dao dong
tu nhién cua MBS.

- Giai céc phuong trinh tuyén tinh hoa theo thoi gian d6i vai cac kich dong ban dau dugc cho trudc.

2.2. Tinh todn va m6 phéng dgng luc hgc robot song song Hexel

Xay dung mo hinh va tinh toan cho mét cau tric robot song song Hexel ing dung trong viéc gia cong
khu&n mau, véi céc thong sé thuc té va cong cu st dung dé tinh toan 1a phian mém Alaska.

Xay dung md hinh.

Cécvat2,3,4,5,6,7,8,9,10, 11, 12, 13 ta |y kich thuéc chidu dai bang 50 cm.

1554



Chi tiét gia cong

Hinh 2.M6 hinh robot song songHexel.

- Vit 1: gia d&, duoc gan chat hodc truot so vai nén cb dinh.

-Vat2,3,4,5,6,7: Lién két voi gia bang cac khép cau.

-Vat8, 9,10, 11, 12, 13: Lién két véi céc vat 2, 3, 4, 5, 6, 7 bang khép truot.

- Vit 14: Chuyén dong 6 bac tu do so véi gia d, lién két véi cac vat 8, 9, 10, 11, 12, 13 bang khép
khong lién két. Khi gia cong ban dao duoc gan trén vat, va diéu khién quy dao sao cho gia cong duoc chi
tiét yéu cau.

Céc thong sb vé khdi lwong, kich thudc hinh hoc di dwoc thdng sé hoé va d& dang c6 thé thay ddi cho
phu hop véi méi loai cau tric, cong viéc khac nhau.

Quy dao chuyén dong:O phan nay tdi méd phong chuyén dong cua robot trong khong gian, quy dao dién
hinh 1a viéc gia cong mot phan caa chi tiét khuan mau (Hinh 2).

Simulelion of porolel Robale Simulation of poroli Robota
- E ™ 1
¢ T ! % A PN S _\\\ ! |
B < \'\ b VAR ]
U S K, \ VN SN S — i (S N E— IS N i E— — |
ef i c ]
3 | 7
] lII'I I, "-u-.._..--"'/’{/ | B f I /,--"—
\ NI i NS |/
\ : N AL
T ) 0 i i ob 10 20 30 40
TIKE TIME
FICIE00IS) T Rmiscois T PIIEO0T5) 001 T T * sopaon
E 0,06 poar 03 E -0, 1021725 o.0400E143 00340287
B a0 £.001 0,315 o -0, 10BAT 4% 003094032 00158781 |
c a0 oo =011 c =0,1117764 001820421 =), B07 2486
L] =003 =0 =045 B -0,1185784 000185800 =0,000713
A -006 -Q.002 -0, L] -0,121 3800 -0012983 -, 007898
Hinh 3. Quy dao chuyén déng cua vdit 14. Hinh 4. Djch chuyén, vdn téc va gia toc

cua vat 2 theo truc 1.
3. Két qua va thao luan
Dua trén m6 hinh dong hoc Robot song song Hexel xay dung md hinh va m6 phong bing chuong trinh
Alaska. V6i mot quy dao chuyén dong gia dinh trong khong gian cua Robot, di giai bai toan cu thé:
- Giai bai toan ngugc déng hoc xac dinh dich chuyén, van toc, gia toc cua cac khép.
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- Giai bai toan dong luc hoc xéc dinh dugc mo men quay can thiét tai khop, 1a nhitng thong s6 can thiét
cho viéc diéu khién dong co.

4. Két luan

Bai béo di trinh bay co s& Iy thuyét cho bai toan dong luc hoc robot song song. Xay dung mé hinh va
mo phong bang chuong trinh Alaska cho robot song song Hexel.

Tir mo hinh Robot, trong chuong Alaska di thong sé hoa cac dir lidu (kich thudc, khdi luong,...) do d6
dé dang thay d6i théng sé cta robot tng véi mdi truong hop cu thé trong qué trinh tinh toén, thiét ké.
Tai ligu tham khao
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ABSTRACT
Robot dynamics simulation parallel Hexel

Tran Thi Tram
Hanoi University of Mining and Geology

Parallel structure robot technology enables machines to perform complex, self-adaptive operations
perfectly like those of humans.Dynamic simulation of the parallel Robot is realized by author about:
Solving the inverse kinetic problem with given motion trajectory x of Robots in working space to
determine generalized coordinates q . Using the computed q to solve the problem of dynamic of Robots

and find out generalized forces Q for computing the necessary parameters of the driving motors of

Robots. Some models of the parallel Robot (Hexapod, hexaglide,...) was modeled with kinematic
parameters( dimensions, mass, etc) which was parameterized. Hence, the input datas can be changed
easily for the modelling of Robots in different tasks. Program alaska was used to computation and
simulation. The computed results will be the parameters for design and control of Robots.

Keywords: Parallel robot; Hexel; Dynamic simulation.
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E‘ng HOI NGHI TOAN QUOC KHOA HOC TRAI DAT
SARYH SR M VA TAI NGUYEN VOI PHAT TRIEN BEN VIPNG (ERSD 2024)

NATURAL RESOURCES FOR
SUSTAINABLE DEVELOPMENT

U'dc luong Xac suat dudi cho mot 16p bién ngau nhién kha vi
Malliavin

Nguyén Thu Hang"
Truong Dai hoc Mé - Dja chat

TOM TAT

Trong béo céo nay, ching ti gidi thi¢u lai mot phuong phap ude lugng xac sudt dudi cho bién ngau
nhién st dung cong cu cua giai tich Malliavin va Bo de 2.2 (N.T. Dung, 2018). Sau d96, chung t6i ap dung
dé tim udc luong xdc suat dudi cho mot 16p bién ngau nhién la nghiém cia phuong trinh vi phan ngau
nhién co ban. Cudi ciing, chung toi minh hoa rd rang hon nhitng két qua thu dugc bang mét vi du cu thé.

Tir khoa: Giai tich Malliavin; phan phdi xac suat dudi; phuong trinh vi phan ngau nhién.

1. Pit van dé

Phuong trinh vi phan ngau nhién xuét hién tir dau thé ki 20, duoc nhiéu nha toan hoc phat trién lién tuc
cho dén ngay nay. Phuong trinh vi phan ngiu nhién cé nhiéu @ng dung trong toén hoc thuan tay va dugc
sir dung dé mo hinh hda cac qua trinh ngau nhién khac nhau nhu gia c¢6 phiéu, mo hinh ting truéng ngau
nhién hoic cac hé thng vat ly chiu bién dong nhiét,... (Bernt @ksendal, 2003).

Tuy nhién, ching ta thudng gip kho khin trong viéc tim nghiém ding cta phan 16n cic phwong trinh
vi phan ngiu nhién. Do d6, viéc nghién ctru tinh chit nghiém tro thanh bai toan dugc cic nha toan hoc
trong va ngoai nudc quan tim nghién ctru. Trong d6, phan phdi x4c sudt dudi 1a mot phin khong thé thibu
khi nghién ctru vé bién ngiu nhién. Viéc tinh toan phan phdi x4c sudt dudi cua cac bién ngiu nhién dong
vai trd quan trong trong nhiéu linh vyc, ching han nhu trong quéan ly rii ro tai chinh, bao hiém hay trong
céc bai toan vé du bao vé thién tai, tham hoa,... C4c phuong phap tham sb va phi tham s da duoc sir
dung dé uéc lugng phan phdi xac suat dudi (Joanna Kotodziej and Horacio Gonzalez-Vélez, 2019). Su
dung cong cu cua giai tich Malliavin ciing la mot phuong phap hiru hi¢u trong nghién ciru luat xac sut
clia bién ngiu nhién. Rat nhiéu két qua thu vi ta co thé tim thdy cua cac nha toan hoc trong va ngoai nudc
(D. Nualart, 2006; N. T. Dung, 2018; N. T. Dung va T. C. Son, 2019; N. T. Dung va nnk, 2022).

Trong béao cao nay, chiing toi xét phuong trinh vi phan ngﬁu nhién co ban c6 dang:

Xe = Xo + [} b (s,X)ds + [, o (s, X;)dW, @)

Trong do6: céc hé s6 b,0: [0, T] X R — R thoa man cac diéu Kién Lipschitz va ting trudng tuyén tinh.
Thém nira b, o c6 cac dao ham riéng theo bién thir hai bi chan va  sup  |o(t,x)| < .Vdi diéu kién

(t,x)€[0,T]XR
nay, bang cong cu giai tich Malliavin va cach thtc tuong tu trong (N. T. Dung va T. C. Son, 2019), ching
toi thu duoc udc lugng:
(x—E[XeD)?

P(X, = x) < exp {— o },Vx > E[X,]. )
Cac khai niém co ban c}ia gidi tich Malliavin duoc trinh bay tai muc 2, cac két qua chinh cua bao cao
cung vi du minh hoa cu thé dugc trinh bay tai muc 3.
2. Co 6 ly thuyét va phwong phap nghién ciu
Gia sir (By)rejor) 12 chuyén dong Brown xéc dinh trén khong gian xac suat day du (12, F, F, P), trong
d6 F = (F)eepor) 12 b6 loc ty nhién cua qua trinh B. Cho h € L*[0,T], ta ki hiéu B(h) la tich phéan
Weiner B(h) = [ h (t)dB,.
Goi Sla tap con tri mat cia L2 (2, F, P) bao gom nhiing bién ngau nhién c6 dang:
F = f(B(h),B(hy),...,B(hy)), ®)
Trong do, n € N, f € C*(R™), hy, hy, ..., hy, € L*[0,T]. Néu F c6 dang (2), ta dinh nghia dao ham
Malliavin la qua trinh DF: = D.F,t € [0, T] cho bai:

* Tac gia lién h¢
Email: nguyenthuhangbmtoan@humg.edu.vn
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D.F =¥g- 1a L (B(hy), B(hy),.... B(h)). (4)
Téng quat hon, véi mdi k > 1, ta dinh nghia dao ham Malliavin cap cao hon boi:

DE . F =Dy...D;F. (5)

Il = E|F|p+E[(IJ |DuF|2du)]+ +E[(f y IDE o I dty.. dtk)]. ®)

Bién ngau nhién F duoc goi la kha vi Malliavin néu n6 thuoc I6p D*2. Néu F € D*? thi ta ¢6 bicu
dién Clark-Ocone sau day:

F = E[F] + [," E[D,F|F]dB,, F € D2, (7

Chi tiét hon vé giai tich Malliavin, chiing ta c6 thé xem trong (D. Nualart, 2006).
_Dé thu dugc ket qua ude lugng nhu trong Dinh li 3.1, Chl]ng t@i‘ sir dung ket qua sau day:
B6 dé 2.1. Cho F € D? théa mdn EF = 0. Gid sir rang ton tai hang s6 M théa man:

Iy EIID,FI?|F] dr < M? h.k.n. (8)
Khi do, ta co woc luwong:
P(F| 2 x) < 2exp (25),x = 0. )
Chirng minh cu thé thé ciia B6 dé 2.1 ¢6 thé xem Ménh dé 3.7 trong (N.T.Dung va nnk, 2019).
3. Két qua va thao luan

Tiép theo, ching toi st dung phuong phép néu trong muyc 2 dé wéc lugng Xac Suit dudi cho nghiém
cua phuong trinh (1). O day, de phwong trinh ton tai duy nhat nghiém, chiing tdi can gla thiét (A,) cho cac
hé s6 nhu sau: (4,) Cac hé s6 b, o thoa man cac diéu kién Lipschitz va ting trudng tuyén tinh. Tuc 13, ton
tai cac s6 K, L > 0 sao cho:

[b(t,x) +o(t,x)|<K|x—y| Vx,y€€ER, t€][0,T], (10)
Va:
[b(t, )|+ |o(t,x)]|> < L(1+ |x|?), Vx ER, t € [0,T]. (11)
Khi d6, theo Dinh Ii 2.2.1 (D.Nualar, 2006), phwong trinh (1) ton tai duy nhat nghiém X, kha vi
Malliavin. Hon ntra:
DX, = o(r,X ) +['b' (5,X;)D, Xsds + [} o' (5,X;) D, X, dBs, (12)
Trong do: ki higu b (t, x) = 22 va o' (£, x) = 2202,

Ta c6 dinh Ii sau day: .
Pinh Ii 3.1. Gid sir X, 1a nghiém ciia phuong trinh (1). Gia si thém rang o(t, x) théa mén ||o||e: =

sup |a(t,x)| < oo cung vdi cdc dao ham riéng b'(t, x), o' (t, x) bi chan véi meix € R, t € [0, T].
(t,x)€[0,T]xR )
Khi dé, ta cé woe lwong xac suat dudi:

—E|X¢])?
P(IX,| = x) < 2exp (- %),Vx > E|X,|. (13)
Ching minh.
Tu tinh chat dang cu Ito, ta c6:
B|(5 e Gxpexam) | 7] = [ EGo' s x0pexP1) ds 14)

Theo bét dang thirc Cauchy, suy ra:

ED, X217 <3 (o2 + £ ((J b (5, XD, Xods)

)+f E(lo" (s, X)X, |2 If}-")ds) (15)

Vi tinh bi chin cua b’ va ¢’ nén:

1558



t t
E(ID X, *|1%) < 3lloll% + C [ E (ID:X,|*|F)ds + C [ E (ID-X|*|F)ds  (16)
t
< 3|lo|1% + cf E(ID,X,?|F)ds, 0 <r <t
T

Chd y rang, hing s6 C ¢ céc vi tri khac nhau c6 thé khac nhau. O ddy, dé don gian, chlng tdi ding
chung mot ki hiéu, névda! dién cho mot hang s6 hiru han, xac dinh.
T (16), ap dung bd @é Gronwall ta duoc:

E(ID,X.|*|F) < 3|lo]|2et M < Cet, 0<r <t (17)
Tur d6 suy ra:
J) E(D, X I|F)dr = [J E(ID,X,|?|F)dr < Cte’, 0<r<t<T. (18)
PitY, = X, — E[X,] ta duoc E[Y,] = 0 vaD,Y, = D,X,. Do dé:
[} E [D,Y|F]? < Cte. (19)
Ap dung B6 dé 2.1 ta duoc:
P(|X¢| = x) < P(IX; — E[X]| = x — E|X;]) = P(|Y:| = x — E|X,)

(x=E|X¢D?
< 2exp (— 250 vx > E|X,|. (20)

Ta c6 diéu phai ching minh. ,
Vidu 3.1. Vi t € (0, T], ta xét bién ngau nhién:

X, = [,(2 + sinX,)dB;. (21)

Trong truong hop nay, b(t,x) =0 va o(t,x) = 2+ sinx. Do d6, b'(t,x) = 0,0'(t,x) = cosx va
llole < 3.Hon nira, E[X,] = 0; D, X, = 2 +sinX, + [, cos X, D, X;dB,. Suy ra:

fy EUDXPIF)dr < 2(9+ [ E(ID,X,?|%)ds), 0 <7 <t. (22)
Theo b6 dé Gronwall ta duoc:
E(ID.X.|?|F.) < 18e?¢™") < 18e?, 0 <r <t. (23)
Theo Dinh 1i 3.1 ta ¢6 udc lugng:
xZ
P(IX] 2 x) < 2exp (- Zt) x> 0. (24)
Suy ra:
. In(P(|X¢|>x)) -1
;l—mo x2 = 36te2t (25)
Ta lai c6 X, 1a bién ngau nhién Gauss vai E[X,] = 0 va:
Var[X,] = ftE[(Z + sin X,)?]ds = o2 < 9t. (26)
Mat khéc, voi Z ¢6 phéan phol chuanticvat = 0 th|
P(Z>t)= f —e__dz = f— ze__dz = J-—de_T
22| oo e_é 1 ¢2
=— Zt_ft 7 dz< =z 27)
_z
Tiép tyc tich phan timg phan tich phan [ ezzz
1 1 1 _ﬁ
P(Z>t)2(;—t—3)ﬁe 2, (28)
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Véi t < 0 ta thu duoc két qua twong tw. Tom lai ta thu duoc:

11\ 1 & 1 2
(;—E)Ee ZSP(|Z|>t)SEB 2, t>0. (29)
Ap dung véi X, ta thu dugc:
ox 0)3} 1 _ x? _ 1X¢] x 1 _ x?
(7 F)Eexp E SP(lth >x)—P(E>a)S%mexp E . (30)
Suy ra lim ln(P(I;(72t|>x)) = % < ﬁ So sanh véi ude lugng (25), ta thay rang udc luong (25) la chap
nhan duoc trong trudng hop nay, nhat Ia khi ¢ nho.

4, Két luan

Béo céo da trinh bay phwong phap udc lugng xac suat dudi cho nghiém ciia mot 16p phuong trinh vi
phan ngau nhién co ban va dua ra duoc vi du minh hoa cho phuong phap di sir dung. Pay chi la mot
truong hop nho véi cac diéu kién rang budc vé hé sé tuong ddi chat. Hién nay, cac nghién ctru da va dang
dugc mé rong cho nhidu 16p phuong trinh khac nhau ciing nhu cac trudng hop phic tap hon nhu hé s6
khong bi chan, hé s6 khdng Lipschitz hay ting truong tuyén tinh,...
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ABSTRACT

Tail distribution estimates of a class of Malliavin differentiable
random variables
Nguyen Thu Hang
Hanoi University of Mining and Geology

In this report, we present a method for estimating tail probabilities of random variables using Malliavin
analysis and Lemma 2.2 (N.T. Dung, 2018). We then apply this method to determine the tail probability
estimate for aspecific class of random variables that are solutions to a basic stochastic differential
equation. Finally, we provide a clear illustration of our results through a specific example.

Keywords: Malliavin calculus; tail distribution; stochastic differential equations.
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E RS&' HOI NGHI TOAN QUOC KHOA HQOC TRAI BAT
SARM SR VA TAI NGUYEN VO'I PHAT TRIEN BEN VIPNG (ERSD 2024)

NATURAL RESOURCES FOR
SUSTAINABLE DEVELOPMENT

U luong xac suat khong tra duoc no tin dung cé nhan bang mo hinh
hoi quy logistic

Nguyén Thi Hang"
Truong Dai hoc Mo - Pja chat

TOM TAT

Hé thong ngan hang dugc coi 1a mot trong cac t6 chuc tai chinh quan trong nhét cia nén kinh té, dong vai
tro vo cling quan trong trong su phat trién kinh té toan cau. Hoat dong tin dung (quan hé vay muon gom cho
vay va di muon) I hoat dong sinh 15i 16n nhat, song di kém véi n6 diéu khong thé tranh khoi 12 rai ro tin
dung. Trong bai bao nay ching toi di nghién cttu mé hinh hdi quy logistic, mé hinh nay cho phép udc lugng
xéc suat khong tra duoc no ciia khach hang thong qua cac nhan tb lién quan dén cac dic trung dugc diéu tra
trén khach hang. Bai bao sir dung phuong phap K — Medoids gidp phan nhém khach hang dya trén théng tin
(diém xép hang tin dung) cua khéch hang- day chinh la dong gop méi cua bai bao. Khi d6 dwa vao két qua
phan nhém nay va tlly thudc vao mie do rii ro ma cac ngan hang cé thé chi dong trong viéc dua ra cac bién
phap han ché rai ro va tén that sao cho phi hop nhat ddi voi minh.

Tur khoa: rui ro tin dung; xéac suit khong tra duoc no; phan nhdm khach hang; hdi quy logistic diém xép
hang tin dung; K — Medoids.

1. Pit van dé

Déi véi hé thong ngan hang, hoat dong chinh 1a huy dong von dé sir dung nham thu loi nhuan, trong d6
hoat dong tin dung (1 quan hé vay muon gém cho vay va di muon) 1a hoat dong sinh 15i 16n nhét, song di
kém véi n6 thi rai ro tin dung 1a diéu khong thé tranh khoi. Do d6, c6 thé nhan thay trong thoi diém hién
nay cling véi su ting trudng caa tin dung thi viéc nhan dang va phan nhém khéch hang theo ri ro tin dung
1a viéc lam cép bach. Viéc phét hién sém cac nguy co rui ro tin dung gidp ngan hang cé thé cha dong diéu
chinh chinh séch tin dung ciing nhu @mg xir phu hop vai ting khach hang cu thé, nham han ché rai ro va
giam thiéu ton that khi rui ro xay ra.

Tir thyc tién néu trén, viéc xay dung duoc mot méd hinh cho phép wée lugng xac suat khong tra duoc ng
tin dung cua khéach hang c& nhan 1a rat can thiét, khdng nhitng thé dua trén xéac suit nay ta cé thé phan
nhom khach hang theo nguy co khong tra dugc no s& gilp cho cac ngan hang cé nhiing quyét sach chién
luoc hop ly cho ting nhom dbi twong khach hang khéc nhau.

Bai bao gom 4 phan: phan 1: Pat van dé; phan 2: Udc luong xéac suat khéng tra duoc no tin dung ca
nhan bang hoi quy logistic; phan 3: Phan nhom khach hang theo nguy co khong tra dugc no tin dung cé
nhan; phan 4: Két luan.

2. Uéc lwgng xac suat khdng tra dwec ng tin dung ca nhan bing héi quy logistic
2.1. Khai quat vé tin dung c& nhan va khé néng trd ne ciia khach hang ca nhan

Tln dung ca nhan Ia hinh thuc tin dung ma trong d6 ngin hang dong vai tro la nguol chuyén nhuong
quyen st dung vén cua minh cho khéach hang cé nhan sir dung trong mét thai han nhét dinh phai hoan tra
ca goc va lai.

Dé x4c dinh va dinh hudng cac nhan té anh huong dén kha niang tra ng cua khach hang ta phai l1am ro
cac quan diém lién quan dén kha ning tra no cua khach hang. Phuong phap xac dinh kha nang tra no cua
khach hang thuong dugc dya trén mot tiéu chuan nhét dinh do ngan hang lya chon nhu: ning luc tai chinh,
thién chi tra ng cua khach hang khi chua phat sinh nghia vu no hoac dua trén dic diém cua khoan ng nhu
lich sir thanh to&n no, tinh trang tra no thuc té cua khach hang (H. Coolian, 2018).

* Tac gia lién h¢
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Két qua danh gia kha nang tra no cua khach hang lu6n thay d6i, cho nén mé hinh do luong kha nang tra
no thuong duoc giGi han dy bao két qua trong ngan han (trong 1 nam). Théng qua phuong phap nhén dién,
khach hang chia Iam hai loai “khong c6 kha nang tra ng va “c6 kha nang tra ng”.

2.2. M6 hinh héi quy logistic

M@ hinh héi quy logistic 12 mé hinh dinh lugng trong d6 bién phu thuoc la bién gia, chi nhan hai gia tri
1a 0 hoge 1. M6 hinh nay dugc tng dung rong ri trong phan tich kinh té ndi chung va rai ro tin dung noi
riéng. Mo hinh hoi quy logistic xem xét mai lién hé gitra bién bién phu thudc Y va tat ca cac bién con lai la
bién doc 1ap X (Nguyén Van Hitu, Nguyén Hiru Du, 2003). 7 ’

Y dong vai tro 1a bién phu thudc ya Ia bién nhi phan chi nhan hai gia tri 0 hoac 1, cu thé: 0 néu khach
hang khdéng v& ng (tra dugc ng), 1 néu khach hang v ng (khdng tra duoc no).

X la bién doc 1ap, thé hién cac nhan t6 anh huong t6i khach hang. Gia st p, 1a xac suét khong tra duoc

1

no cua khach hang thi k, thi mo hinh uéc lugng p, nhu sau: p, = T4 g G k)

Trong do: by - hé s6 chan. b, je{l, ... ,D} duoc goi Ia hé s6 hoi quy cua md hinh; X, je{l, ... ,D} -

cac bién doc lap; D - s6 bién doc lap diéu tra trén khach hang.

Dé wéc luong duoc xac suat khdng tra dwoc no cua khéch hang ta thuc hién theo cac budc sau:

- Udc luong céc hé s6 hdi quy B ciia mo hinh, ding phuong phap ude lugng hop Iy cuc dai MLE.

- Kiém dinh dé xem xét md hinh hoi quy d6 da hop 1y chura, ta tién hanh mot sé kiém dinh sau:

- Kiém dinh y nghia théng ké cua hé sb hoi quy: Véi gia thiét rang cac hé sé hoi quy 12 bang 0, ddi thiét
1a cac hé sb hoi quy 1a khac 0. DBé kiém tra diéu nay, ta dung kiém dinh Wald.

- Kiém dinh d6 phu hop caa hé sé hoi quy: Ta xem xét to hop lién hé tuyén tinh cua toan bo cac hé sé
trong md hinh trir hang s6 dwoc kiém dinh xem c6 thuc sy ¢6 ¥ nghia trong viéc giai thich bién phu thudc
(Y) hay khéng. Ta str dung kiém dinh Chi — binh phwong dé kiém tra diéu nay.

- Kiém dinh do phu hop ciia mé hinh véi dir liéu quan sat: Dé kiém tra mé hinh c6 phu hop vai dit liéu
quan st hay khong, ta dung théng ké Peason’s Chi — binh phuong.

Néu mé hinh théa mén céc kiém dinh trén thi mé hinh cé thé dung dé udc lwong xac suat khong tra duoc
no. Nguoc lai, néu khéng thoa man ta can hoi quy lai mé hinh véi cac bién doc 1ap khac hoic tién hanh
mot s6 hiéu chinh can thiét nhu ting ¢& mau.

Khi xay dyng mot mo hinh, ta can danh gia mo hinh hoat dong tét nhu thé nao hay mé hinh phan 1op tét
nhu thé nao. Pé lam dugc diéu do, ta st dung duong cong ROC (Receiver Operating Characteristic) xem
xét cac do do (do tin cay (accuracy), d6 nhay (sensitive), do dac hiéu (specificity)) cia md hinh qua ting
diém cét va udc tinh dién dich dudi duong cong ROC (AUC) dé danh gia mé hinh phan 16p tét nhu thé ndo
(Cox va Titterington, 1991; Cox va Solomon, 2003).

2.3. M6 hinh héi quy logistic trong wéc lwong xac suat khong trd dwec ne tin dung c& nhan

Goi Y, lamot bién ngau nhién tuan theo phan phéi nhi thirc. Ta xét Yy, lagiatri quan sat thyc thar k cua
bién ngau nhién Y, .Khido y, chinhan hai giatri 1 hogc 0.

NéuY, =y, = 0 thi khach hang tht k tra dugc ng (khong v& ng), nguoc lai Y, =y, = 0 thi khach
hang thr k khong tra dugc no (hay vo no).

Déi véi bat ky khoan vay cu thé nao, ta s& co mét véc to bién X = (X, X,,..., X ;) duge diéu tra trén

dic diém cua khach hang. Ta goi nhirng bién nay 12 bién du béo va céc bién nay dugc gia sir 1a doc 1ap véi
nhau.
Goi X, la gid tri cua bién X, trén quan sat tha k, "k I {,2...,n};"j1 {1,2...,D}. Khi d6, ma tran

clia céc bién du bdo C = (x,;) voindong va D + 1 cot. Trong d6 D 12 s6 bién du bao cua md hinh va cot
dautiéen x,, = 1.
Ta gia st p, 12 xac suat khong tra duoc ng cua khach hang thir k (con 1 — p, 1a xéac suat tra dugc no

cua khach hang thir k) va n 13 s6 lan quan sat. Khi do:
Y ~ 31, p)"kI{L2..,n};P(Y =y, =1)=p ;P(Y, =y, =0)=1-p,.
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N A Loz Lo Lz - 1 -
Ham phan phdi xac suat cia bién Y, dugc cho bei: F(Y, = y,) = (y )p,f" 1—p, %), trong do
k
Yi 1-y, N va A 2 5 4
S (L- p, ) laxac suat xay ra cua quan sat y, .

Gia tri ki vong va phuong sai ciabién Y, 1a: E(Y,)=m = p ; DY, )=s, = p(1- p,)

Khi do ta c6 ti I¢ odds, =

dugc dinh nghia 1 ti 1¢ ciia x4c suat khéng tra dugc ng vai phan bu
- pk

L, R 1. . . 1 ..
cua nd. Néu xac suat khong tra duoc no (hay vo no) p, = 5 thitiI¢ odds lal:1. Néu p, = § thiti 1€

odds 1a1: 2. Néu xac suat khdng tra dwoc ng rat nho thi ti I¢ odds  xap xi bang 0. Ham logit cia odds
pk

hay log — odds dugc dinh nghia nhu sau: h_= logit(p,) = Iog
k

Cha y rang: Dlem sb log — odds thudng 13 co so cua diém tin dung, dugc cac ngan hang va cac co s&
tin dung dung dé xép hang tin dung cho khéch hang.

« Diém tin dung thuong dwoc cong bd cho cong dong 1a mot s6 nguyén duong trong mot khoang nao
déy (vi du diém Experian tir 0 dén 999). Tuy nhién diém nay thuong dua trén diém log — odds “tho”.

« Thong thuong diém log — odds cao biéu thi rui ro tin dung thap, diém log — odds thap biéu thi rui ro
tin dung cao hon (x4c suit khong tra dwoc no cao).

Ta thay khi xac suat khong tra duoc no tién dan vé 0 thi ti 18 odds xap xi bang 0 va i (log — odds) tién
dan dén —oo. Mat khéc, khi xé4c suat suat khong tra dugc no tién dan vé 1 thi ti 16 odds va n (log — odds)
tién dan dén +oo. Do d6 ham logit la anh xa tir (0, 1) sang toan bo duong thing thuc R. Tic 14 diém sb log
— odds nam trong khoang (—o, +o0) (Badr Missaoui, 2009).

Ta gia sir thém rang logit cuati 1& odds (log — odds) la mot ham tuyén tinh cua cac bién du bdo. Ta c6

p \ 5 .
h = Iogl_—k = X, b¢, trong d6: X, = (LX,;, X, X,5), KT {L,2,...,n}; b¢= (bo,...,bD)T duoc goi
k
1a c&c hé sb hdi quy cia mo hinh can uéce luong.
hk
Gidi p, trong phuong trinh trén ta dugc: p, = Iogit'l(hk) =_C —= ! —. Nhu vay p, €[0, 1],
l+e* 1l+e ™

do d6 dé udce lugng xac suit v& ng ciia mot khach hang nao dé ta can phai uée lugng cac hé sé hdi quy b,
tur dir liéu nghién cau.

3. Phan nhém khach hang theo nguy co khong tra dwoc no tin dung ca nhan

3.1. Phuwong phép K — Medoids

Phuong phap K — Medoids la phuong phap m¢ rong cua phuong phéap K — trung binh (Hoang Thi Minh
Chau, 2010), thay vi str dung cac trong tam, K — Medoids sir dung céc a6i trong medoid dé biéu dién cho
cac cum dir lieu, mot ddi twong dat tai vi tri trung tdm nhét bén trong mdi cum. Vi vay, cac dbi tuong
medoid it khi bi anh hudng cua cac ddi twong & rat xa trung tam, trong khi d6 cac trong tam cua thuat toén
K — trung binh lai bi tac dong béi cac diém xa trung nay.

Ban dau, K — Medoids khéi tao k dbi tugng medoid va phan phéi cac d6i trong con lai vao cac cum véi
cac ddi twong medoid dai dién twong tng sao cho chung twong tu véi dbi twong medoid trong cum nhét.

Y teong chinh cua thudt toan K — Medoids nhir sau:

- Bé tim ra k cum véi n d6i twong thi K — Medoids chon ngau nhién k déi trong vao k cum, coi mdi di
twong nay la trong tdm cua cum.

- Phan bé cac dbi tugng con lai vao cum ma c6 sy khéac nhau cia né véi dbi tugng trong tam ciia cum la
it nhat (con goi 1a gan nhat). Sau d6 1ap lai qua trinh: Thay d6i ddi twong trong tam caa mdi cum sao cho
chat lwong cum duoc cai thién.

Chat luong cua cum duoc danh gia boi mot ham do su khéc biét gitra mot ddi tuong véi ddi twong trong
tam chtra n6. Qué trinh lp cho dén khi khdng con sy thay doi nao vé luc lugng ciing nhu hinh dang ciia
Cac cum.

Dé x4c dinh dwoc cac medoid, K — Medoids bit ddu bang cach lya chon k dbi twong medoid bét ky. Sau

mai thuc hién, ta ¢6 ging hoan chuyén giira doi tugng medoid O, va moi doi twgng O, khdng phai la
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medoid, mién Ia sy hoan doi nay nham cai tién chat luong cia phan cum, qua trinh nay két thic khi chat
luqng’phén’ cum khong thay doi. Chat lugng phan cum duoc danh gia qua ham tiéu chuan, chat lugng phéan
cum tét nhat khi hénj tiéu chuan dat gia tri nho nhat.

Sau day la mét so khai niém dwoc sir dung cho phuong phap K — Medoids:

O, 1a ddi twong medoid hién thdi can dugc thay thé.

0, la ddi tuong medoid thay thé cho O_ .

O, 1a ddi twong di ligu (khdng phai 1a medoid) c6 thé di chuyén sang cum khac

0, 1 déi twong medoid hin thoi gan doi twong O, nhit.

Ta tinh gid trj hoan chuyén C.  cho tt ca céc ddi twong O, (C, ¢ ddy nhdm dé lam can cir cho viée
hoén chuyén gia O, va O ).

Ta xét 4 truong hop tinh C, * nhur sau:

Truwong hop 1.

Gia su OJ. hién thoi thuoc vé cum c6 dai dién 1a O, va OJ. tuong ty véi O, hon Op (
d(©,,0,)* d(O;,0,)). Trong khi do, O, 1 dbi twong medoid twong tu thir 2 t6i O, trong sb cac medoid.
Trong trudng hop ndy, chiing ta thay thé O bai déi twong medoid méi 0, va 0, s&thudc vé cum c6 ddi
tuong dai dién 1a O, . Vi vay, gia tri hoan doi ijp duoc xac dinh nhu sau:

Cnp = d(0,,0,)- d(0,,0,), gid tri Cinp la khong am.

Truong hop 2:

Gia su O, hién thoi thuoe Vvé cum c6 dai diégn O nhung O, it twong tu véi O, so v6i O (nghia 1a
d(©,,0,) < d(©,,0))). Néu O, dugc thay thé boi 0, thi O, s thuge vé cum c6 dai dién 0, . Vivay, gia
tri ijp duoc xac dinh nhu sau:

Cimp = d(0,,0,)- d(©,.0,), gid tri Cnp 0ddyco thé 12 &m hoic duong.

Truwong hep 3:

Gia st O, hién thai khong thuoc vé cum c6 ddi tuong dai dién 12 O ma thudc vé cum c6 dai dién la
0, . Mat khéc, gia st O, tuong tw v6i O, hon so véi O, . Khi do, néu O_ dugc thay thé boi 0, thi O, van
& lai trong cum c6 dai di¢n O, . Do do ijp =0.

Truwong hop 4:

Gia su Oj hién thoi thugc vé cum co dai dién la O, nhung Oj it trong tu voi O, hon so véi Op . Vi vay,
néu tathay thé O, boi O thi O, s& chuyeén tir O, sang O, . Do do:

C,, =4d0,0,)-d©0,0,) ,giatriC, = & day luén am.

Két hop ca bon truang hop trén, tong gié tri hoan doi O, bing O, dugc xdc dinh nhu sau:

TCimp = a, ijp ’

Ta c6 thé m6 ta thuat todn K — Medoids bang céc budc sau:

Dau vao: Tap dit liéu cd n phan tu, sO cum k. ) ) )

Pau ra: k cum dfrrliéu sao cho chat l}rqng phan bo la tot nhat.

Budéc 1: Chon k doi tugng medoid bat ky.

Bugc 2: Tinh TC, - cho tat ca céc cap doi twong O, ,0, . Trong d6 O, 1a ddi twong medoid va O I
dbi tugng khong phai medoid.

1564



Bugc 3: Chon cap doi tuong O, va O_. Tinh minO, , minO_, TC, . TC, —laém,thay thé O  boi

mp
0, vaquay lai buoc 2. Neu TC,  duong, thi chuyén sang budc 4.

Budc 4: Voi mdi ddi tugng khong phai 1a medoid, xac dinh d6i tugng medoid twong tw véi né nhat dong
thoi gan nhdn cum cho chdng.

3.2. Phuwong phdp K — Medoids trong phin nhém khdch hang theo nguy co khéong trda dwoc ng tin dung
ca nhan

Phan nhom khéch hang la viéc chiing ta can phan loai, xap xép mot ddi tugng vao cac nhém khach hang
trén co s do ludng rai ro tin dung. Déi khi viéc nhém khach hang theo loai rii ro chung lai rat hitu ich:

- N6 cung cdp muc do rii ro cho bén cap tin dung, tly thudc vao mirc &6 chap nhan rui ro ma bén cap
tin dung s& ra quyét dinh cho vay hay khong.

- Cho phép danh gia riii ro cua toan bo danh myc san pham bang cach tong két cac trudong hop trong mdi
nhom.

- Xéc suat cua bién du béo trong mdi nhém cé thé sir dung dé tinh toan rui ro v ng cho ca nhom.

Dé phan nhém khéch hang ta sir dung phuong phap phan cum dir liéu, tirc 1a dya trén sé liéu da thu thap
dugc tir cac khéach hang, ta chia tap dir liéu ban dau thanh cac cum dit liéu sao cho cac phan tir trong mot
cum “twong tu” véi nhau va cac phan tir trong cac cum khac nhau s& “phi twong tu” v6i nhau. Sé cac cum
dir liéu dwoc phan ¢ ddy co6 thé duoc xéac dinh trude theo kinh nghiém hodc ¢6 thé tu dong xac dinh theo
phuong phap phan cum.

Sau khi xé4c dinh cac dic tinh cua dit liéu, ngudi ta di tim cach thich hop dé xac dinh khoang cach gitra
cac dbi tuong, hay 1a xay dung phép do tuong tu dir liéu. Pay chinh 1a cac ham dé do sy gidng nhau gira
cac cap doi tugng dir liéu, thong thuong cac ham nay hoic 1a dé tinh do twong tu (Similar) hoic 1a tinh d¢
do phi twong tu (Dissimilar) gitta cac dbi tuong di liéu.

Cu thé: Tur tap dir liéu, ta c6 thé phan tich cac thuoc tinh (bién doc Iap) thanh hai nhém bao gom:

1. Nhém thudc tinh (bién) théng tin caa khach hang (vi du: Tudi, nghé nghiép,...) hay nhém thudc tinh
(bién) tinh.

2. Nhom dic diém cia san pham tin dung (vi du: Tén san pham, loai khoan vay,...) hay nhom thudc tinh
(bién) dong va co thé thay dbi vi mdi lan vay cua khach hang.

Muc tiéu can dat dugc 12 nhém cac khach hang cé cung dic diém chung vé cac thudce tinh tinh, khi d6 ta
biét nhitng khach hang c6 dic diém giéng nhau thi s& c6 nhiing rui ro tin dung chung.

Pé lam dwoc didu nay ta sir dung phuong phap K — Medoids dé phan nhém cho khach hang. Ta c6 thé
mo ta thuat toan theo cac budc sau:

Dadu vao: Sb cac nhdm G can nhom va tap cac thudc tinh thong tin (bién doc 1ap) caa n khach hang. Pdu
ra: G nhom da dwoc phan phéi.

Budc 1: Chon G déi twong khach hang ngau nhién 13 tim ciia nhém

Budc 2: Gén tirng khach hang con lai vao nhém c6 tim gan khach hang d6 nhat.

Budc 3: Chon ngau nhién mot khach hang khéng phai 1a dbi teong tam, thay thé mot trong cac nhom do
bang n6 néu né lam thay d6i khach hang trong nhém (gan khach hang cho nhém ¢ tam gan nhét).

Budc 4: Néu gan tam mai thi quay lai budce 2, ngugc lai thi ding (Nguyén Van Tuan, 2007).

4. Két luan

St dung s6 liéu thu thap tir khach hang chung ta da xay dung mé hinh hdi quy logistic dé udc luong xac
sut khong tra dwoc ng tin dung cua khach hang. Bang phuong phap hop ly cuc dai (MLE) va giam gradient
ta woc lugng dugc céc hé s6 hoi quy caa mé hinh tir d6 ude lugng diém s6 log — odds va ude lugng xac
suat khong tra dugc ng ctia khach hang. Dya trén cac dic diém cta khach hang, phuong phap K — Medoids
cho phép ta phan nhom khach hang theo nguy co khong tra duge ng tin dung ca nhan. Ung dung thuat toén
K —Medoids cho phép ta phan nhom cho cac khach hang theo hang rii ro tin dung.

Cac két qua clia bai bao con mot s6 han ché va ciing 1a bai toan mo ddi véi su tiép tuc nghién ciru bai
todn phan nhoém khach hang. Mot trong nhimg huéng nghién ctru tiép theo do 1a tinh xac suat hiéu chinh
(Probability Calibration), xac suét nay s& cho ta cai nhin vé udc lugng xac suét theo timg nhém rii ro vai
ti 16 quan sat duoc, néu hai dai lugng nay c6 ciing phan phdi tire 12 c6 khong 6 su khac biét giita xac suit
wdc lwong va ti 18 quan sat dugce. Tiép d6 ta co thé tinh hé sé do luong theo chi phi gitp ta tim dwoc mot
diém cét sao cho t6i da hoa lgi nhuan ky vong.
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ABSTRACT

Estimating the probability of personal credit default
using logistic regression

Nguyen Thi Hang
Hanoi University of Mining and Geology

The banking system is considered one of the most important financial institutions of the economy, playing
an extremely important role in the development of the global economy. Credit activities (borrowing
relationships including lending and borrowing) are the most profitable activities, but the inevitable thing that
comes with it is credit risk. In this article, we study the logistic regression model, which allows estimating
the probability of customers not being able to repay their debts through factors related to the characteristics
investigated on the customers. The article uses the K-Medoids method to help group customers based on
information (credit rating scores) of the customers - this is the new contribution of the article. Then, based
on the results of this grouping and depending on the level of risk, banks can proactively take measures to
limit risks and losses in the most appropriate way for them.

Keywords: credit risk; probability of default; customer grouping; logistic regression; credit rating scores; K
— Medoids.
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Error analysis for a fractional Adams method

Nguyen Thi Hong?, Dao Xuan Hung?"
!Department of Foundation, Academy of Cryptography Techniques
2Ha noi University of Mining and Geology

ABSTRACT

This report, we investigate a method for the numerical solution of the nonlinear fractional differential
equation Dy(t) = f(t, y(t)), equipped with initial conditions y®(0) = y, k=0, 1, ..., [x] — 1; Here a may
be an arbitrary positive real number, and the differential operator is the Caputo derivative. In this report,
firstly the numerical method (the Adams method) is given, then we further study the error analysis of this
method for the fractional differential equations in the cases: (i) the error estimates for a € (0,1), f € C2(G),
(iii) the solution y(t) having some special forms.

Keywords: Fractional calculus; Caputo derivative; fractional differential equations.

1. Introduction

The generalized Adams-Bashforth-Moulton method, often simply called "the fractional Adams method",
is a useful numerical algorithm for solving a fractional ordinary differential equation: D&y(t) =
£(6y©),y®0) =y®, k =0,1,...,n — 1, where @ > 0,n = [a] is the first integer not less than a, and
DZy(t) is the a th-order fractional derivative of y(t) in the Caputo sense (Oldham va Spanier, 1974;
Renewed, 2006; Miller va Ross, 1993; Podlubny, 1999; Kilbas va nnk, 2006). Although error analyses for
this fractional Adams method have been given for (a) 0 < a,DZy(t) € C%[0,T], (b) a > 1,y €
CH14[0,T], () 0 < a < 1,y € C?[0,T], (d) @ > 1, f € C3(G), there are still some unsolved problems (i)
the error estimates for a € (0,1), f € C%(G), (ii) the solution y(t) having some special forms. In this
report, we mainly study the error analyses of the fractional Adams method for the fractional ordinary
differential equations for the three cases (i)-(ii).

2. The Adams method

Let the fractional initial value problem:
Diy(t) = f(t,y(®) 1
{y(")(O) =y"k=01,.,n-1 )
Where the y(fk) may be arbitrary real numbers, @ > 0 and n: = [«] is the smallest integer > a. D¥y(t)
is the Caputo fractional derivative of order « of function y(t), which is defined by:
t
D%z(t) = ﬁfo -1 zMW@dr (0<n—-1<a<nezZb)
In this part, the our purpose is to give a numerical method for (1) - the fractional Adams-Bashforth-
Moulton method, simply called "the fractional Adams method". Firstly, we have the initial value problem
(1) is equivalent to the Volterra integral equation (Li, 2005):

n-1 tk 1 ¢
y© =Y W | €0 ) @
k=0 ' @) Jo

In the sense that a continuous function is a solution of (1) if and only if it is a solution of (2).

Here, we assume the function f to be such that a unique solution exists on some interval [0, T]. we also
assume that we are working on a uniform grid {t; = jh:j = 0,1, ..., N} with some integer N and h = T/N.
The basic idea is, assuming that we have already calculated approximations y; ~ y(tj)(j =1,2,..,k), that
we try to obtain the approximation vy, ., by means of the equation:

* Tac gia lién h¢
Email: daoxuanhung@humg.edu.vn
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n-1

®) tk 1 ti+1 .
YD) = Y WOt [ e =0T wy@)du 3)
— k! " T(a)J,
To construct the required formula, we use the product trapezoidal quadrature formula with respect to the
weight function (t,.;—.)% ! to replace the integral. In other words, we apply the approximation:

[ =0 @y =Y [ s - 0 ey @ae
0 j=0 "t

& tj+1
<7 e =0 1 (59(5)) )

j=o0 “tj

+i11( (1+1'}’( +1)) (j'y(tj))) (t_tj)>] “

Where, by simple calculations we have:

(k1 — (k — a)(k + 1)%) ifj =0
@y = {((k —j+ 2%+ (k= )
TR T @+ 1) T | =2k — j + 1)) ifl<j<k
1 ifj=k+1

This then gives us our corrector formula (i.e., the fractional variant of the one-step Adams-Moulton
method), which is:
k

k t
Ye+1 = Z ( ) F(a) Z aj,k+1f(t'xyj) + ak+1,k+1f(tk+1xyl?+1) (6)
j=0
The remaining problem is the determination of the predictor formula required to calculate y/£, ;. To do
this, we replace the integral on the right-hand side of equation (3) by the product rectangle rule:

k+1 e w1 dr = 3751 o w1 ' p
fo (tess — D (6 y(0))de = z j (tesr — O F (6, y(O))dt

= Z bj k1 f (tj'y(tf))

Where now:
hlZ
bikrr = (e +1=)% = (k= N9 (8
Thus, the predictor y£, , is determined by the fractional Adams Bashforth method:
k t
VErs = Z W F(a)z b f (677) 9
Finally, we have the fractional Adams Bashforth- Moulton method, which is written as following:
n-1 } 1 k
Vir1 = Z ’;J,rl y(fj) + m Z aj,k+1f(t"y1') + ak+1,k+1f(tk+1'yl?+1)
J=0 J=0 (10)
n-1 t'
y}f+1 = Z le % + F((X)Z k+1f(
j=0

In which, the weights a; .1 and b; ;.44 belng defined according to (5) and (8), respectively.
We have thus completed the description of our numerical algorithm. The remainder of this report will
be devoted to the error analysis for this scheme.

3. Error analyses for the fractional Adams method

In this section, we give and prove theorems below.
Lemma. If i € C1[0,T],0 < a < 1, then:
t
f (t—1) %' (7)dr| <
0

Eje+1 Iyl h*

2
a(l—a)
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And: Fen [fy (6 =0 @dt] < 21 oot bt~
Where A is a constant independent of k and h.

Proof. Using the expressions for Ej, . ,, we have:

Eyts U (t— T)_“IP'(T)dT] =

J‘ j+1 {f (t — 1)~ %' (v)dt _J. i (tj - r)_“wr(r)d’[} (tesqg — D@1 dt
tj 0 0

j‘fj+1

tj

],'C:O
<
2
(t — )~ %Y/ (t)dT — f (- 1) W @de
0 0
tj — t'j t a
< W"“(fo (t—1) dr—fo (t—‘r)'“dr+£j (t—1) dr)

1 , _ 1- _ 1-
= gl Ilm(tj1 R ) e A () “)

(ter — %1 dt

f (t — )~y (1)dr — f " (4 - 1) Y @de
0 0

2 1-a 2
<——IY'N (t—t¢; < ——I|W'_hte,
ST WiL(t—4) " <7,
So, one has:

Eers [ [ @-orw @
0

2 . ti+1
LD TR
1-a =0 “tj
J=

2 tk+1
=yl pie j (tess — % dt = 'l £y, h
0

l—«a
Applying the expression for F; ., gives:

t k tit1 t
FMUO (t—r)-aw'(r)dr] =',-ZO f (tk+1—t)a_1{fo (t - )P (D)de

£ —a 1[ i+ —a £ —a
_ f (t—1) ¢'(dr— 7 U (ter— 1) Y'(D)d7 - f (t—1) 1/}’(T)dr] (t- t,-)} dt |
0 0 0

2
a(l—-a)

< |io ft , (tss — D | ]0 O e

tj —a 1] rti+e —a tj —a
— fo (tj — 1') Y'(t)dt — 7 UO (i:j+1 - ‘L') Y'(1)dt — fo (tj - ‘r) w’(r)dr] (t - t]-) de.
By tedious calculations, one gets:
[ e w@ar— [ - v @
1[ rli+r —a tj —a
% U (tj+1 — 1') Y'(t)dt — f (tj — ‘L') ll)'(T)dT] (t — tj)

fotj [(t -~ - (-1) " - %((tm —1) = (t—1) (- tj)] W' (T)dr

<
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1 [+ —
+‘z [ (=0~ v
t

Sﬁ 'l {l—(t —) T e gt % (t=t;) [-(ta— )" + 47 — 479

HE-6) " 5 (- 1) [—(t,-ﬂ 0 4 (1 = )|+ (10 - 0 (- 1)
Sﬁ 'l {tl_"‘ —t} 7 - —(t]1+1“ -t/ (t - t))

(=)™ = he(e - t,-)) (0= 5) " = (=) 4 (g~ ) (- 1)
=ﬁ i, {tl‘“ -7 - —(t,hf‘ 57 (t-1)

+2 [h‘l(t,-+1 —t) *(t- tj) +(t—t) " —ne(t - tj)]}

1
S_l —a ||llh||oo {tl—a - tjl‘a — —(t]1+1a tjl_a)(t _ tj) + 4h1—a}.

t 1 —a
| (t—1)"%— E(tj+1 -1) (t- tj)] Y’ (v)drt

Utilizing the above inequalities, we have:

k
t 1 tit
Foo | [ €= 07w ] < ol Rl e, [ -0t e
0 : ti
Jj=0 J
1p2-a 4 1-a A 1-a
S T W Ot ] < T

The proof is completed.
Theorem 1. Let 0 < a < 1. Then, if f € C%(G),

max |y(t) y]| = 0(h'™%)

tj€leT]
For every € > 0, and:

max |y(t ) yJ| =0(1)

0<j<N
Proof. Since f € C?(G), using Theorem 2.1(a) in (Diethelm va nnk, 2004), we have:
V1

YO =) 6t + (o)
v=1
In which v; = [1/a] — 1,(¢t) € C[0,T].
Now, using the Caputo fractional derivative definition yields:

DZy(t) = ' _Tav+ ) N ft t—1)" "Y' (v)d 11
*y()_ 1F(av+1_a)cv F(l_a)o( T) l/)(T)T ( )
V=
Setg(t) = m D f t(t — 7)Y’ (7)d7. Next we estimate E;.,,[g(t)] and F,.1[g(t)].
1
Benl9O) = oy B || €= 09 e
(12)
S ! 2 't R =
“TAd-a)a(l—a) fer1
Also,
Feralg(®] = m P |y (=D (D] .
< o W ot
From Theorem 2.4(b) in (K. Dlethelm va nnk, 2004) we have:
V.
F(av +1) av—a Z F(av +1) av-a
Ek“ F(av +1-— a) et I(av+1-a) e B [657]
[(av + 1)
|Cv|Col§,tc;:v atk+av “ 1h < CRetI‘? 11h (14‘)

— Fav+1—a)
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And from Theorem 2.4(c) in (K. Diethelm va nnk (2004), we have:

Fisq [2511 % it “] %L r{;:ﬁll) |yl Frea [E777]
<X, DO < T e
(15)
Where: g, = min(2,av — a + 1).
Thus, from (11), (12) and (14), we get:
Eexa[DEy(8)] < 2max {2 I 1t 17, CRet k) (16)
And from (11), (13) and (15), we also get:
Fiena [DEY (O] < 2max {7 Il B, €T e et | a7)

Now, by using (16) and (17), we obtain:
|y(tj) - yj| < Ct]f"_lhq, (g = min(1,1 — a))
So, if e € (0,T] and ¢; € [¢, T], then:
ly(t) —vj| < Ctf*h*~* < Ce**h1

Or:
Jmax y(4) | = 0(h'™)
And: max [y(4) =y = 0(D)

The proof is completed.
According to Theorems 2.1, 3.2 in (K. Diethelm va nnk (2004)), the smooth condition of 1 (t) plays an
important role in error estimates. If this term is removed, what will happen? We will give an answer.
Theorem 2. Suppose that the solution y of (1) is expressed in the form:
Vo

(O =) et (18)
v=0
In which v, € Z*, with the constants ¢y, c,, ..., ¢,,, € R. Then, for € € (0,T],

eien P\ TV T oty ifo<a<1
And moreover,
_ (0(h®) ifl<a
or913<’fv|Y(t ) =l= {O(hza) ifo<a<1

Proof. Using (18) and the Caputo fractional derivative definition yields:
DEy(t) = Ty, —omt ¢ praca (19)

V=1 rwa+1-a) v
If @ > 1, it follows from (19) and Theorems 2.3 and 2.4 in (K. Diethelm va nnk, 2004) that:
r(va+1 _
Exsa[DEY (O] < T2y mo it |y B [ < Gt (20)

And:
IF'(va +1)
Fiy1[DIy(0)] < m lcy
Now, by using (20) and (21) and Lemma 3 in K9. (Diethelm va nnk, 2004), we get:
|y(t}) yJ| < Ch%, (¢ = min(2,1 + a))
max |y(t;) — y;| = 0(h?)

|Fpa[t799] < Gt 2% Vn2 (21)

0<jsN
If 0 < a < 1, by almost the same reasoning, we again have:
Fva + 1) B
Ex1[DIy(D)] < , m|%|5k+1[tm “1 < Gstgith (22)
And:
Fva + 1) _
Fier1[DIy(0)] < ley | Fieea [£7979] < Cotif{ RO (23)

4 Fva+1-a)
V=
By using (22) and (23), we obtain:

lv(t)) — ;| < Cst**h9, (here g = 1+ a)
So, for arbitrary € > 0 and ¢; € [¢,T],
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ly(t;) = yj| < Coe7th1*e

i — 1+a

i.e., trg[z?; |y(t ) y]| O(h**%)

Andfor0 <j <N, |y(¢t;) —y;| < Ch?®.

This ends the proof.

Compared to DFF Theorem (b) (the case with « > 1 and € C'*1*1[0, T] ), here the order of the estimate
is much higher but y € C*1=1[0, T], except for the special form of y(t). The error estimates are actually
the posterior estimates. A more general case relating to the posterior error estimates is given below.

Theorem 3. Suppose that the solution yof (1) is expressed in the form
Vo

y(t) — Z CO, tev +Z t1+av +Z t2+av + - +Z tl+av (24)

v=0
In which vy, vy, vy, ..., v, l € Z* aII co,,, Cipr s CLy are real numbers Then for € € (0,71,

geen Y\ TV T oty ifo<a<1
_(0(h?)  ifl<a
And moreover, Orrsnjas>1<v|y(tj) yi| = {O(hz"‘) 0 caq<l

The proof of this theorem is the same as that of Theorem 2 and so is omitted here. It is worthy of note
that the last [ terms on the right hand side of Eq. (24) cannot begin with v = 0; otherwise, the above
conclusion does not hold yet.

4, Conclusion

In this report, we first introduce the fractional Adams method, then present and prove one lemma and
three important theorems on the errors of this fractional Adam method. These results help improve the
theory of fractional differential equations and are widely applied in other fields.

References

K.B. Oldham, J. Spanier, 1974, renewed 2006. The Fractional Calculus, Academic Press, New York.

K.S. Miller, B. Ross, 1993. An Introduction to the Fractional Calculus and Fractional Differential
Equations, Wiley-Interscience (John Wiley & Sons), New York.

I. Podlubny, 1999. Fractional Differential Equations, Academic Press, New York.

A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, 2006. Theory and Applications of Fractional Differential
Equations, Elsevier, New York.

Diethelm, N.J. Ford, A.D. Freed, 2004. Detailed error analysis for a fractional Adams method, Numer.
Algorithms 36, 31-52.

C.P. Li, 2005. Synchronization in fractional-order differential systems. Physica D 212, 111-125.

TOM TAT
Phan tich sai s6 cho phuwong phap Adams cap phan sé

Nguyén Thi Hong', Pao Xuan Hung?
YHoc vién ki thugt Mdat Ma
2Pgi hoc Mo - Pia chat

B4o c4o nay, ching toi nghién ctru phuong phap s dé giai phuong trinh vi phan cip phan s6 phi tuyén
DEy(t) = f(t, y()), véi céc didu kién ban dau y®(0) =y, k=0, 1, ..., [«] — 1; & ddy a c6 thé 1a mot sb
thuc dwong tily ¥ va toan tir vi phan 1a dao ham Caputo. Trong bo cdo nay, truéc hét phuong phép sb
(phuong phap Adams) dugc dua ra, sau do chiing t6i nghién ctru sdu hon vé phan tich sai s6 cua phuong
phap nay cho cac phuong trinh vi phan cip phan sé trong céc truong hop: (i) wéc lugng sai sé trong trudng
hop a € (0,1), f € C2(G), (ii) nghiém y(t) c6 mot s dang dac biét.

Tir khéa: Phép tinh phan sb; Pao ham Caputo; phuong trinh vi phan cap phan sd.
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E RS&' HOI NGHI TOAN QUOC KHOA HQOC TRAI BAT
e . VA TAINGUYEN VOI PHAT TRIEN BEN VIPNG (ERSD 2024)

SUSTAINABLE DEVELOPMENT

Nhom ty dang cau ctaa md hinh kiéu hiru han

Nguyén Thi Lan Huong"
Truong Dai hoc Mo - Pja chat

TOM TAT

Cho W 1a mot mién trong C". Tap tat ca cac tu dang cau (song chinh hinh tir W vao W) caa W, ky hiéu boi
Aut(W) lap thanh mot nhém véi phép toan hop thanh. Hon nita, Aut(W) ciing 1a mot nhém topd hoi tu déu
trén cac tap con compact (tirc la topd compact-mo). Cac nghién ciu trong méy thap ky qua chi ra rang, hinh
hoc cua mién dugc xéc dinh bgi c4u truc cua nhom ty dang cu, tic 1a biét dugc nhom Aut(W) ta co the
suy ra dugc mot s6 tinh chat hinh hoc cua mién W. Vi vay, viéc tinh hoic mé ta nhém ty dang ciu la can
thiét. Bang phuong phap nghién ctu ly thuyet giai tich phirc nhiéu chiéu, trong bao cao nay, tac gia duara
mot s6 két qua nghién ctiru vé nhém tu dang cau cia mo hinh kiéu hitu han va mot sé vi du &p dung cho két
qua nghién cau.

Tir khéa: Ty dang cdu; mién; hitu han.

1. Pit van dé

Véi hau hét cac mién, viéc tinh cac nhom tyu diang cu khong don gian va méi chi thuc hién dugc trong
mot s6 trudng hop cu thé.

Cu thé, trong mit phéng phtc, nhém tu dang ciu don vi dwoc tinh toan d& dang. Di véi cac mién trong
khong gian phic véi chiéu > 2, da dia A" va hinh cdu don vi B" ciing duoc mo ta chi tiét. Tir viéc hai nhém
nay khong dang cau véi nhau (chang han, chiéu cua hai nhém ty ding cau khéc nhau), ta suy ra ngay A" va
B" khéng song chinh hinh véi nhau mic du chung ddng phdi vai nhau.

Nam 1931, P. Thullen (A. Zimmer, 2018) d& mé ta nhom tw dang cau cua mién ellipsoid (mién Thullen):

D={(w,2) e Ci|WP+|zP<1},1<p#2. 1)

Sau d6, cac nha toan hoc nhu H. Cartan, 1. Naruti, T. Sunada, R. E. Green, S. Krantz,... (Do Duc Thai
and Ninh Van Thu, 2009) di thanh cong trong viéc mo ta nhom ty ding ciu cua mot sé I6p mién Thullen
téng quat trong C".

Béo cdo nay danh d¢é md ta nhém ty dang ciu cia mé hinh da kiéu hitu han (theo nghia cua D. Catlin
(Ninh Van Thu, 2009)) trong C" sau day:

Mp = {z=(2’, zn) € C™ Re(zn) + P(2’) < 0} (2)

Trong d6 P(z’) 1a da thurc gid tri thyuc, da diéu hoa dudi, thuan nhat theo trong va khong chira hang tir da
diéu hoa.

2. Co s6 ly thuyét

V6i méi diém z = (z1,..., zo) € C" , taky hiéu 2’ = (z1,..., Zn1) € C™L,
Cb dinh céc so nguyén duong mz, My, ..., mp.1.
Khi d4, theo ta tu ta gan trong: i, cho cac bién zy,..., Zn1.

2mp—q

V6i da chi s6 K = (Kq,..., kn1) € 2252, ta ky hiéu wt(K) : = o h L Ia trong cua no.
Xét da thirc P theo bién 2’ gi4 tri thuc, da diéu hoa duol,_khong Chua hang tir da didu hoa, cho bai:
(*) P(z") = Ywtao+wry=1/2 akiZ "z X Véi axL € C Vo ay, = ;. (3)
Cha 'y ring da thic P 1a da thuc thuan nhét theo trong (mi, m;) tuc la:
1 n—-1
1 1
P (tﬁzl, ...,thn—lzn_l) =t.P(2q, .., Zy_4) VSimoiz’ € C™vat> 0. ()

Xét hai 16p mién dic biét 12 De va Qp trong C" (n > 2), dwoc xac dinh lan lugt nhu sau:
={z=(2",zn) € C" |z + P(2") < 1};

* Tac gia lién h¢
Email: nguyenthilanhuong@humg.edu.vn

1573


mailto:nguyenthilanhuong@humg.edu.vn

Qp={z=(Z", zn) € C": Re(zn) + P(z’) < 0}. (5)
Dit $;(A > 0),T,(s € R) la nhom tu ding cau cua of Mp ma lan lugt duge xac dinh bai:
Si(z) = (AV/¥mazy, .. Al/zmn-lzn v AZ,); Ts(2) = (7, 2, + is). (6)
Dinh nghia 1.1. Mot md hinh M, dugc goi la 6ng (hoic tron xoay) néu Mp I song chinh hinh tuong
duong véi mé hinh Mg, trong d6 da thiic thuan nhat cé trong P thoa man:
P(zy,...,2n_1) = P(Imzy,2y,...,2,_1) (resp.P(zy,25,...,Zn_1) = P(|121], 22, - .-, Zn_1))
véi moi z' € ¢ 1,
Dinh nghia 1.2. M6 hinh Mp duoc goi 1a tong quét néu n6 khong song chinh hinh tuong duong véi md
hinh tron xoay hoac mé hinh éng nao.
Bang céch khai trién P thanh chudi Taylor tai @ = (ay,...,a,_;) € C*~1, ta co:
P(z") = ag,z'®z'7L,
wt(K)=wt(L)=1/2
pPDp(a)
= P(@) + 2Re Zpino "2 (7' = @) + ppojgiro 2 (7 = P @ — D%, (1)

Trong d6 DP va D lan luot ky hiéu cho c4c toén tir vi phan dao ham riéng:
alpl alal
Bzfl...azgffl and le_ql...az;f’f_l ®)

DP P(a)

Béng cach dbi bién:
DP P(zx)

{Wn =z +P(@)+ 2 ps0——— (z' — a)? ©)

W = Z —a

Ham xac dinh bién cho M, duoc cho bai:

DPD'P S
DYDY (130 )

DquP(a)

o WP (10)
=~

2D P (1ryp ()1
Tir nay vé sau, chung ta gia thiét raing M, 1a tong quat. Hon nita, ching toi dwa ra cac ky hiéu sau day:

Pom,.2m, ,(OMp): = {z € OMp: M (2) = (2my,2m,,... 2mn_y, D}, T:= {(0',i6):t €R}. (11)

Bé de 1.1 Cho P 1a da thirc thuan nhat c6 trong v6i trong (my, .. .My 1) ¢ho bai (*) sao cho P(z') >0

V0’I moi z' € (C“ 1\{0}. Gia sir Mp Iatong quat Néu ton tai it nhat mot sb nguyén trong cac sé my, ..., m,_;

p(2) = Rewy + Xip1>0,jq>0

= Re Wy, + Xip|>0,/q|>0wt(p)+wt(q)<1

+ Zipl>0a>0wt (p)+w(q)=1

.....

Bay glor chlng toi chuan bi dinh Iy sau nhu la mot phan chinh trong ching minh caa dinh ly 2.1.

DPinh ly 1.1 Cho P 1a da thirc thuan nhét c6 trong véi trong (my, ..., m,_;) cho bai (*) sao cho P(z') >
0 v6i moi z' € C*~1\{0}. Gia st Mp 1a mot md hinh tong quéat ma khéng song chinh hinh véi Qp. Gia sir
f € Aut(Mp), f(0) = 0 va ton tai cac 1an can U;, U, cua 0 € C" sao cho f thac trién thanh dong phoi dia
phuong giita U; N Mp va U, N Mp. Khi d6, sau khi hop thanh véi S(t > 0) hozc véi mot phan tir cua Gp
néu can thiét, thi ta co f = 1d.

Cheing minh.

Chung ta xac dinh tap H bang cach diat H: = {z € C: Re z < 0} va biétrang I': = {(0',it): t € R}.

Khi do, ta dinh nghia g;(z,): = f;(0",z,)(1 < j < n — 1) va g,,(2,,): = f,,(0', z,) v6i Moi z, € H.

Do da kiéu Catlin 1a CR-bét bién nén tir bd d& suy ra rang, sau khi thu nho céc lan can Uy, U, néu can
thiét, f(UNT) = U, N T,

Do d6, voi méi 1 sjsn- 1 chung ta co g;(it) = 0 véi moi —g, < t < gy V6i g9 > 0 du nho.

Khi 6, tir dinh 1y ddng nhat suy ra riang gj(z,) = 0véimoiz, € H.

Hon nita, do P(z") > 0 v&i moi z' € C*~1\{0}, chL'mg taco g, € Aut(H).

Do g,,(0) = 0 nén ta c6 thé chi ra ring g,,(z,) = V6i a@ > 0va B € Rnao do.

1+ ﬁ
Thém nita, do f,,(Mp) c H va f la song chinh hinh nén ta thu duoc:

(@ = £,(0,2,) = véia>0vap eR.
Bay gio ta xét cac truong hqp sau:
Trwong hop 1: § # 0. . )
Trong trudng hop nay, bang céch khai trién fn thanh chudi Taylor, ta thu duoc:
) fn( ) = 1+Lﬁ‘z =0zy — i.gazrzl + (12)
Trong do6 cac dau “...” ky hiéu cho cac hang tur cd bac theo trong I6n hon 2.
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Hon nita, do tinh khdng bat bién cua M, dudi anh xa S,(t > 0), chling ta co:

1 1
Re <fn <t2m121, e, -1z, tzn))

1 1 1 1
+P <f1 <t2m121, s, t2Mn-1z, g, tzn) S (tzmlzl, s, 21z, g, tzn>> <0(13)

Véi moi (z',2,) € U; N Mp vat € (0,1).
Do @6, ta c6:
Re(atz, — ifat?z% + o(t?))
1

1 1 1
+P <f1 <t2m121, s, t2Mn-1z, g, tzn) yeeor a1 <t2mlzl, N LY AP tzn>> <0 (14)

Vi moi (2',2,) € Uy n M vat € (0,1).

Khong mat tinh tong quat, ta gia thict rang m; = m, >...=2 m,_;. )

T sau day, ky hiéu hg(z) duoc ky hiéu cho cac mam ham chinh hinh tai géc vai bac theo trong I6n hon
s(s>0).

Chung ta s& chiing minh rang df = Id tai gbc toa d¢, sai khac mot phép hop thanh véi mét phan tir cua
GP.

Dé chimg minh diéu nay, chung ta chia ra hai truong hop sau day:

Truong hepconl:m; >m, >...>m,_,.

Co dinhz € U; N OMp.

1

1
Khi do, do Re (fn (tzlel, s, t2mn-iz, tzn)) = at Re z, + o(t) nén ta suy ra rang:

1 1 1 1
P <f1 (tzmlzl, e, -1z, g, tzn) AR (tzmlzl, s, -1z, g, tzn)>

= at Re z, + o(t). (15)
1 1 1
Hon nita, do t2m1 > t2m2 >, > t2mn-1 véimoi t € (0,1) néntaco véimdi1 < j <n — 1 thi:
fi(2) = a;;z; + hl/ij(z), trong d6 @, 4,...,ap_1—1 # 0. (16)

Tiép dén, thay f b6i Sy, o f, chiing ta cd thé gia thiét rang a = 1.
L4y dao ham riéng cip 1 ca 2 vé cua bat dang thuc trén theo t va sau d6 tinh giéi han khi t — 0%, ta thu
duoc:
Rez, + P(ay121, 82225, .., Qn_1n-17Zn_1) < 0,V6i Moi (z’,2,) € Mp. 7)
Tinh toan twong tu cho ! ta ciing thu duoc:
Rez, + P(aiiz, 332, ..., a5 1 n_1Zn—1) < 0, VSi Moi (2, z,) € Mp. (18)
Hon nita, chung ta ciing c6 thé két luan rang:

Rez, + P(ay121, 2225, ., Qn_1n-12Zn_1) < 0. (19)
Khi va chi khi Re z,, + P(z") < 0, va do dé:
i ) 9(2):= (a1,1Z1» 2,222, An-1,n-1Zn-1, Zn)- (20)
La ty dang cau cta Mp, tac 1a g € Gp.
Thay thé f boi f o g™, tasuyraranga;; =...= a,_1,4 = 1.

Vi véy ta thu dugc df = Id tai goc toa do.
Truwong hgp con 2: my = m, >...= m,_,.
Theo chung minh & truong hop con 1, ta c¢6 thé viét f(z) = (Az' + g(2),z,), trong d6 g =
(g1,---»Gn-1) 1a ham chinh hinh trong I1an can caa géc toa do C™ sao cho mdi g €0 bac theo trong I6n hon
1
—,j=1..,n—-1

2m;

]Nh()m cac hang tir c6 bac theo trong bang 1, tir trén ta suy ra anh xa (2, z,) = (Az’, z,) thudc Gp.

Do d6, sau khi 1ay hop voi (z',z,) = (A7'2', z,), ta c6 thé gia s df = 1d tai gdc toa do.

Bay gio ching ta sé ching minh f = 1d.

Gia st nguoc lai, f # Id.

Chiing ta ciing gia thiét thém 12 f(z) = z + g(2), tac lavoimoi 1 < j < n — 1, fi=z+g;2),

trong 46 g = (g4, ..., gn—1) 1 chinh hinh trong lan can cia gdc toa do trong C" sao cho mdi gj €0 béc
theo trong I6n hon 1/2m;,j = 1,...,n — 1.

Do d6 chung ta c6:

Re(z, —ifzi+..) + P(z, + 91(2), 2, + 92(2), ..., Zn_1 + gn_1(2)) = 0 (21)
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Vi moi z € U; N dMp, hoac tuong duong:

Rez, + Re(—ifz2) + P(z') + 2Re ( = f:P (z' )g](z)) + h,(z) =0v6imoiz € Uy NOMp. (22)
Diéu nay suy ra:
Re(—iBz2) + 2 Re (27 = jP (z)9; (z)) + hy(z) = 0, Véi moi z € Uy N M. (23)

Bay gio, néu chung ta dat z, = —P(Z’) + it véi t € R, thi z2 = P%(z') — t? — 2itP(z") , va do d6
Re(=ifz}) = —2BtP(z").
Doi bién s6 ta thu duoc:
~2ptP() + 2 Re (S} 15 g7, ~P(2) + i)+ ho(@) = 0. (23)

Dit hé sé cua t* bang 0 véi k € N, chiing ta két luan rang 9;(2) = a;zyzj+...V6i j = 1,...,n — 1, trong

d6 céc dau “...” 1a biéu dién cho cac hang tir c6 bac theo trong cao hon.
Lay dao ham céc hang tir c6 bac theo trong bang 1 theo t tai t = 0, ta c6:
! 1 a !
P(z") = —Re( o 110 (z" la]Z]> (24)

Do d6, theo b d&, ching ta c6 aj = l,B/m] véij=1,...,.n—1.
Nhém céc sé hang c6 bac theo trong bang 1 tai t = 0 va Su dung b d&, chiing ta co:

) P(z") = Zwt@)=wew)=1/2 aKL‘Z Kzt » trong do ag,, € CVéi ag, = ag, . (25)
Khi do, néu g # 0 thi M, la song chinh hinh véi Qp, diéu d6 dan téi mau thuan.
Truong hop 2: =0
Trong truong hop nay, ching ta c6 ngay f,,(z) = az, véi a > 0.
Khong mét tinh tong quat, ching ta gia sir rang a = 1.
Do f ¢6 thé théc trién tron t6i bién cua Mp nén ching ta thu dugc:

Rez, + P(fi(2), ..., fn_1(2)) < Okhi va chi khi Re z, + P(z") < 0. (26)
Chung ta luu ¥ rang fi, ..., f,—1 1a doc 1ap véi cac bién z,, bai vi tinh bét bién cua bién dudi tac dong cua
nhom tu dang cau. Hon nita, f;, ..., f,—1 €0 thé théc trién toi ham chinh hinh trong 1an can cua 0 € €1,

Diéu nay suy ra P(f,(z'), ..., fa_1(2")) = P(z") véi moi z' trong mot 1an can ciia 0 € €1,
Do d6 tir bd dé suy raring f € Gp va do d6 chirng minh dugc hoan thanh.

3. Két qua nghién ciru chinh

Dinh Iy 2.1 Cho Me la mgt mé hinh téng quét thoa man Me khdng song chinh hinh véi Qe va P(z’) > 0

v6i moi z € C\{0}. Néu Mp 1a mién WB thi Aut(Mp) dugc sinh boi:
{Tt, SuteR,A> O} U Gp. (27)

Chaing minh.

Lay f € Aut(Mp) tiy y.

Khi d6, ton tai p € I' va q € I" sao cho f va £~ lan luot thac trién tai ham chinh hinh trong 1an can cua
pvaqgvaf(p) =q. ) . .

Thay f béi ham hop cta n6 vai phép tinh tién T, phu hop, ta gia sir rang p = g = (0,0), va ton tai lan
can U, va U, caa (0,0) sao cho U, N M, = f(U; N dMp), va f, £~ lan luot la chinh hinh trong U; va
U,. Hon nia, f 12 CR- vi phéi gitta U; N dMp va U, N dMp. Vi vy, tir dinh Iy 1.1 ta thu dwoc didu can
chitng minh.

4. Vidu ap dung
Vi du. Cho 2, 1a mién Kohn-Nirenbeg xac dinh boi:
Dupr:= {(z, w) € C2:Rew + |z|® + 1—75 |z|? Re(2®) < 0}. (28)
Trong truong hop nay, da thuc P duoc cho bai: P(z) = |z|® + 1—75 |z|? Re(z®).
Ching ta thdy rang P Ia thuan nhat bac 8 va P(f(2)) = P(z) khi va chi khi f(z) = e*™/3z véi k €
{o0,1, ...,5}.
Do d6, theo dinh ly 2.1 chdng ta co:
Aut(Qy): = {(z,w) » (V2ek™/3z, 2w + it):k = 0,...,5;t € R,A > 0}, (28)

5. Két luan

Béo céo da gisi thi¢u mot két qua nghién ciru vé nhém tu dang cau cia mo hinh kiéu hitu han trong C" va
ung dung cua két qua d6. Hudng nghién ctiru 6 thé dugc tiép tuc phét trién cho cdc mo hinh khac trong C".
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ABSTRACT
Automorphic group of finite type model
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In the few past decades, studies have shown that the geometry of the domain is determined by the
structure of the auto-isomorphic group, that is, knowing the aut(Q2) group, we can infer some geometric
properties of the domain Q. Therefore, it is necessary to calculate or describe the autoisomorphic group. In
this report, the author gives some research results on automorphic groups of finite type models and some
examples applying to the research results.
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Xap xi phan phéi nhi thiac bang phan phéi chuan
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TOM TAT

Xap xi phan phéi nhi thirc bang phan phéi chuan 12 mot ky thuat quan trong trong thong ké, gitip don gian
hoé cac phép tinh va phan tich. Khi phan phéi nhi thirc dugc xap xi bang phan phéi chuan, ching ta c6 thé
&p dung cac ky thuat thdng ké ngay ca trong cac bai toan lién quan dén phan phdi nhi thirc. Phan phdi nhi
thirc 1a phan phoi roi rac. Phan phdi chuén thuong la mot xap xi tot doi voi phan phdi rai rac khi cac s6 ligu
cua phan phdi roi rac tao nén mot duong gap khuc ¢6 hinh dang glong véoi mot qua chuong Muc dich cua
bao cdo nay la dé chi ra khi ndo thi phén phéi chuan 13 mot xép xi t6t cta phan ph01 nhi thue. Viéc minh
hoa cho sy xdp xi chuan ciia phan phdi nhi thtc 1a dwa vao vé biéu d6 cuia phan bd nhi thirc va phan bd
chuan co cung trung binh va phuong sai dbi v6i bién ngiu nhién nhi thire X va day ciing la mot cach giang
day méi gitip cac em sinh vién d& hiéu hon. Bao céo da chi ra su xap xi nay la rat chinh xac khi n Ién va
kha chinh x4c khi n nhéva p gan dang ké véi 0.5 dua vao 4 biéu dd minh hoa va Bang 1.

Tir khda: Phan phéi nhi thirc; phan phdi chuén; roi rac; xap xi chuan.

1. Pit van dé

Pé hiéu dugc phan chimg minh dinh 1y vé « xap xi chuan cua phan phdi nhi thire” 1a rat khé @i vai sinh
vién. Viéc chimg minh dinh ly ndy khé phuc tap, ta phai sir dung dén cac dinh 1y trung gian. Hon nita viéc
giai céc bai toan vé phan phoi nhi thirc ma sir dung cong thirc xap xi chuan, néu sinh vién chi may méc lap
cong tharc tinh toan thi chang c6 y nghia gi. Tuy nhién néu trong qua trinh giang day, giang vién dua thém
phan bleu dd vao thi sinh vién s& de hinh dung hon va dwa vao céc biéu d6 cac em ciing ty rit ra duoc khi
nao thi xap xi la tét hon. Xac suit lién quan dén cac thuc nghiém nhi thic duoc tinh boi cong thic

b(x;n, p) =C;p*(1— p)"™ (Pao Hitu HH, 2001) trong phan phéi nhi thic hoidc dugc tra tir Bang khi n nho.

Thém vao d6, x4c suét nhi thie ciing dugc tinh sin trong moét sé phan mém may tinh. Tuy nhién, ching ta
cling nén tim hiéu vé mdi quan hé giira phan phéi nhi thirc va phan phéi chuan. Phan phéi nhi thie 1a phan
phdi roi rac. Phan phdi chuan thuong 1a mot xap xi tét doi voi phan phéi roi rac khi cac s6 ligu cua phan
phdi roi rac tao nén mot duong gap khtc c6 hinh dang gidng véi mot qua chuéng. Theo ly thuyet mot sb
phan phdi hoi tu to’l phan phdi chuan khi cac tham sé caa né tién téi mot gid tri xac dinh. Phan phoi chuan
1a mot phan phéi xap xi thuan tién vi ham phan phéi caa né rat d& 1ap bang. Phan phéi nhi thuc duoc xap
xi mot cach kha tt boi phan phéi chuan trong cac bai toan thuc hanh khi ma nguoi ta lam viéc véi ham
phan phdi. Bay gio chlng ta s& phét biéu dinh Iy ma n6 cho phép ching ta dang dién tich hinh bén dudi
duong cong chuan dé xap xi cho Xac suat nhi thire khi n du lon.

2. Co s& ly thuyét va phwong phap nghién ciru
Pinh ly 2.1 (bang Hung Théng, 2009)

Gia sir X la dai lugng ngau nhién roi rac cd phan phéi nhi thirc véi tham sé n, p.Khi d6 X c6 phan
bé xap xi phan bd chuan vai gid tri trung binh p=n.p va do léch tiéu chuano = \/np(1- p) véi didu
kién np>5,n(1-p)=>5.

Viéc chimg minh dinh 1y trén c6 dwa vao dinh ly gi6i han trung tdm va Ii thuyét ham dic trung. Tuy
nhién né phuc tap va ciing khong phai 1a muc dich cua bai bao nén s khong trinh bay ¢ day.
Ngudi ta con thy ring phan phéi chuan véi #=np va o> =np(1- p) khéng chi la mot xap xi rit chinh

* Tac gia lién h¢
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xé&c caa phan phéi nhi thizc khi n 16nva P khong qué gan vai 0 va 1 ma nd con 1a mot xap xi kha tét ngay
cakhi n nhova P gan bang % (Walpole- Raymond. H. Myers va Sharon L. Myers, 2016).

Dé minh hoa cho su xap xi chuan ciia phan phéi nhj thire, dau tién ching ta vé biéu d6 cia b(x;n, p) va
V& 1én trén cung hinh d6 dudng cong chuan dic biét c6 cing trung binh va phuong sai d6i voi bién ngau
nhién nhj thiec X .

3. Két qua va thao luan

Dé minh hoa cho sy xép xi chuan cia phan phéi nhi thirc, dau tién ching ta vé biéu do caa b(x;15,0.4)
va V& 1én trén ciing hinh d6 duong cong chudn dic biét c6 cing trung binh va phuong sai ddi vai bién ngau
nhién nhi tha X . Tuc la ching ta v& dwong cong chuin voi w=np=15(0.4)=6 va
o’ =npg=15(0.4)(0.6)=3.6.

Biéu db cua b(x;15,0.4) va duong cong chudn tuong ng trén cting mot hinh duoc minh hoa bai Hinh
1. X&c suat chinh xac cua bién ngau nhién nhi thirc X tuong tng Vi gia tri x cho truéc bang dién tich
ctia hinh ma ¢ tim day 1a x . Vi dy, x&c suat chinh xac @& X nhan gié tri bang 4 bang dién tich cua hinh
chir nhat c6 tam déy 1a 4. Dung Bang , ching ta tim ra dién tich ciia hinh nay xap xi bang véi dién tich cua
hinh dugc bdi den nam bén dudi dudng cong chuan giira hai truc x, =3.5va x, = 4.5 trong Hinh 2. Gia tri

356 _ )3 \a o o456
7 897

Néu X 14 bién ngiu nhién nhi thic va Z 12 bién ngau nhién cé phan phéi chuan tic thi
P(X =4)=b(415,04)~P(-1.32<Z <-0.79)

=-0.79.

cuaz tuongung la z, =

D
= P(Z < —0.79)— P(Z < —1.32) =0.2148-0.0934 =0.1214.
Thuc té, két qua nay rat gan véi két qua chinh xéc 12 0.1268.
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 D 1 2 3 4 5 6 7 8 9 1011 12 138 1215 =

Hinh 1. Xdp xi chudn cia b(x;15,0.4). Hinh 2. Xdp xi chudn cia b(4;15,0.4)

XAap xi chuan c6 tac dung nhiéu nhit trong viéc tinh tong xé4c suat nhi thie ddi vai gié tri n lon. Nho vao
Hinh 2, chiing ta cd thé tinh xac suat d& X nhan gid tri tir 7 dén 9. X4ac suat chinh x4c duoc cho boi:

9 9 7
P(7<X <9)=>b(x150.4)=>"b(x150.4)-> b(x;150.4)
x=7 x=0 x=0

=0.9662 —-0.6098 = 0.3564
Gia tri nay bang tong dién tich cua cac hinh chit nhat vaéi day dat tai x =7, 8 va 9. Doi vai xap xi
chuan chidng ta tim thay dién tich ciia phan bén dudi duong cong chuan giira hai truc x, =6.5 va x, = 9.5
trong Hinh 2.

6.5-6 . _95-6

Cac gia tri cua z tuong ing la: z, = = 0.26 va z, 1897 =1.85.

Khi do:
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P(7<X<9)=P(0.26<Z <1.85)

=P(Z <1.85)~P(Z <0.26) = 0.9678-0.6026 = 0.3652.

Mot 1an nira, duong cong chuan xap xi cung Cap mot gia tri rat gan véi gia tri chinh xac 0.3564. Do chinh
xéc dya vao mirc d6 ma duong cong chuan nam gan biéu do, do chinh xac nay sé tang khi n ting. Diéu nay

ciing dung dic biét khi P khong thuc gan % va biéu d6 khong c6 tinh dbi xing. Hinh 3 va 4 chi ra hai

@)

biéu do cua b(x;6,0.2) va b(x;15,0.2). N6 1a mét bing ching cho thay duang cong chuan s& nam sat biéu
dd khi n=15 honlakhi N=6.

T
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Hinh 3. Biéu do cia b(x;6,0.2) Hinh 4. Biéu do cua b(x;15,0.2)
Bang 1. Xdp xi chudn va xac suat chinh xac cia nh; thiec tich liiy.

p =0.05 n=10 p=0.10 n=10 p=0.50 n=10
r Nhi thirc Chuan Nhi thirc Chuan Nhi thirc Chuin
0 0.5987 0.5000 0.3487 0.2981 0.00010 0.0022
1 0.9139 0.9265 0.7361 0.7019 0.0107 0.0136
2 0.9885 0.9981 0.9298 0.9429 0.0547 0.0571
3 0.9990 1.0000 0.9872 0.9959 0.1719 0.1711
4 1.0000 1.0000 0.9984 0.9999 0.3770 0.3745
5 1.0000 1.0000 0.6230 0.6255
6 0.8281 0.8289
7 0.9453 0.9429
8 0.9893 0.9894
9 0.9990 0.9978
10 1.0000 0.9997

p=0.05
n=20 n =50 n=100

r Nhi thirc Chuan Nhi thirc Chuan Nhi thirc Chuin
0 0.3585 0.3015 0.0769 0.0968 0.0059 0.0197
1 0.7358 0.6985 0.2794 0.2578 0.0371 0.0537
2 0.9245 0.9382 0.5405 0.5000 0.1183 0.1251
3 0.9841 0.9948 0.7604 0.7422 0.2278 0.2451
4 0.9974 0.9998 0.8964 0.9032 0.4360 0.4090
5 0.9997 1.0000 0.9622 0.9744 0.6160 0.5910
6 1.0000 1.0000 0.9882 0.9953 0.7660 0.7549
7 0.9968 0.9994 0.8720 0.8749
8 0.9992 0.9999 0.9369 0.9463
9 0.9998 1.0000 0.9718 0.9803
10 1.0000 1.0000 0.9885 0.9941

1580



Trong Bang 1 ( B6 mon toan, truong Pai hoc Thuy Loi, 2010) ¢ trén khi p=0,05va p=0,1;n=10thi
két qua x4p xi kha thd. Tuy nhién néu tang p =0,5thi két qua xap xi it chénh léch hon. Chét lugng Xap xi
duoc cai thién khi n =20 dn n=100.

Trong Bang 1 cot “nhi thirc” chinh 1a > b(x,n,p) ; cot “chuén” chinh la p(Z <+ %2210

x=0 Jnp(1-p)

)V6i Z ¢
phan bé chuan tac.
4. Két luan

T6m lai, chiing ta sir dung xap xi chuan dé tinh x4c sut nhi thirc khi P khéng qua gan 0 hoac 1. Su xap
xi nay 1a rat chinh xéc khi n 16n va khé chinh xac khi n nho va P gan dang ké véi 0.5. Mot cach nira dé
xac dinh xem khi nao nén ding xap xi chuan la tinh gia tri caa NP va Nq. Néu ca hai gia tri nay déu lon
hon hofic bing 5 thi két qua xép xi 13 tot. ’ ’ ’ ‘

Nhu chung ta da chi ra ¢ phan dau, chat lvong ctia xap xi la kha tot khi gié tri nlén. Néu P gan véi

1 mot miu nho hozc vira phai ciing du cho mot xap xi hop Ii.
2
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ABSTRACT
Normal approximation of the binomial distribution

Nguyen The Lam
Hanoi University of Mining and Geology

Approximating the binomial distribution by the normal distribution is an important technique in
statistics, helping to simplify calculations and analysis. Since the binomial distribution is approximated by
the nomal distribution, we can apply statistical techniques even in problems involving binomial
distributions. The binomial distribution is a discrete distribution. The normal distribution is often a good
approximation to the discrete distribution when the figures of the discrete distribution form a kink shaped
like a bell. The purpose of this report is to show when the normal distribution is a good approximation of
the binomial distribution. The illustration of the normal approximation of the binomial distribution is based
on plotting the binomial distribution and the normal distribution with the same mean and variance for the
binomial random variable X and this is also a new way of teaching to help students learn more easily. The
report pointed out the This approximation is very accurate when n is large and quite accurate when n is
small and p is significantly close to 0.5 based on four illustrative plots and table 1.

Keywords: Binomial distribution; normal distribution; discrete; approximately normal.
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TOM TAT

Trong thoi dai cong nghiép 4.0, sy phét trién caa tri tué nhan tao da ma ra nhidu canh cira mai trong linh
vuc gi4o duc dai hoc, nghién ctu khoa hoc va tranh bién. ChatGPT la mot mé hinh ngon ngi tién tién cua
OpenAl, khéng chi 1a mot cong cu giai tri ma con c6 tng dung rong rai trong viéc hé trg cac nha nghién
ctru va tranh bién vién. Bai viét nay s& tap trung trinh by vé nhirng tng dung quan trong caa ChatGPT
trong cac linh vyc nay.

Twr khéa: Gido duc dai hoc; chatGPT; nghién cuiu; tranh bién.

1. Pit véan dé

Trong thoi ky chuyén d6i sb, gido duc dang trai qua nhimg thay d6i sau sic nho sy phét trién nhanh
chéng cua céng nghé thong tin va truyén thong. ChatGPT Ia mot mé hinh ngdn ngir manh mé, ¢6 tiém ning
Ién trong viéc hd trg cac hoat dong giéo duc, dic biét trong cac truong dai hoc (Dempere va nnk, 2023).
Viéc ung dung ChatGPT trong mdi truong dai hoc khong chi gilp téi wu héa qua trinh thu thap va xi li
théng tin ma con cai thién hiéu qua giang day va hoc tap (Chinedu Wilfred Okonkwo va Abejide Ade-
Ibijola, 2021).

Mic di ChatGPT mang lai nhiéu loi ich nhung van con mot s théch thirc va ton tai can duoc giai quyét:
ChatGPT can phai dugc diéu chinh dé phu hop véi ngir canh va noi dung hoc thuat dac thu cua tirng mén
hoc. Pam bao d6 chinh xac va dang tin cay cua thong tin ma ChatGPT cung cap. Can phat trién cac phuong
phap danh gid hiéu qua cua viéc st dung ChatGPT trong giang day va hoc tap.

Nhiing cong viéc chu yéu di thyc hién trong nghién ciu: Khao séat va phan tich tiém niang ung dung cia
ChatGPT trong mdi trudng gido duc dai hoc. Nghién ciru cac phuong phép va cong nghé lién quan dén xu
I ngdn ngir tw nhién ciia ChatGPT. Thyc hién cac thi nghiém dé danh gia hiéu qua caa ChatGPT trong viéc
hd trg giang day va hoc tap.

Céc két qua chinh dat dugc: ChatGPT cho thiy kha nang hd tro hiéu qua trong viéc so sanh va tdng hop
y kién tir nhiéu ngudn khac nhau, gidp sinh vién va giang vién cé cai nhin toan dién vé cac chu dé nghién
ctru. M5 hinh nay ciing gitp xdy dung cac mo hinh dy doan trong nghién ciru khoa hoc, tir d6 téi wu héa
qua trinh nghién ciru va phat trién. Kha ning tao lap luan va kiém soét thong tin cua ChatGPT g6p phan
nang cao chét luong tranh bién va thao luan trong méi truedng hoc thuat.

2.Cosoli thuyétrvﬁ phuong phap nghién ciru
2.1. Co sé li thuyét

Trong bdi canh chuyén doi s6 hién nay, viéc tmg dung cac cong nghé tién tién vao giang day dang ngay
cang trg nén pho bién va can thiét. Mot trong nhitng cong nghé dang chu y 1a ChatGPT - mot mé hinh ngén
ngit tw nhién manh mé caa OpenAl. ChatGPT c6 kha nang hd tro va cai thién qua trinh hoc tap va giang
day théng qua viéc cung cap thong tin, giai dap thac mac, va hd trg nghién ciu. Viéc tng dung ChatGPT
trong giang day c4c mon hoc tai trudng dai hoc, dac biét 1a acdc mon yéu cau tinh toan va phan tich nhu
X4c suét va théng ké, cé thé mang lai nhiéu lgi ich va tiém nang (Adiguzel va nnk, 2023).

Co sé Ii thuyét cua nghién ciru ndy dua trén cac khéi niém va Ii thuyét vé tri tué nhan tao (Al), xir i ngdn
ngit tu nhién (NLP) va gi4o duc sé. Cac cong nghé Al, dic biét 1a m6 hinh ngdn ngit nhu ChatGPT, da
ching minh dugc kha ning hd trg hiéu qua trong nhiéu linh vuc bao gdm ca gido duc (Miguel va nnk,
2023).

2.2. Phwong phdp nghién ciu

* Tac gia lién h¢
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Nghién ctu nay sir dung phuong phap nghién ctru hdn hop, bao gdm ca nghién ctru dinh tinh va dinh
lwong dé danh gia hiéu qua cua viéc tng dung ChatGPT trong giang day tai truong dai hoc. Cac budc thuc
hién nghién ctu bao gom:

Khao sét va phan tich nhu cau: Tién hanh khao sat dé thu thap dir liéu vé nhu ciu va mong muédn cua
sinh vién va giang vién trong viéc str dung cac cong cu hd trg hoc tap nhu ChatGPT. Dit liéu nay gilip xac
dinh céc khia canh cu thé can cai thién va phét trién trong qua trinh giang day.

Thir nghiém va danh gia: Tién hanh cac thir nghiém tng dung ChatGPT trong cac 16p hoc va khoa hoc
cu thé. Cac thir nghiém nay bao gom viéc sir dung ChatGPT d¢ giai dap thac mac cua sinh vién, hd tro bai
tap, va cung cap thong tin tham khao. Sau cac thir nghiém, tién hanh thu thap phan hoi tir sinh vién va giang
vién dé d4nh gia hiéu qua caa ChatGPT.

Phan tich dix liu: Sir dung céc phuong phép phan tich dinh lugng va dinh tinh dé xur Ii va phan tich dir
liéu thu thép dugc. Phan tich dinh lugng bao gom céc phuong phap thong ké dé danh gia muc do cai thién
trong két qua hoc tap cua sinh vién. Phan tich dinh tinh bao gom viéc ma hda va phan loai cac phan hoi tir
sinh vién va giang vién dératra nhiing két luan v& uu diém va han ché caa ChatGPT trong Jgiang day.

Tong két va d& xuét: Dya trén cac két qua phan tich, t6ng két lai nhitng diém manh va yeu cua viéc ung
dung ChatGPT trong giang day, tir d6 dé xuét cac giai phap va chién lugc cai thién. Cac dé xuat nay nham
ti uru hoa viéc sir dung ChatGPT dé nang cao chét lwong giang day va hoc tap tai trudng dai hoc trong thoi
ky chuyén ddi sb.

Viéc thuc hién nghién ciru theo cac budc trén khong chi gitip xac dinh dugc hiéu qua cua ChatGPT ma
con cung cap nhimg co sé thuc tién dé phat trién va ang dung cac cong nghé Al khéc trong gido duc.

3. Két qua va thio luan
3.1. Két qud

Phan hdi tir sinh vién va giang vién (Hinh 1): Khao sat da thu thap dugc phan hdi tir 200 sinh vién va 50
giang vién tai cac truong dai hoc khéc nhau. Két qua cho thay 85% sinh vien va 78% giang vien guan tam
dén viéc sir dung ChatGPT nhu mot cong cu hd tro hoc tap va giang day. Da s6 sinh vién cho ring ChatGPT
c6 thé gitp ho giai dap thic méc nhanh chéng va cung cip théng tin b ich. Giang vién nhan dinh ring
ChatGPT c6 thé giam tai cong viéc va gitp ho tap trung vao nhirng nhiém vu quan trong hon.

Sinh vién quan tdm dén ChatGPT Giang vién quan tdm dén ChatGPT

x Khéng quan tam
Khéng quan tam 99 §

15.0% 22.0%

85.0% 78.0%

Quan tam dén viéc st dung ChatGPT X
quan tam;den.y ) 9 * Quan tam dén viéc sir dung ChatGPT

Hinh 1. Thong ké ty |é quan tam dén chat GPT cua giang vién va sinh vién.

Hiéu qua cua ChatGPT trong céc 16p hoc: Trong cac 16p hoc thir nghiém, ChatGPT duoc st dung dé
giai dap thic méc, hd tro bai tap va cung cap thong tin tham khao. Két qua cho thay sy cai thién rd rét trong
két qua hoc tap cta sinh vién. Cu thé, sé lugng diém kiém tra tir 5 tro 1én cua sinh vién tang tir 70% lén
80% sau khi su dung ChatGPT.

Phan hoi sau thir nghiém: Sinh vién va giang vién da dua ra nhiéu phan hoi tich cyc vé ChatGPT. Sinh
vién cho biét ho cam thay ty tin hon khi ¢6 ChatGPT hd trg, va giang vién nhan thay rang ChatGPT giup
ho tiét kiém thoi gian trong viéc giai dap thic méc va chim bai tap.

Phan tich dinh luong: Phan tich théng ké cho thiy su khac biét co y nghia théng ké (p < 0.05) gitra két
qua hoc tap cua sinh vién trude va sau khi sir dung ChatGPT. Biéu nay khing dinh ring ChatGPT di déng
gop tich cuc vao qua trinh hoc tap cuaa sinh vién.

Phan tich dinh tinh: Céc phan hdi tir sinh vién va giang vién duoc ma hoa va phan loai theo cac chu dé
chinh. Cac chii d& ndi bat bao gdm: tinh tién loi ciia ChatGPT, kha ning giai dap thic mic nhanh chéng,
va sy hd trg trong viéc chuan bi bai giang.
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So sanh két qua hoc tap trudc va sau khi sir dung ChatGPT

Truc khi st dung ChatGPT Sau khi str dung ChatGPT
Két quéa hec tap

Hinh 2. Biéu d6 so sanh két qua hoc tdp trweée va sau khi siz dung chat GPT.
Phan hoi sau thir nghiém sir dung ChatGPT (Hinh 2). o
Sinh vién: 75% cho biét ChatGPT gilp ho tiét kiém thoi gian va 60% st dung ChatGPT dé chuan bi bai
kiém tra.
Giang vién: 68% cho rang ChatGPT gilp cai thién qua trinh giang day.
3.2 Thdo lugn

3.2.1 Uu diém cia ChatGPT

Phan hoi sau thir nghiém st dung ChatGPT

Sinh vién
Glang vién

70
60

50

)

Ty 1é (%

30

20

10

ChatGPT gilp tiét kiém thai gian ChatGPT ho trg chuan bj bai kiém tra Gilp cai thién qua trinh giang day
Phan héi

Hinh 3. Biéu do phan hai thiz nghiém sir dung chat GPT.

HS tro kip thoi va hiéu qua: ChatGPT cung cap kha ning tiép can thdng tin va giai dap thac mac ngay
lap tuc, gidp sinh vién tiét kiem thoi gian va nang cao hiéu qua hoc tap. Thay vi phai cho dén gio giang
hoic budi gap mat vai giang vién, sinh vién cé thé nhanh chéng giai quyét céc thic mac cua minh, giir cho
viéc hoc tap khong bi gian doan. Viéc c6 mot cong cu nhu ChatGPT ciing giap giam bét ap luc cho giang
vién, khi ho khong can phai lién tuc sin sang giai dap moi cau hoi tir sinh vién. Thay vao d6, giang vién co
thé tap trung vao céc khia canh chién lugc hon trong viéc giang day.

Tang cudng sy ty tin cho sinh vién: DSi véi nhiéu sinh vién, viéc ddi mat vai cac mon hoc phirc tap ¢6
thé gay ra nhiéu khé khan va thiéu ty tin. ChatGPT déng vai tro quan trong trong viéc thu hep khoang cach
nay bang cach cung cap su ho trg déng tin cdy ma sinh vién cd thé dva vao bat cu khi ndo ho gép kho khan.
Khi biét rang ho c6 mot nguon tai nguyén tin cay dé giai dap cac thic méc, sinh vién s& cam thay tu tin
hon, dic biét 12 trong cac mon hoc doi hoi tu duy cao nhu xac suat va théng ké, noi ma chi mét sai s6t nho
cling c6 thé dan dén sy nham 1an I6n hon. Véi ChatGPT, sinh vién c6 thé tu minh 1am rd cac khai niém, tir
d6 hinh thanh mot phong cach hoc tap doc 1ap va chu déng hon.

Tiét kiém thoi gian cho giang vién: Viéc tich hgp ChatGPT vao méi trudng hoc thuat c6 thé gitp giang
vién tiét kiém dang ké thoi gian. Nho kha nang tu dong tra 10i cac cau hoi thuong gap va tham chi hd trg
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trong viéc cham bai, ChatGPT cho phép giang vién danh nhiéu thoi gian hon cho vigc thiét ké cac hoat
dong giang day chat luong cao, thuc hién cac nghién ctru c6 y nghia va cung cap su huong dan ca nhan hoa
cho sinh vién. Sy chuyen huong tur céc cong viéc lap di 1ap lai sang céc cong viéc c6 gia tri hon c6 thé cai
thién trai nghiém giéo duc tong thé, mang lai lgi ich cho ca sinh vién va giang vién. Bén canh do, bang cach
xu li cac cau hoi thong thuong, ChatGPT gilp tao ra mot hé thong giao tiép hiéu qua hon trong 16p hoc,
dam bao rang thoi gian cua giang vién duoc sir dung dung noi, dang chd.

3.2.2. Thach thuc

Kha nang hiéu ngir canh con han ché: Mac du ChatGPT dugc danh gia cao vé kha nang xu li ngén ngir
tu nhién, nhung né van gap khé khan khi phai xu Ii cac ngit canh phuc tap hozc nhiing ciu héi cé tinh mo
hd. Hé thdng nay dya trén cac md hinh hoc sau, nhung d6i khi khong thé nim bat hét ¥ nghia sau xa hoic
cac sac thai ngon ngir trong mot cugce trd chuyén. Vi dy, khi sinh vién dat cau hoi vai nhiéu ting nghia hoic
cau hoi yéu cau hiéu biét sau sic vé mot chii dé cu thé, ChatGPT ¢ thé cung cap cau tra 1oi khong day du
hozc tham chi la sai léch. Diéu nay khong chi gay ra sy nham 1an cho sinh vién ma con c6 thé dan dén viéc
hiéu sai hoic giai quyét van dé khong hiéu qua. Kha nang hiéu ngix canh 1a mot yéu té quan trong trong
gido duc va han ché nay caa ChatGPT dit ra thach thic 16n khi trién khai cong cu nay vao méi truong giang
day, doi hoi sy than trong va can nhéc ky ludng tir phia giang vién.

Phu thudc vao dir liéu dau vao: ChatGPT hoat dong dua trén céc dir liéu ma n6 da duoc huan luyén truéc
d6, va chat lugng cua dir liéu dau vao c6 anh huéng truc tiép dén chat lwong cua két qua dau ra. Néu di
licu dau vao khong chinh xac, thiéu sét hodc khong day di, ChatGPT c6 thé tao ra cac phan hoi khong
chinh xac hozc tham chi gay hiéu 1am. Vi dy, néu sinh vién cung cap mét cau hoi véi théng tin khong rd
rang hoic sai léch, ChatGPT c6 thé khong thé stra chira hoac nhan ra 16i d6 ma thay vao d6 s& cung cap cau
tra 10i dya trén thong tin khong chinh xac. Piéu nay doi hoi giang vién phai thuong xuyén giam sat va kiém
tra c4c phan hoi cua ChatGPT dé ¢am bao tinh chinh xac va phu hop cua thong tin. Hon nita, cac giang
vién can phai huéng dan sinh vién cach dat cAu hoi mot cach rd rang va chinh xac dé tdi da hoa lgi ich cua
viéc str dung ChatGPT.

Vén dé bao mat va quyén riéng tu: Khi trién khai ChatGPT trong méi truong giang day, van dé bao mat
Va quyén riéng tu trd thanh mot méi quan tim hang dau. Viéc sir dung cdng nghé nay doi hoi phai thu thap
va xtr |i dir liéu c& nhan cua sinh vién va giang vién, bao gém thang tin vé tién trinh hoc tap, phan hdi va
cac cudc tro chuyén. Néu khong dwoc quan If va bao vé ding cach, dir liéu nay c6 thé bi lam dung hoic bi
ro ri, gy ra c4c rui ro vé bao mat va vi pham quyén riéng tu. Do do, can c6 cac bién phap bao vé chat che
nhu ma hoa dir lieu, quan If quyén truy cap va tuan thu cac quy dinh vé bao mat thong tin. Ngoai ra, sinh
vién va giang vién can dugc théng bao r6 rang vé cach thac dir liéu cua ho dugc st dung va bao vé khi sur
dung ChatGPT. Biéu nay khong chi gilp bao vé quyén loi cua cac bén lién quan ma con tao ra mot moi
truong hoc tap an toan va dang tin cay. Viéc dam bao bao mat va quyén riéng tu 1a yéu té then chdt dé xay
dyng long tin trong viéc ang dung cac cdng nghé tién tién nhu ChatGPT vao gido dyc.

3.2.3. Pé xuat

a) Tang cudng dao tao va hudng dan

Tang cudng dao tao va huéng din: Dé tan dung tdi da loi ich ma ChatGPT mang lai, viéc trién khai cac
chwong trinh dio tao va hudng dan chi tiét cho ca sinh vién va giang vién 1a vo cting can thiét. Bdi vai sinh
vién, viéc ndm bét cach thirc sir dung ChatGPT mot cach hiéu qua khong chi gitp ho khai thac téi da cac
tinh ning ctia cdng cu ma con gilp ho biét cach dat cau hoi mot cach thong minh, 13 rang dé nhan duoc
nhiing cau tra 16i chinh xéc va hitu ich nhat. Chuong trinh dao tao nén bao gom cac noi dung nhu cach xac
dinh nguon thong tin, cach dat cu hoi chinh xac va cach danh gia cac phan hoi ciia ChatGPT. Diéu nay sé
gilp sinh vién phat trién kha nang tu hoc va nang cao k¥ ning nghién cuu.

Vé phia giang vién, cdc chuong trinh dao tao nén tap trung vao cach tich hop ChatGPT vao ké hoach
giang day va cach st dung cong cu nay dé hd trg viéc kiém tra, danh gia cing nhu huorng dan sinh vién.
Giang vién can hiéu ré cac gidi han cta ChatGPT de biét cach xr Ii cac tinh huéng ma cong cu nay khong
thé giai quyét. Hon nira, viéc dao tao con can bao gom cac nguyén tic vé bao mat va quyén riéng tu, dam
bao rang viéc sir dung ChatGPT dién ra an toan va tuan tha cac quy dinh phap Ii. Ngoai ra, giang vién can
dugc trang bi cac ky nang dé theo ddi va danh gia hiéu qua cua viéc sir dung ChatGPT trong I6p hoc, tir d6
diéu chinh phuong phap giang day sao cho phii hop nhit véi nhu ciu cua sinh vién.

b) Két hop véi cac phuong phép giang day truyén théng

Két hop véi cac phuong phap giang day truyén thong: Mac di ChatGPT mang lai nhiéu lgi ich trong
viéc hd trg hoc tap, né khong nén duoc coi la mot giai phap thay thé hoan toan cho cac phuong phap giang
day truyén thong Thay vao do, ChatGPT nén dugc s dung nhu mét cong cu bd tro dé tang cudng hiéu
qua giang day va hoc tap. Cac phuong phap giang day truyén thong, nhu thao luan nhém, thuc hanh truc
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tiép, va huéng din ca nhan, van dong vai tro quan trong trong viéc phat trién cac ky ning mém, kha ning
tu duy phan bién, va twong tac xa hoi cua sinh vién.

Viéc két hop giita ChatGPT va céc phuong phap giang day truyén thong c6 thé tao ra mot moi truong
hoc tap da dang va phong pht hon. Vi du, ChatGPT c6 thé hd trg sinh vién chuan bi truéc cho cac budi
thao luan, cung cép céc tai lieu tham khao va giai thich cac khai niém kho. Sau dé, trong cac budi hoc truc
tiép, giang vién co thé sur dung thoi g1an dé dao sau vao cac khia canh phiic tap hon cua chu dé, khuyén
khich sinh vién tham gia thao luan va &ng dung kién thtrc vao thuc tién. Su két hop nay khéng chi glup
nang cao chat luong giang day ma con tao ra mot trai nghiém hoc tap toan dién hon, dap ung nhu cau da
dang cua sinh vién.
¢) Panh gia va cai tién lién tuc

Danh gia va cai tién lién tuc: Dé dam bao rang ChatGPT luén dép tng t6t nhat nhu cau cua nguoi dung
va tiép tuc phat huy hiéu qud trong mdi truong giao duc, can c6 cac co ché danh gia va cal tién lién tuc.
Viéc ndy bao gdm khong chi viéc theo ddi hiéu suit cua ChatGPT ma con can phan hdi tir sinh vién va
giang vién dé xac dinh cac diém manh va yéu cua cong cu nay trong thuc té sir dung. Cac budi khao sat
dinh ky, thao luan nhém, va céc cong cu danh gia truc tuyén c6 thé dugc sir dung dé thu thap y kién tur
ngudi dung, tir d6 cung cip thong tin quy gia cho qua trinh cai tién.

Ngoai ra, cac nha phat trién va quan |i gido duc can cap nhat lién tuc cac tinh nang va dit liéu cua
ChatGPT dé dam bao rang né ludn phu hop véi cac yéu cau hoc tap méi nhat. Viéc tdi uu hoa ChatGPT
cling can xem xét dén sy thay doi trong noi dung giao duc, phuong phap giang day, va nhu cau cua sinh
vién. Piéu nay doi hoi mot qué trinh phéi hop chit ch& gitra cac nha phét trién céng nghé va céac chuyen
gia gido duc, dé dam bao rang ChatGPT khong chi la mot cong cu hd trg hoc tip ma con 1a mot phan tich
hop hitu ich trong hé thdng giéo duc hién dai.

Bén canh d6, can c6 cac bién phap dé dam bao rang ChatGPT dugc sir dung mot cach co trach nhiém va
hiéu qua, tranh viéc lam dung hozc phy thudc qua mic vao cong cu nay. Panh gid lién tuc va cai tién thuong
Xuyén s& gidp tdi wu hoa vai tro cua ChatGPT trong giang day, dam bao rang né lubn 1a mot tro thir déc luc
cho ca giang vién va sinh vién.

4. Két luan

Viéc tng dung ChatGPT trong giang day tai trudng dai hoc da mang lai nhiéu loi ich rd rét, tir viéc cai
thién két qua hoc tap cua sinh vién dén viéc giam tai cong viéc cho giang vién. Tuy nhién, dé tan dung ti
da tiém ning cua ChatGPT, can c6 céc bién phap dam bao tinh chinh xac, bao mat va su két hop véi céc
phuong phap giang day truyén thong. Viéc nghién ciru va phat trién cac cong nghé Al trong gido duc hira
hen s& ma ra nhimg co hoi méi va tiém niang vo han cho ca ngudi day va ngudi hoc trong thoi dai sé hoa.
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ABSTRACT
ChatGPT in Universities: Opportunities and Challenge
Le Bich Phuong

Hanoi University of Mining and Geology

In the era of Industry 4.0, the development of artificial intelligence has opened many new doors in the
field of higher education, scientific research, and debate. ChatGPT, an advanced language model by
OpenAl, is not just a tool for entertainment but also has extensive applications in supporting researchers
and debaters. This article will focus on presenting the important applications of ChatGPT in these fields.
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E RS&' HOI NGHI TOAN QUOC KHOA HQOC TRAI BAT
L VA TAI NGUYEN VO'I PHAT TRIEN BEN VIPNG (ERSD 2024)

NATURAL RESOURCES FOR
SUSTAINABLE DEVELOPMENT

Xap xi phan phéi chuan: Tir nén tang ly thuyét dén tng dung thuc tién

Lé Bich Phugng” )
Truong Dai hoc M¢ - Dja chat

TOM TAT

Phan phdi chuan, hay phan phdi Gauss, Ia mot cong cu quan trong trong xac suat - thong ké. Dic diem noi
bat cua phan phdoi chuan la kha nang xap xi nhiéu loai phan phoi khac nhau trong cac dieu ki¢n nhat dinh.
Bai vict nay s& xem xét cac phan phoi thuong dwgc Xap Xi boi phan phoi chuan, di kém véi vi du minh hoa
qua so liéu cu thé va biéu do truc quan.

Tir khoa: xap xi phan phdi chuan; phan phdi nhi thirc; phan phdi Poission; phan phéi chi-binh phuong.

1. Pit véan dé

Trong linh vuc x4c suat va thong ké, viéc hiéu rd va md ta chinh xac cac phan phdi xac suat dong vai tro
quan trong trong phan tich dit liéu, ra quyét dinh va phat trién cac mé hinh du doan. Tuy nhién, khi d6i mat
Véi cac phan phdi phirc tap nhu phan phdi nhi thire, phan phdi Poisson hay phan phéi Chi-binh phuong,
viéc tinh toén cac xac suét cu thé hodc ude lwong céc tham s phan phdi cé thé tré nén rat phuc tap.

Phan phdi chuan, véi tinh chit don gian va cac tinh chat toan hoc d& &p dung, da tré thanh mot cong cu
manh m& dé x4p xi cac phan phéi khac. Didu nay khdng chi giup don gian hda cac tinh toan ma con mo ra
nhiéu tmg dung thyc tién trong céc linh vyc nhu hoc may, kinh té luong va phan tich rui ro.

Mic du céc dinh 1y kinh dién nhu Binh ly De Moivre-Laplace da chitg minh sy hiéu qua cua xap xi
phan phéi chuan trong nhiéu trudong hop (Grinstead va Snell’s, 2006). Cau hoi dat ra 1a khi nao va véi diéu
kién nao thi xap xi nay la ‘hop 1y? Hon nira, viéc hiéu rd hon vé nhitng han ché va tiém nang cai tién cua
phuong phdp nay co thé dan dén nhimg budc tién mai trong nghién ctiu va tng dung.

Trong béi canh d6, bai bao ndy s€ trinh bay céc co so ly thuyét cua viéc xap xi cac phan phdi nhi thic,
Poisson va Chi-binh phuong bang phan phdi chuan. Bong thoi, bai viét s& dua ra cac s6 liéu minh hoa va
dé xuat hudng nghién cau tiép theo dé mé rong va nang cao tinh ing dung ciia xap xi nay trong thuc tién.

2.Cosoli thuyét,vé phuong phap nghién ciru
2.1. Co sé li thuyét

Phan phdi chuan (Normal Distribution), thuong dwoc ky hiéu 1a N(u,o?) dong vai trd trung tim trong
ly thuyét x&c suat va thong ké. Phan phdi nay mé ta mot tap hop dir liéu véi hinh chudng dic trung, c6 ki
vong bang p va phuong sai bang o® . Mot trong nhiing tinh chét quan trong nhét cia phan phdi chuan la
Dinh Iy Gici han trung tam (Central Limit Theorem), dinh Iy ndy chi ra rang tong cia mot s6 lwong 16n cac
bien ngau nhién doc lap, véi phan phoi giong nhau va c6 phuong sai hitu han, s& tiém can phan phoi chuan
khi kich thuéc mau tang.

binh ly De Moivre-Laplace la mot truong hop déc biét cia Dinh I gisi han trung tam, cho phep Xap xi
phéan phai nhi thuc bang phan phdi chuan khi sé lan thi n da 16n. Cu thé, néu X ~ B(n, p) (tac 1a X tuén
theo quy luat phan phdi nhi thirc, véi n 1a s6 1an thir va p 1 xac suét xay ra A trong mot lan thir), voi ki
vong la np va phuong sai 1a np(Ll—p), thi khi n da 16n, phén phoi cua X c6 thé duogc xap xi boi phan phoi
chuan: X ~ N(np;/np—p)) -

Twong ty, cac phan phdi Poisson va Chi-Binh phuong ciing co thé dugc xap xi bang phan phdi chuan
khi cac tham sb cua chiing dat dén céc gid tri Ion. V6i phan phdi Poisson X ~ P(A) thi khi A 16n, X c6 thé
duoc xap xi boi phan phéi chudn X ~ N(1;</%) . Phan phdi Chi-Binh phuong véi k bac tu do X ~ 2 (k)
c6 thé duoc xap xi bang X ~ N(k,~/2k) khi k Ién.

* Tac gia lién h¢
Email: lebichphuong@humg.edu.vn
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2.2. Phwong phdp nghién ciru
2.2.1. Chitng minh toan hoc

Bai bao s& xay dung cac ching minh toén hoc chi tiét cho viéc xap xi phan phdi nhi thirc, Poisson va
Chi-Binh phuong bang phan phdi chuan (Grinstead va Snell’s, 2006; Montgomery va Runger, 2014). Cu
thé la:

- Chimg minh dinh Iy De Moivre-Laplace: Sir dung xap xi Stirling va Iy thuyét gisi han dé ching minh
phan phéi nhi thirc c6 thé duoc xap xi bang phan phol chuén khi s6 lan thir 1on.

- Str dung Dinh ly Gi6i han trung tam déchira rang cac phan phdi Poisson va Chi-Binh phuong ciing
c6 thé duogc xap xi boi phan phdi chuan trong nhiing diéu kién nhat dinh.

2.2.2. M6 phong va phan tich dz liéu

Str dung cac cong cu phan mém nhu Python, tién hanh md phong céc phan phéi nhi thirc, Poisson, va
Chi-Binh phuong Vvéi c4c gia tri tham s khac nhau. Cac budc thuc hién bao gom:

- Tao mau tir cac phan phéi nhi thirc, Poisson, va Chi-binh phuong: Chon cac tham sé cu thé va tao mau
ngau nhién tir cac phan phéi nay.

- Xép xi bang phan phol chuan Chuyén dbi cac mau nay thanh cac bién ngau nhién chuan hoéa, sau d6
so sénh phan phdi thyc té cia mau voi phan phol chuén twong ung.

- Phan tich sy khac biét: Str dung cac chi sé nhu khoang tin cay va kiém dinh Kolmogorov-Smirnov dé
danh gia mirc d6 twong ddng giira phan phéi thuc té va phan phdi chuan xéap xi.

- Biéu thi két qua: Két qua cua céc phan tich trén s& dugc trinh bay dudi dang bang sé liéu va do thi
minh hoa. Céc bang s liéu s& thé hién cac tham s phan phdi, gia tri ki vong va phuong sai, cung vdi do
léch chuan cua céc phan phdi xap xi. 6 thi minh hoa s& truc quan hoa su so sanh gitra phan phol thuc té
va phan phéi chuan, gitp 1am rd mic d6 chinh xac cua céc xap xi trong timg trudng hop cu the.

3. Két qua va thao luan

Dinh Iy 1. Cho mét bién ngéu nhién X ¢6 phan phéi nhj thirc véi tham s6 n va p, tic 12 X ~ B(n, p).
Khi n 16n, phan phai nhj thie cd thé duoc xap xi bai phan phoi chuan vai ki VOng np va phuong sai np(1-p).

X-n
Cu thé: vai ava b la hai sé thyc x4c dinh thi lim P[a < 270 J j(I)(x)dx trong d6 d(x) la ham

o \np-p)

a

phan phéi tich liiy ciia ham phén phdi chuan tac, tic 13 d(x) = N
2w

Dinh Iy nay dugc ching minh bang cach sir dung xap xi Stirling (Grinstead va Snell’s, 2006; Johnson
va Kotz, 1970). .

Mo phéng cac phan phoi nhj thirc, Poisson va Chi-binh phwong
3.1. Phdn phéi nhj thirc

- Tham s6: n= 1000 va p = 0,5 (Hinh 1).

- Ki vong: np =500 Phuong sai: np(1—p) = 250 (Hinh 2).

0.025+} ' *— Binomial Distribution (full)

A X Selected points (440, 460, ..., 560)

0.020

0.015

Xé&c suét

0.010

0.005 :

J \

0 200 200 600 800 1000
Gia tricua X

Hinh 1. Phan phéi nhi thitc véi cae méc cu thé (440, 460, 480, 500, 520, 540, 560).

0.000
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0.000 —— Normal Distribution (mean=500, std_dev=15.81)
440 460 480 500 520 540 560
Gia trj ctia X

Hinh 2. Phan phoi chudn véi ki vong = 500 va phirong sai = 250.
3.2. Phdn phéi Poisson

- Tham sb: A=5
- Ki vong: A=5
- Phuong sai: A=5

Poisson Distribution and Normal Approximation Normalized Poisson vs. Standard Normal
. Foisson 1.2 mm Normalized Poisson

05 w— Normal Approximat.on w— Standard Noemal
1.0

0.4f
0.8

0.3f
0.6

0.2f
0.4 AN

01f ‘I 02

| 11 N
90750 25 50 7.5 100 425 B0 T8 P =% -2 0 2 4

Hinh 3. Phdn phéi Poisson.
3.3. Phin phéi Chi-binh phwong
- Tham s6: df=10
- Ki vong: df=10
- Phuong sai: 2xdf=20

Chi-Square Distribution and Normal Approximation Normalized Chi-Square vs. Standard Normal
. Ch-Square = Normalized Chi-Square
0.10 — Normal Approximation = Standard Normal

04

03

0.2

01

15 20 25 30 35 0s -4 =2

Hinh 4. Phdn phéi Chi-binh phirong.
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Két qua kiém dinh Kolmogorov-Smirnov (Bang 1).
Bdng 1. Két qua kiém dinh Kolmogorov-Smirnov.

Phén phdi Théng ké KS Gia tri p
Nhi thtc 0.0157 0.0142

Poisson 0.1135 1,13.10™

Chi-binh phuong 0.0662 1,53.10°%

4. Phan tich va thdo luian
4.1. Phéin phéi nhj thirc

- Xap xi phan phdi nhi thirc bang phan phdi chuan cho két qua kha chinh xé4c. Biéu dd cta phan phdi nhi
thirc va duong cong phan phoi chuan trung khép kha tot.

- Gid tri kiém dinh KS cho thay sy khac biét khong dang ké gitra phan phoi nhi thirc va phan phoi chuan
xap xi.
4.2. Phéin phéi Poisson

- Xap xi phan phéi Poisson béng phén phéi chudn cho thidy mot s6 khac biét. Biéu d6 cua phan phdi

Poisson va duong cong phén phoi chuan khong trung khép hoan toan. ) ) i
- Gia tri kiém dinh KS cao cho thay su khac bi¢t dang ke gitra phan phoi Poisson va phén phoi chuén

xap xi. Picu nay cé thé do A khong du lon dé xap xi tot bang phan phoi chuan.

4.3. Phén phéi Chi-Binh phwong

- Xép xi phan phéi Chi-Binh phuong bang phan phdi chudn c6 két qua tot hon so v6i Poisson nhung van
¢6 mot s khég: biét. ) ) ) o

- Gia tri kiém dinh KS cho thay sy khac biét giira phan phoi Chi-Binh phuong va phan phoi chuan xap
xi 1a ¢6 nhung khong qua 16n.

4.4. Diéu ki¢n dp dung cdc xdp xi trén

- Xap xi phan phdi nhj thirc bang phan phdi: thuong ap dung khi np =5;n(1—p) =5 . Pay la diéu kién
dé dam bao rang phan phdi nhi thirc dii "can dbi" dé co thé xap xi bang phan phdi chuan.

- Xép xi phan phdi Poisson bang phan phdi chuan: thudng ap dung khi A >10

- Xép xi phan phdi Chi-binh phuwong bang phan phéi chuan: thudng ap dung khi s6 bac tw do df >20 .
4.5. Mt 56 bai todn thuc té
4.5.1. Xdp xi phan phaéi nh; thirc

Bai toan 1: Mot nha may san xuat bong dén c6 ty 1¢ bong dén hong l1a 1%. Néu mot 16 hang c6 2000
bong dén, hay tinh xdc suat dé co it nhat 30 bong dén hong trong 16 hang nay.

Bai toér) 2: Trong mot cudc khao séat véi 1000 ngudi, 60% cho biét ho ing ho mot chinh séch méi. Tinh
X4c suat dé trong mot mau ngau nhién 100 ngudi tir khao st ndy cd tir 50 dén 70 ngudi ing ho chinh sach.
4.5.2. Xap xi phan phéi Poisson

Bai toan 3: Mot phong cip ctru bénh vién nhan trung binh 5 ca cap ciru mdi gio. Hay tinh xé4c suat nhan
dugc hon 8 ca cap ctiru trong mot gio.

Bai toan 4: Mot trung tdm chdm séc khach hang nhan dugc trung binh 10 cudc goi moi gio. Hay tinh
Xac suat trung tdm nay sé nhan dugc tir 7 dén 13 cudc goi trong mot gio nhat dinh.

4.5.3. Xdp xi phan phéi Chi-binh phirong

Bai toan 5: Mot nha nghién ciru muén kiém tra gia thuyét vé su ph hop ciia mot mo hinh Iy thuyét voi
dix liéu thuc nghiém. Dir liéu ¢6 10 muc do tu do, va gid tri thérjg ké Chi-binh phuong thu dugc la 12. Hay
udce tinh xac suat dé co gid tri Chi-binh phuong I6n hon hodc bang 12.

4.6. Huéng nghién ciru tiép theo

- Thir nghiém véi cac tham sb khac nhau: Tién hanh thir nghiém voi cdc gid tri tham s0 khac nhau dé

xem xét murc ¢ anh huong cua chung dén sy xap xi phan phoi chuan.

1590



- Str dung cac phuong phap xap xi khac: Ap dung cac phuong phap xap xi khac nhu xap xi Gamma hoic
xap xi Poisson bang phan phdi sié¢u boi dé so sanh hiéu qua.

- Phan tich sy anh hudng ctia kich thudc mau: Nghién ctru sy anh huéng cta kich thude mau dén két
qué xép xi va do chinh xac cua cac xap xi nay.

- M6 phong thém céc phan phdi khac: Tién hanh mé phong va xap xi cac phan phdi khac nhu phan phéi
Beta, phan phdi Gama, va phan phéi Student’s t 3 mé rong pham vi nghién ctru.

5. Két luan

Bai bao dé cap dén kha nang x4p xi phan phdi chuan doi voi céc phan phoi khac nhu phan phéi nhi thir,
phan phdi Poisson va phan ph0| Chi-binh phuong, tir nén tang ly thuyét dén tng dung thuc tién. Céc két
qua phan tich cho thdy phan phdi chuan, véi nhitng dac tinh toan hoc rd rang va dé ap dung, dong vai tro
quan trong trong viéc don gian hoa cac tinh toan phirc tap lién quan dén cac phan phéi khac. Bai Vlet ciling
da cung cap nhitng vi du minh hoa va biéu d truc quan, ching minh hiéu qua cua phuong phap xap Xi nay
trong thuc tién. Tuy nhién, bai bao cling nhan dién nhirng han ché cua phuong phdp xap xi phan phol chuan,
dgc biét 1a khi cac diéu kién can thiét khong duoc ddm béo. Viec hiéu r5 hon vé nhiing han ché nay sé la
nén tang cho cac nghién cuu tiép theo nham cai thién do chinh xac va mé rong wng dung hon.
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ABSTRACT

Normal distribution approximation: From theoretical foundation to
practical application
Le Bich Phuong
Hanoi University of Mining and Geology

The normal distribution, also known as the Gaussian distribution, is a crucial tool in statistics and
probability. One of its prominent features is the ability to approximate various types of distributions under
certain conditions. This paper examines distributions commonly approximated by the normal distribution,
accompanied by illustrative examples through specific data and visual charts.

Keywords: normal distribution approximation; binomial distribution; Poisson distribution; Chi-distribution.

1591



ERSE HOI NGHI TOAN QUOC KHOA HOC TRAI BPAT
A VA TAI NGUYEN VO'I PHAT TRIEN BEN VI’NG (ERSD 2024)
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Phuong phap tinh va (ing dung kinh té cia tich phan

Nguyén Thi Kim Son”
Truong Dai hoc Ha Ngi

TOM TAT

Muc dich thir nhat ciia chung t6i trong bai bao ndy la trinh bay hai phuong phap tinh tich phén, d6 1a phuong
phap d6i bién va phuong phap tich phan tirng phan. Muc dich thir hai 14 chiing t6i dwa ra mot s6 ung dung
trong kinh té cua tich phan.

Tur khéa: Phuong phap d6i bién; phuong phap tich phan ting phan; tng dung cua tich phan; tich phan.

1. Pit van dé

Tich phan 1a phép tinh ngugc cia phép tinh dao ham. Tuy nhién, viéc tinh tich phan thuong sé kho thuc
hién hon. Néu mot ham sé 1a mot biéu thic lién quan dén cac ham co ban (vi du cac ham X', sinx, e*,K )
thi dao ham cua n6 ciing 1a cac ham co ban. Ngoai ra, ching ta c6 thé phat trién cac phuong phép tinh cho
phép ching ta c6 thé dao ham hau hét moi ham ma chiing ta c6 mot cach dé dang. Nhiéu bai toan tich phan
ciing ¢6 dic diém nay nhung mot s thi khong. C6 nhiing ham sé 13 ham sé co ban (ching han ¢* ) nhung
nguyén ham cua n6 lai khong thé biéu dién duoc duéi dang ham s6 co ban. Ngay ca khi nguyén ham co
ban ton tai thi ky thuat tim ra no lai qua phurc tap.

Vi Ii do ndy nén chiing ta can phai c6 nhiéu cong cu dé giai cac bai toan tinh tich phan. Trong bai bao
nay, ching téi tap trung trinh bay hai phuong phap tinh tich phén, d6 la phuong phap doi bién va phuong
phap tich phan tung phan. ) o

Trudc tién, ching tdi sé nhac lai kién thirc co ban nhat vé tich phén.

Tich phéan bat dinh [ £ (x)dx, theo dinh nghia, la mot ham s6 ma dao ham caané 1a f (x). Néu F (x) la
mot ham s6 nhu vay thi moi ham s6 co dao ham I f (x) déu c6 dang F (x)+ C, trong d6 C la mét hing
s6 tiy y. Ta viét:

[fx)dx =F(x) +C.
MGi lan dao ham mot ham sb, ta ciing suy ra mét cong thirc cho tich phan. Ching han, di(sz): 6X
X

¢6 thé chuyén thanh cong thic tich phan [ 6xdx = 3x% + C.

M@t s6 cong thirc c6 thé dugc suy ra truc tiép tir cong thirc dao ham dya vao bang cac nguyén ham co
ban.

Tir bang cac nguyén ham co ban ta thiy su can thiét cua cac ky thuat tinh tich phan. Vi mac du
sinx, cosx ton tai nhu la dao ham cua cac ham so6 lugng giac don gian nhung ham tan x, cotx lai khdng
c6 trong bang. Trong thyc té, néu chng ta thuc hién cac phép két hop co ban ciia cac ham sé lugng giéc
thi ta sé thay rang nguyén ham ctia tanx, cotx khdng dé dé tinh duoc. Vi vay, trong bai bao nay, ching
t6i s& phat trién cac ky thuat dé tinh cac nguyén ham nhu vy (va cac nguyén ham khéc nira) (Larry va nnk,
2018).

B cuc ctia bai viét nhu sau: Trong Phan 2, chiing toi chung t6i trinh bay hai phuong phap tinh tich va
céc bai toan ap dung ciia ching. Trong Phan 3, chung t6i trinh bay mot sé tmg dung cia trong kinh té ctia
tich phan.

2. Co s& ly thuyét va phwong phap nghién ciru
2.1. Phwong phdp doi bién so

Giasu f(x) va g(x) lahai ham s6 cho trudc, va gia sir F () 1a mot nguyén ham cua f (x). Theo quy
tac ham hop ta co:

L[F(ge)] = F(g())g () = f(g())g ().

* Tac gia lién h¢
Email: sonntk@hanu.edu.vn
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Tré lai cong thic tich phén, ta co I f(9(x)g'(x)dx=F (g(x))+C, trongd6 C 1ahang sé tiy ¥ (Nguyén
Dinh Tri va nnk, 2006).
2.2. Phwong phdp tich phéin ting phan

Giastr f(x)va g(x) la hai ham s6 va G(x) la mot nguyén ham cua g(x) . Theo quy tac tinh dao ham
cua mot tich ta co:

d . . '
—[f(x)G(x) =f(x)G(x)+f(x)G(x) = f)gx) + f ()G ).

Do do, f ( j f (X)g(x)dx + j f(x)G(x)dx .
Cong thuc cudi cing nay ¢6 thé dugc viét Ial o dang hfru ich hon nhu sau.
[ F(9g0)dx = f (x)G(x)-[ F/( 1)
- du = f '(x),
Néu dat | - N *
dv=g(x)  |v=[g()dx=G(x)+C.

Khi d6, cong thirc (1.1) tré thénhj f(x)g(x)dx = uv—_[vdu (Nguyén Dinh Tri va nnk, 2006).

3. Két qua va thao luan

3.1. Céc bai toan 6n luygn cho Ky thi Olympic sinh vién toan quéc

3
Bai toan 1. (OLP-1993). Tinh tich phan | = [ ———
0

1+(tan x)f
Loi gidi.
Ddi bién t= tanx taco: I:T dt j T =1 +1..
PA+)A+t?) D+t )(1+tf L (L+t? )(1+tf) v
u¥2d

. T 1 . ¢ u du 7
Vi |, taddibién u= =.Khido, I, = - —-
2 t ? ;[(1+u2)(1+uﬁ) I1+u J(1+u 1+u?) 4

1, .

Dodo, | ==
4
Bai toan 2. (OLP-1994). Tim nguyén hamfﬁ
Loi gidi.
—t2 — —_
Pt x>+ x+ 1= x+t,tacc’>:x=1—t(t¢l),d —Z(t—t“;l)dt
2t—1 2 (2t-1)
Khi @0,
f dx f —2(t2—t+1)dt =2(t? -t + 1dt f2t2—2t+2 .
2t—1
—f(1+ 3t )dt—t+ 3t dt
- 2t2—5t+2) Qt-1D(t-2)
2 1 1
—t+J<m—2t_1)dt—t+2ln|t—2|—zln|2t—1|+C

1
=\/x2+x+1—x+21n|\/x2+x+1—x—2|—zln|2 x2+x+1—2x—1| +C.
Bai toan 3. Tinh tich phan | = [ ('”—’1()2 (Vi Tién Viét va Phan Thé Hai, 2021).
X+

Loi gidi.
+) Céch giai thong thuong:
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u=Inx duzldx 1 1
bat 1 = X Sl =—Iinx——+ dx
=———dx 1 x+1 I x(x+1)
(x+1) V=——o"
X+1

Dén day dé thyc hién nguyén ham hitu ti ta can tach thanh dang E-ﬁ-Ll va dé lam duoc diéu nay thi
X X+

ta phai ton thém thoi gian dong nht thic.
+) Khi cong thém hang so C:

u=|nx—>du=ldx

d Ve——+1l=—+r
(x+1) x+1 x+1
Do do, I=Inx-i— X dx:lnxi— de.
X+1 I x(x+1) X+1 Jx+1

Pén day ta co thé dé dang sir dung nguyén ham co ban dé tinh.
Bai toan 4. Cho ham f (x) lién tuc trén [a,b], kha vi trong (a,b), théa man f (a)= f(b)=0 va

D C— T

b
[f(x)]2 dx =1. Chuang minh rang: _[xf (x) f ’(x)dx:-% (Vi Tién Viét va Phan Thé Hai, 2021).
Loi gidi.

1% > 1
Ej[f(x)]dx_—E

a

b b
Swr dung tich phan ting phan, ta co: jxf (x) f '(x)dng[ fO]| -

3.2. Thing dw ciia ngwoi tiéu dung va nha san xudt

Khi nhin vao duong cung va cau, ching ta thay diém can bang tai d6 s6 luong duoc béan bang véi s6
lurgng moi ngudi muon mua.

\
\
\ Ham cau Ham cung

¥4
gia

S u Diém can bing
T e by

Hinh 1. Quan hé cung va cdu.

Tuy nhién, trong mé hinh d6, c6 nhimg ngudi sin sang ban véi gia thip hon gia can bang va c6 nhing
nguoi $in sang mua véi gia cao hon gié can bang. Nhirng ngudi nay c6 dugc mot thoa thuan dac biét t6t
trong giao dich. Ching ta mudn do luong lgi ich d6 vi ching ta co the coi no 1a lgi nhuén tang thém ma nha
cung cép va ngudi mua cd dugc tir giao dich. Ching ta lwu ¥ rang mdi bén s& c6 mong muén dé tdi da hoa
loi ich do.

Dau tién, ta tap trung vé phia nguoi tidu dung. Ving bén dudi ham cau, tir 0 dén sé lugng ban ra, do
ludng mire d san long chi tiéu ctiia nguoi tiéu dung. Dién tich trong hinh chit nhat c6 cing day va chiéu
cao bang gia ban do ludng muc chi tiéu thuc té cua nguoi tiéu dang. Su khac biét gitra hai gia tri nay 1a sb
lugng ma chung ta goi la thang du tiéu dung.
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Ham cau

Thang du tiéu dung
gia
Chi tiéu tiéu dung

Ps ¢

qs s6 lugng
Hinh 2. Thang du tiéu dung.
V& mat tinh toan, thing du tiéu ding = [ (ham cdu (q) - p,) dg.
Mi&n 1a gi4 vin nam trén dwdng ham cau, gia thip hon cé nghia 1a sé lugng ban ra nhidu hon va thang
du tiéu dung 16n hon. i ) )
~ Theo cach tuong ty, chung ta co the tap trung vao phia nha san xuat. Di¢n tich du¢i ham cung, tir 0 dén
s0 lugng bén ra, do luong nhu cau doanh thu cua nha san xuat. Di¢n tich trong hinh chir nhat c6 cung ddy
va chieu cao bang gid ban do luong doanh thu thyc te cua nha san xuat. Sy khac biét gitra hai gia tri nay la
mot dai lugng ma ching ta goi la thang du san xuat.

Ham cung

Thang du san xuat /

s ,
Ps 4 /lll //;,
(4]
A
HHA
HHHH]
HHHA
WHHHH
JIariey
1 ”:”I’"””””” ”:’ ”t’ 4
IHHHAHH AR
LRI

7,

Doanh thu nha san xuat can

Qs s lugng

Hinh 3. Thing dw sdn xudt.

V& mat tinh toan, thang dw san xuat = [ (P, -hamcung (q)) dg.

Mi&n 12 gia van nam trén dudng cung, gia cao hon ¢ nghia 1a lwong ban ra Ién hon va thang du cua nha
san xuét 16n hon.

Sau déy, ta xem xét mot vi du trong d6 ham cung va ham cau don gian dé viéc tinh toan c6 thé thuc hign
dugc bang tay.

Bai toan 1. Gia sur gia cung (q) = 30+ q vagia cau (q)= 170- q.

a) Tim thing du tiéu dung, thiang du san xuit va tong loi ich x& hoi tai diém can bang thi truong.

b) Néu cac nha san xuit c6 thé thanh 1ap mot cartel va gisi han sb luong sin c6 & mirc 50, béan véi gia
cung la 50 thi thang du tiéu dung, thing du nha san xuét va téng loi ich xa hoi 1a bao nhiéu?

¢) Tim mtc gia ma mot cartel san xuat s& ti da hoa thing du nha san xuat. Tim thang dw san Xuit & muc
gia do.

Loi gidi.

a) Hai dudng cong cit nhau tai diém can bang thi truong, (70,100).

Thang du san xudt = [ °[100 — (30 + q)]dgq = 2450;

Thang du tiéu ding = [)°[(170 — ) — (100)]dq = 2450;

Téng loi ich x& hoi = Thang du san xuét + Thang du tiéu dung = 4 900.

b) Gia cau (50)= 120
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Thing du san xudt = [;°[(120) — (30 + q)]dg = 3250;
Thing du tiéu ding = [;'[(170 — q) — (120)]dq = 1250;
Téng loi ich x& hoi = Thang du san xuat + Thang du tiéu ding = 4500.
X
c) Cong thirc thang du san xudt x 13 ¢ <Gié cau (t) — Gia cung (x)) dt.
0
Trong trudng hop ndy, ta co [ [(170 — t) — (30 + x)]dt = [, (140 — t — x)dt.
2 X 2
Do do, (140t _L xt) = 140x — X,
2 0 2
Thang du san xuat t6i da 1a 3266.67 khi x= 46.67 .

3.3. Pwong cong Lorenz va chi sé Gini

Mot cau hoi dit ra trong kinh té hoc la xem xét sy cong bang trong thu nhap hogc phan phoi cua cai
trong mot quoc gia. Trong cac ly thuyet kinh te tieu chuan, qua nhicu hodc qua it von chu s¢ hitu déu cho
thay thicu co hoi va la tré ngai cho tang truong. Tuy nhién, trudc khi ¢ the giai quyet nhing thuén loi hay
kho khan ciia mue do bat binh dang, chiing ta can ¢6 kha nang dinh lugng mirc d6 cong bang hodc bat binh
dang. Phuong phap tiéu chuan la sir dung duong cong Lorenz va chi s6 Gini.

DPuodng cong Lorenz duge xac dinh bai mot ham L(x) voi 0£ x£ 1, do luong ty 1€ ciia mét thir gi do
dwoc nam giir boi X ty 1¢ dudi ciing cia dén s6. Do d6, néu L(0.2)= 0.1, d6i véi ham Lorenz vé thu nhap
& mot qubc gia, thi 20% phan dan s6 ¢ dudi cing kiém duoc 10% thu nhap & qudc gia d6. Vi theo dinh
nghia thong thuong, mot ngudi khong thé ¢ thu nhap 4m nén ham Lorenz khong am va tang dan. Vi ham
Lorenz dugc tinh tir dudi 1én nén ta cling c6 L(X)£ X véi moi X.

Chung ta c6 thé thuc,hief;n thém mot vai quan sat nira. Toan bo dan sb cé toé}n bc} thu nhap cia nguoi
dan. Mot tap hop dan so trong khong c6 thu nhap nao bang thu nhép cua dan so. Bat ky phan khic dudi
cung nao ciing sé ¢6 thu nhap khéng &m. Trong c&c cbng thac, nhirng quan sat nay lan luot tre thanh
L@)=1L(0)= 0, va L(x)* 0 voimoi X.

Néu c6 von chii s¢ hitu hoan hao thi ham Lorenz s& 1a L(x)= x. Bat ky dudng cong Lorenz nao chiing
ta tim duoc cho mot dan s thuc s& ndm dudi dudng cong nay. Chi s6 Gini (hoic hé s6 Gini) do ty 1¢ phan
tram ma duong cong Lorenz thyc nam dudi duong cong 1y tuong.

Khoang cach vén chii s6 hitu

L(z) ly tudng

L(z) do duge

Hinh 4. Buong cong Lorenz.
Vé mat tinh toan, G = M 2 f'(x — L(x))dx.
- f xdx -

Trong thuc té, con s6 nay thuong dugc nhan véi 100, cho biét ty 1¢ phan tram (tr O dén 100) thay vi
ty & (tr O dén 1) Cua dién tich dudi ham ly tudng va phia trén ham do dugc.

Bai toan 2. Chi s6 G|n| v6i cong thirc phén phol thu nhap.

buong cong Lorenz vé thu nhap cua mot qu0c gia dugc cho béi L(x) = 0.8x3 + 0.2x. Ty Ié thu nhap
ctia nira dudi dan sé 1a bao nhiéu? Tim chi s6 Gini.

Loi gidi.

Dé tim ty I¢ thu nhap cia nira dudi cing caa dan so, ching ta thay x = 0.5 vao phuong trinh cta L(X)
va duoc:

L(0.5) = (0.8)(0.5)° + (0.2)(0.5) = 0.1+ 0.1= 0.2.
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Do d6, 50% dudi cing cua dan sé chiém 20% téng thu nhap. Bé tinh chi s6 Gini, ta co:
’ ’G =2 fol(x —0.8x3 — 0.2x)dx = 2(0.4x% — 0.2x%)|} = 0.4.
Vay chi s6 Gini ¢ quoc gia gia dinh nay la 40.
4. Két luan

Chung t6i da trinh bay hai k¥ thut quan trong co thé str dung tinh tich phan cho cac ham phuec tap. Bén
canh do, mot s6 tng dung trong Kinh t€ cua tich phén da duogc dua ra qua céc bai toan ve tinh thang du tiéu
dung, thang du san xuat va tinh chi s6 Gini.
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ABSTRACT
Methods of integration and economic applications of integration

Nguyen Thi Kim Son”
Hanoi University

Our first purpose in this paper is to present two methods of calculating integration which are integration
by substitution and integration by parts. Then we present some economic applications of calculus.

Keywords: Integration by substitution; integration by parts; application of integration; integral.
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E RS&' HOI NGHI TOAN QUOC KHOA HQOC TRAI BAT
SARM SR VA TAI NGUYEN VO'I PHAT TRIEN BEN VIPNG (ERSD 2024)

NATURAL RESOURCES FOR
SUSTAINABLE DEVELOPMENT

Thuat toan phan tich thanh phan chinh va tng dung trén phan mém R

Hoang Thuy Linh"
Truong Dai hoc Giao théng vdn tdi

TOM TAT

Phwong phép phén tich thanh phan chinh (tén Tiéng Anh: Principal Component Analysis, viét tit 1a PCA)
tir 1au da 1a mot trong nhirng cdng cu phd bién nhét trong viéc phan tich dir ligu thong ké, nhét 1a khi cac
nha théng ké phai d6i mat vai cac bo dit lidu cé sé chiéu I6n. Phuong phap PCA gilp giam sé chiéu cua bo
dir liéu ma khong lam mat di nhitng thdng tin can thiét cho viéc xay dung mé hinh va dua ra két luan. Pay
1a phuong phép dwoc st dung rong réi trong nhiéu linh vuc nghién ciru nhu khoa hoc may tinh, kinh té,
sinh ho4,... Trong bai b4o nay, tac gia dwa ra co so ly thuyét va mot ung dung vo cling quan trong cua
phuong phap PCA 1a phan tich dir liéu. Song hanh ciing PCA, nhiéu phan mém dwoc phat trién dé thuc
hién phuong phap nay trong viéc tién xir ly dir liéu va phan tich dir liéu. Trong d6, phan mém R 1a mot phan
mém d& sir dung, c6 tinh (g dung cao va rat than thién voi nguoi ding. Bai viét dudi day trinh bay vé noi
dung ctia phuwong phéap phan tich thanh phan chinh PCA va sir dung ngon ngit R dé hd tro lap trinh.

Tir khéa: Xu ly dir liéu; Phan tich thanh phan chinh; PCA; Tién xu ly dit liéu.

1. D3t van dé

Ngay nay, dir li¢u dang tré thanh trung tam cua thé gidi hién dai, khong chi 1a théng tin ma con 1a nguon
luc quan trong thay doi ca nganh cong nghiép va xa hoi. Tuy nhién, véi mot lwong dir liéu khong 16 hién
tai thi da phan céc bo dir liéu déu chwa thuc sy hoan thién va can nhiéu budc tién xir 1y ciing nhu sau dé
ngudi 1am khoa hoc can rat ra duoc céc két luan va y nghia ciia bo dir lidu do.

Phuong phap phan tich thanh phan chinh (PCA) dugc xem 1a mot ky thuat phan tich di liéu da chiéu lau
doi va duogc biét @én nhiéu nhét. Phuong phap nay duoc gisi thiéu 1an diu boi Karl Pearson nam 1901 va
dugc phat trién boi Hotelling vao nam 1933 (Jolliffe, 2002). Giéng nhu cac phuwong phap da bién khac,
PCA khong dugc sir dung rong réi cho dén khi may tinh ra doi, nhung hién nay né da c6 mét trong hau hét
moi goi théng ké. Y tuong chinh cia phuong phap PCA 1a giam s6 chiéu cua bo dir liéu trong d6 c6 mot s6
lwong 16n cac bién c6 mbi quan hé v6i nhau, ma van giit lai dwoc nhiéu thdng tin nhit c6 thé trong bo dit
liéu. PCA duoc nhic dén mot cach ngin gon boi Fisher va MacKenzie, day 1a phuong phap pht hop hon
S0 Véi viéc phén tich phuong sai cho mé hinh hoa dit liéu phan hdi (Fisher and MacKenzie, 1923).

Ké tir do, tién ich cua PCA da dugc kham pha lai trong nhiéu linh vuc khoa hoc da dang, dan dén vo sé
thuat ngir khac dugc ra doi. Phuong phap PCA hién tai dugc goi bang nhiéu tén khac nhau. Ngoai nhiing
diéu da duoc dé cap bén trén, phuong phap phén tich suy bién (SVD) ciing ¢ mbi quan hé chat ch& véi
PCA, duoc sir dung trong giai tich s6 (Gdub, VanLoan, 1983; Mandel, 1982) va khai trién Karhunen-Loéve
(Karhunen, 1947; Loéve, 1948) trong ky thuat dién. Ngoai ra, phwong phap PCA con c6 rat nhiéu ing dung.
Vecto riéng va vecto dac trung thuong dwoc sir dung trong khoa hoc vat ly. Trong ky thuat phan tich hinh
anh, thuat ngir phép bién ddi Hotelling thuong dugc sir dung cho phép chiéu thanh phan chinh. Ngoai ra,
phan tich thu tir A mot bién thé kép dic biét cia PCA duogce wa chudng & cac nuée néi tiéng Phap va Canada
cling nhu trong mét s6 linh vuc khoa hoc.

2.Co'sély thuyét va phwong phap nghién ciru
2.1. Tien xar ly dir ligu

Dix ligu nhiéu chiéu duoc biéu dién dudi dang mot ma tran gom n hang va p cot, trong dé n 1a s6 quan
trac (observations) va p 1a so bién (variables) khao sat, dugc biéu dién qua ma tran dir liéu nhu sau:

*Tac gia lién h¢
Email: linhht@utc.edu.vn
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_ | *21  X22 X2p X3
anp - : (1)
Xn1 Xnz v Xnp xy’l
Trong do: x; = (xin Xz = Xip),i=1n.

Tuc 13, mdi véc-to hang x; biéu din quan tric thu i trong khdng gian p-chiéu.

Déi véi mot ma tran dix liéu X xp» ta thuong quan tam toi cac dai lugng sau:

e VVéc-to trung binh (mean vecto);

e Ma tran hiép phuong sai (covariance matrix);

e Ma tran hé sé tuong quan (correlation matrix).

Tién xu ly dir liéu (data pre-processing) 1a mot budc quan trong dé lam sach di ligu, bién doi dir liéu vé
dang pht hgp cho buéc phan tich, xir ly hinh thire. C6 nhidu ky thuat tién x Iy dit lisu khac nhau tuy thugc
vao tinh chit cua bo dir liéu, phuong phap phén tich,... Mot sé ky thuat tién xir Iy thuong ding bao gom:

o Xt ly dit ligu khuyét thiéu;

 Ma hoa cac bién nhom;

e Chuan hod di liéu: co gidn va quy tam dit liéu;

e Phat hién va xir ly cac gia tri ngoai lai.

2.2. Phwong phdp phan tich thanh phan chinh

Phuong phap phén tich thanh phan chinh (Principal Component Analysis — PCA) 1a phuong phap dugc
dung dé giam sb Chleu cua mot bo dir liéu ma trong d6 c6 mot s6 lugng lon cac bién co6 tuong quan vai
nhau, trong khi van giir dwoc lwong thdng tin nhidu nhat c6 thé cua bo dit liéu géc.

Viéc giam sé chiéu duogc thuc hién boi viéc bién ddi tap hop céc bién gdc sang mot tap hop cac bién
méi, goi 14 cac “thanh phan chinh”. Cac thanh phdn méi nay khong trong quan véi nhau va c6 thi ty sao
cho mét vai thanh phan dau tién giir lai duoc nhidu nhat théng tin cé thé cua bo dir liéu.

C6 hai cach tiép can phuong phap PCA:

e Tiép can theo hinh hec: ta thuc hién phép xoay dé chuyén vé mot hé truc toa d6 mai cé kha nang biéu
dién dir liéu tét hon, cho phép kham pha dugc nhirng lién két tiém an trong bo dir liéu cii ma ta khong thé
thay rd trén hé truc toa do cii. Cac truc toa d6 mai phai duoc dam bao Ia luén truc giao d6i mot véi nhau.

No6i cach khéc, cac thanh phan chinh s& biéu dién mot hé truc toa do méi thu duoc bang cach xoay céc
truc gdc téi mot tap hop céc truc méi:

- Thanh phan chinh thir nhit c6 huéng ma mé ta duoc 16n nhat sy bién thién caa dir lidu;

- Thanh phan chinh tht hai c6 huéng ma md ta duoc 16n nhét sy bién thién cua dir lidu va truc giao véi
thanh phan chinh thir nhat;

- Cir tiép tuc nhu vay cho dén khi thanh phan chinh cubi cing c6 huéng ma mé ta duoc it nhét sy bién
thién cua dir liéu va truc giao vai tat ca cac thanh phan chinh khac.

* Tiép cin theo dai s6: c4c thanh phan chinh 1a c4c to hop tuyén tinh cta p bién géc X;, ..., X,, sao cho:

- Thanh phan chinh thi nhit c6 phuong sai 16n nhit c6 thé;

- Thanh phan chinh thir hai ¢6 phurong sai 16n nhét c6 thé va truc giao voi thanh phan chinh tha nhét; ...

Phén dudi ddy cua bai bao s& trinh bay phan tich thanh phan chinh miu (Sample PCA) theo hwéng tiép
can dai so.

2.2.1. Phan tich thanh phan chinh mdu (Sample PCA)

Ta xét bo dir liéu gdm n quan sét (véc to) doc 13p x4, X5, ..., x,, dugc chon tir mot quan thé p-chiéu, quan
thé nay c6 véc to trung binh (population mean) g va matran hlep phuong sai (population covariance matrix)
I= Cov(x;). Gid sir b dit lieu dugc chon ¢6 véc to trung binh mau (sample mean) X, = n™* ¥, x; va
ma tran hiép phuong sai mau (sample covariance matrix) S, Voi:

= (- DI, - B (x — DT 0

Dé hinh dung don gian, ta xét duy nhit mot véc to ngau nhién x’ = (x1, x5, ... xp) (ta tam bo qua chi s6
i, chll y phan biét voi cac quan sat). Y tuong ciia phuong phap PCA 1a mé ta sy bién thién cua dit ligu trong
mot tap hop cac bién c6 twong quan véi nhau x4, x5, .. , X, b6 mot tap hop cac bién méi khong trong quan
véi nhau yy, v, ..., . M3i bién vy, y,, ..., y, 1a mot té hop tuyén tinh cua cac bién xy, x,, ..., x,, tac 1a:

Vi = AuiXg + AgpXp + o+ AgpXpy = @,
V2 = Ap1X1 + AppXp + 0+ AgpXpy = AGX,

1599



Vp = Gp1X1 + AppXp + -+ AppXp = ApX.
Dang ma tran:
Y = ApxpX 3
Vi S la ma tran higp phuong sai, tir to hop tuyén tinh y = Ax trén, ta ¢ két qua (Richard, Wichern,
2007):
Cov(y) = Cov(Ax) = ASA’ 4)
Tap hop cac bién méi yy, y,, .., Yp dugc xay dung sao cho:
- y; €6 thé md ta dugc nhiéu nhat c6 thé sy bién thién (phuong sai) ciia dir liéu goc trong sb tat ca cac to
hop tuyén tinh tao tir xy, x,, .., x,.
- Tiép theo, y, duoc chon sao cho c6 thé md ta duoc nhidu nhat c6 thé sy bién thién cua dir liéu con lai
va khong tuong quan véi y;.
Céc bién yy,y,, ..., ¥, duoc Xay dung nhu trén goi la cac thanh phan chinh. Cac thanh phan chinh nay
tao thanh mot hé toa do truc giao mai.
Vi cach xay dung nhu trén, ta chi can sir dung vy, y,, ..., ¥4, V&i g << p, 1a ¢ thé md ta duoc hau hét
su bién thién cua bo dit liéu tir cac bién gbc xy, x5, .. xp, tir d6 dan toi myc tiéu glam sb chiéu cua bo dix

ligu. Xéty; = aj;1x; + ajpx; + -+ + ajpx, = ajx,j = 1,..,p. Sir dung két qua cua té hop tuyén tinh bén
trén ta co:

Cov(yj,yi) = Var(yj) = a;Sa; (5)

va Cov(yj,yk) = ajSa,, Vk # j (6)

Do d6, dé xay dung céc thanh phan chinh y;, v,, .. ., Yp» ta di tim céc véc-to h¢ séay,a,, .., a,, sao cho:
- Thanh phan chinh tha 1 12 t6 hop tuyén tinh a}x ma lam cuyc dai:
Var(yl) = a15a1 véi rang budc ala1 =1
Mot luu y & day vé Iy do xuét hién cua rang budc a1a1 = 1 la do ta mong mudn Var(yl) = a15a1 dat
gia tri 16n nhat, tuy nhién gia tri phuong sai nay c6 thé ting khi ta nhan y; = a’x véi mot hang s6 |c| > 1,
khién phép tinh tr& thanh: Var(cy,) = Var(ca'x)=c*Var(a'x ). Do d6, dé ngan viéc nay xay ra, ta can
chuan hoé t6 hop véc-to: a'a = 1.
Tuong tu:
-Thanh phan chinh thi hai Ia t6 hop tuyén tinh a,x ma lam cuc dai:
Var(y,) = a,Sa, véirang buoc a,a, = 1
va Cov(y,,y,) = Cov(aix,a,x) = a;Sa, =0

-Thanh phan chinh th j 1a t hop tuyén tinh ajx ma lam cuc dai:
Var(y;) = ajSa; véi rang buoc aja; = 1
va Cov(y],yk) = Cov(a x,a;x) = ajSa;, = 0,Vk <.
Nhu vay, tiéu chuan cuc dai hoa ta can xét 1a: max(a’ Sa) Ta can tim a, sao cho:
m;lei =Var(y,) )
Gia str ma tran hiép phuong sai S c6 cac gia tri riéng la A; = 1, = --- = 4, = 0 va tuong ung Véi cac
Véc-to riéng da chuén hod ey, e,, .. . ep.
Khi d6, ta c6 thé chi ra dugc rang (Rlchard and Wichern, 2007):
=1 (8)

Gia tri nay dat duoc khi a = e;.
2.2.2. Phiong sai mau toan phan

Xéty, = ejx, Y2 = e3X, ..., Yp = epx, taco:

Phuong sai mau toan phan cuaditlieugdc 1a: X7 sy = Ay + A, + -+ Ap VOIAy 24, =+ 24, 20
la cac gia tri riéng cua ma tran hiép phuong sai mau S. Khi do:

e Ty I¢ phuong sai mau toan phan dugc giai thich bai thanh phan chinh thi k 1a:

Ak Ak
= k=1,..,p. 9
MHdp+tly TP 4 reP ©

e Dong gop cua bién x,, vao thanh phan chinh i
eik |
_ oy j k=12, ..,p. (10)

T'yj'xk - Sk )
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Néu cac thanh phan chinh dugc xay dung tir ma tran hé s tuong quan R (tic 12 s, = 1) ta co:
Ty = ejir/4;- (11)
2.2.3. Ma trdn cac hé so tdai va ma tran chira cdc diém thanh phan

Ta xét ma tran dix liéu:

X11 Xz v X xq
[ x21 xz2 o Xop | _ [ x
Xnxp = | : DU N
Xp1 Xp1 v Kmp x1’1
DitP=(e; e, ™ ©p)voief = (v " €p),j=1,..,p lacac vec-to ricng ciia ma tran hi¢p

phuong sai S. V6ii = 1,...,n,,j = 1,...,p thi y;; (1a hinh chiéu cua quan tric thér i trén thanh phan chinh
thir j) xéc dinh béi:
yij = ejlxil + ejzxiz + -+ ejpxip.

Taco:
Yii Y1z v Y Y1
s yz !
Yosp = }’?1 y?z :P _ }’2 = Xy P
. Yni Yn1 Ynp }/1’1
Va: Xosp = Yoxp P (12)

Khi d6, P duoc goi 1a ma tran cac hé s tai (loadings matrix) va Y 1a ma tran chira cac diém thanh phan
(scores matrix). Cu thé,

e Ma tran cac diém thanh phan (Scores): tng véi méi quan trac (x;;), ta c6 mot diém thanh phan (score)
(y”) Cot dau tién ciia ma tran cac diém thanh phan Y (twong tmg véi thanh phan chinh tha nhat) mé ta
nhiéu nhét sy bién thién cua dir liéu, tiép theo dén cot tha hai, .... D6 thi cac diém thanh phan cho phép ta
xé4c dinh dugc cac quan tric twong ty nhau, cum (clusters), cac dlem ngoai bién (outliers) hay cac gia tri
cuc bién (extreme values).

e Ma tran céc hé s6 tai (Loadings): md ta trong sé/su quan trong cia mdi bién trong dit liéu goc. Tir cac
hé sé tai ta c6 thé: xac dinh bién nao ¢ ¥ nghia 16n nhat dbi véi mdi thanh phan chinh, sy trong quan giira
c4c bién, xac dinh cac bién nao tao nén su hinh thanh cum caa céac diém thanh phan.

2.2.4. Xdc dinh sé thanh phan chinh can giiz lai bang biéu do Scree-plot

C6 rat nhiéu tiéu chuan dé xac dinh sb thanh phan chinh can gii lai. Bai béo nay trinh bay vé mét trong
céc phuong phap phd bién nhat dé xac dinh sb thanh phan chinh dugc giir lai, biéu dd scree-plot (Hinh 1).
Biéu d scree-plot 1a mot biéu dd phan doan don gian, né cho biét cac gia tri riéng dbi véi ting thanh phan
chinh riéng 1¢. Biéu d6 hién thi céc gié tri riéng trén truc y va sd lugng céc thanh phan chinh trén truc x.
Hinh anh cua biéu do ludn 1a mot duong cong di xudng. Hau hét cac biéu dd nay déu c6 hinh dang tuong
tu nhau, bat dau & vi tri cao & bén trai, roi xudng kha nhanh va sau d6 bt dau trai phang ra & mot diém nao
d? _Dl‘?u nay‘do thanh phgn ch_anh dau t"’?n tl\lumlg 43 inh 1, vi du minh hog phan “khuyu tay” trong PCA.
giai thich phan 16n d6 bién thién, maot s6 thanh phan _
chinh tiép theo giai thich mot lwong vira phai va cac
thanh phan chinh sau cung chi giai thich mot phan
nho trong tong thé do bién thién. Ta tim kiém “khuyu
tay” trong dudng cong va chon tat ca cac thanh phan
ngay trude khi duong thang bat dau. Nhu trong hinh
1 gom 6 thanh phan chinh, ta thdy phan “khuyu tay”
roi vao Comp.4 tirc |4 thanh phan chinh thi 4, vi vay
ta c6 thé giam s6 chiéu cua bo dir ligu xudng con 4
thanh phan chinh.

3. Ung dung phwong phap phan tich thanh phan chinh bing phin mém R
3.1. M6 td diF ligu

- Nguén dir ligu: Bo dir liéu vé ruou (wines dataset), R. Wehrens. Chemometrics with R: Multivariate
Data Analysis in the Natural Science and Life Sciences. Heidelberg, Germany: Springer, 2011.

- B6 di liéu md ta vé 3 loai rwou (Barbera, Barolo va Grignolino) & viing Piedmont nuéc Y. Trong do,

ruou Barolo dugc Iam tr nho Nebbiolo, hai loai ruou con lai dwoc lam tir loai nho ¢6 cung tén véi chdng.
B6 dir liéu gom 14 bién (variables) va 177 quan trac (observations).
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setwd("/Users/hoanglinh/Downloads/3. GTVT/6. NCKH/ERSD2024")

wines <- read.csv("wines.csv", header = T, sep = ";")
colnames(wines) #cho biét tén cdc bién

## [1] "alcohol" "malic.acid" "ash"

## [4] "ash.alkalinity" "magnesium" "tot..phenols"
## [7] "flavonoids" "non.flav..phenols" "proanth"

## [10] "col..int." "col..hue" "0OD.ratio"

## [13] "proline" "vintages"

Trong 14 bién, bién thir 14 12 vintages la bién nhan cho biét tén loai ruou cia timg quan tric twong tng.
Ta c6 col..int = color intensity, col..hue = color hue va OD.ration = ty sb giita sy hap thu (absorbance)
tai cac budc s6ng 280 va 315 nm. Ngoai trir cac bién col..int, col..hue, OD.ratio, cic bién con lai déu la
céc bién md ta nong do (concentration).

Trudc tién, ta tao mot data.frame mai gom 13 cot dau tién tir bo dir liéu ban dau wines (gom cac bién
dinh luong) dé thuc hién thong ké mé ta (bién thir 14 1a vintages Ia bién dinh tinh).

dat_wines <- wines[ , 1:13] # chi gi lgi 13 bién dinh Lugng
head(dat_wines)

“ alcohol malic.acid ash ash.alkalinity magnesium tot.phenols flavonoids non.flav..phenols proanth col..int. col..hue OD.ratio proline

1 13.20 1.78 2.14 11.2 100 2.65 2.76 0.26 1.28 4.38 1.050 3.40 1050
2 13.16 2.36 2.67 18.6 101 2.80 3.24 0.30 2.81 5.68 1.030 3.17 1185
3 14.37 1.95 2.50 16.8 113 3.85 3.49 0.24 2.18 7.80 0.860 3.45 1480
4 13.24 2.59 2.87 21.0 118 2.80 2.69 0.39 1.82 4.32 1.040 2.93 735
5 14.20 1.76 2.45 15.2 112 3.27 3.39 0.34 1.97 6.75 1.050 2.85 1450
6 14.39 1.87 2.45 14.6 96 2.50 2.52 0.30 1.98 5.25 1.020 3.58 1290

Hinh 2. 6 quan trdc dau cua bé di lidu dat_wines.
3.2. Thong ké md td

# Tinh pham vi bién thién cua dir Liéu (range)
apply(dat_wines, 2, range)

#H# alcohol malic.acid ash ash.alkalinity magnesium tot..phenols flavonoids
## [1,] 11.03 0.74 1.36 10.6 70 0.98 0.34
## [2,] 14.83 5.80 3.23 30.0 162 3.88 5.08
#H# non.flav..phenols proanth col..int. col..hue OD.ratio proline
##[1,] 0.13 0.41 1.28 0.48 1.27 278
## [2,] 0.66 3.58 13.00 1.71 4.00 1680

# D6 thi boxplot biéu dién bé dir Liéu ban dau
boxplot(dat_wines)

Nhdn xét: tir d6 thi boxplot (Hinh 3) va két qua tinh pham vi bién thién cua di ligu, ta thiy ring don v
va phuong sai cua cac bien rat khac biét. Do do, ta can thuc hién chuan hoéa di li¢u (standardizing data)
trudc khi xur ly. Ta c6 thé thuc hién quy tdm (mean-centering) hoac/va co gian (scaling) di liéu.

# Quy tam va co dan di Liéu (chudn hod dir Liéu)
sc_wines <- as.data.frame(scale(dat_wines))
boxplot(sc_wines)

3.3. Phan tich thanh phan chinh

Ta thuc hién PCA tir bo dit liéu da duoc chuan héa sc_wines.

pca_wines <- princomp(sc_wines)

summary (pca_wines)

z# Importance of components:

H## Comp.1 Comp.2 Comp.3 Comp.4 Comp.5

## Standard deviation 1567037 1.5770968 1.2021310 0.95876028 0.92567174

## Proportion of Variance ©.3598307 0.1924128 0.1117946 0.07111109 0.06628744

## Cumulative Proportion ©.3598307 0.5522435 0.6640381 ©0.73514919 0.80143663
H## Comp.6 Comp.7 Comp.8 Comp.9 Comp.10
## Standard deviation 0.80075246 0.74085307 0.59055673 0.53623338 0.49539305
## Proportion of Variance 0.04960367 ©.04246014 0.02697991 0.02224462 0.01898528
## Cumulative Proportion ©.85104030 0.89350044 0.92048035 0.94272497 0.96171025
## Comp.11 Comp.12 Comp.13

## Standard deviation 0.47346227 0.40917666 0.321500291

## Proportion of Variance ©.01734155 ©.01295206 0.007996133

## Cumulative Proportion ©.97905180 0.99200387 1.000000000

Xac dinh s6 thanh phan chinh bang d6 thi scree-plot.

screeplot(pca_wines, type = "li‘nes", mair1 = "Scree plot") . .

Nhén xét: tur Hinh 4, ta thay rang c6 thé giit lai 4 thanh phan chinh dau (giai thich dugc 73.51 phuong
sai toan phan) hoac 5 thanh phan chinh dau (giai thich dugc 80.14 phuong sai toan phan).

N

. = Scree plot
] N © o
® 8°8g 7 °2° 7
8 LT R EEREE 7\
: |- | BeesEEAaeamE R
3 o DF LI LI N
o —_‘-.-4-_——‘-b.ﬁ— o) - \G- [
alcohol ‘magneswum proanth  OD.sato amnm‘ .vr|;g?Ls||Jr|v ‘~pm;‘mlh on‘rzunl L ‘7777.,‘? —9—0
Hinh 3. So sanh do thj boxplot biéu dien bg dir liéu ban R 4 Compl Comp3 CompS Compd Gompd
ddu (trai) va bg di liéu sau khi chudn hoa (phdi). Hinh 4. Do thi scree-plot biéu dien cdc thanh

phan chinh va phwong sai twong img.

3.3. Ap dung cdc thanh phan chinh dé phin cum va tim cdc diém ngoqi lai
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bé xac dinh chum (clusters) d¢ phan loai cac loai ruqu, ta v€ cac scores twong trng vadi hai thanh phan
chinh dau tién.
autoplot(pca_wines, loadings = TRUE, loadings.colour = 'blue', loadings.label = TRUE, loadings.label.size = 3,
colour = "vintages", data = wines)

Sau khi lam PCA, khi v& d6 thi ta thay c¢6 3 cum mau do, xanh 1a va xanh duong lan luot tuong Gmg voi
3 loai rwou Barbera, Barolo va Grignolino. Pong thoi, ta ciing ¢6 thé thay nhiing chit nao dic trung cho
ting loai rugu (Hinh 5).

Ngoai ra, dé xac dinh cac diém ngoai lai (outliers), ta v& cac scores tuong (mg vdi cac thanh phan chinh
cudi (Hinh 6).

plot(wines_scores[,12:13], x1lab = "PC 12", ylab = "PC 13", main = "Scores plot™)

abline(h = 0, \Y = 0, col = "gray")

text(wines_scores[, 12] + 0.07, wines_scores[, 13], label = rownames(sc_wines), col=" blue , cex = 0.6)
Scores plot

PC 13

3
@
]
@
00 05 10 15

Comp.2 (19.24%)

-1.0

-1.0 0.5 0.0 05 1.0

Comp.1(35.08%) . PC 12
Hinh 6. Phdn cum dir liéu bang PCA. Hinh 7. Xdc dinh diém ngogi lai bang PCA.

4. Két luan

Bai viét buoc dau tim hiéu chung vé thuat todn phan tich thanh phan chinh PCA va (ing dung cia né
trong viéc tién xu ly di liéu va phan tich mot bo dix liéu cho trudc. Phuong phap phan tich thanh phan chinh
sir dung phép bién doi tryc giao bién d6i mot bo dir liéu tir mot khdng gian nhiéu chiéu ~sang mot khong
gian mai it chiéu hon nham t6i wu hoa viéc thé hién sy bién thién cua dir liéu. Mot diém thuan loi cua
phuong phap nay la cac code lap trinh déu duoc khai thac va thuc hién trén nhidu ngobn ngit nhu R,
Python, ..., d6 1a cac ngdn ngit 1ap trinh mg, dwoc phat trién gan day khi ma xu huéng ky thuat sé, cong
nghé 4.0 ngay cang phét trién. Pay 1a mot huong nghién ciu tha vi cho tac gia ciing nhu cho sinh vién
nganh Toan va Cong nghé théng tin trong thoi gian téi.
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ABSTRACT

Principal Component Analysis and application in R
Hoang Thuy Linh
University of Transport and Communications

Principal Component Analysis (PCA) is one of the most popular tools in data analysis. The PCA method
helps reduce the dimensionality of a dataset without losing essential information. It is widely used in many
research fields. In this paper, the author presents the theoretical basis of PCA and an important application
of the method: data analysis. The paper also uses the R programming language to demonstrate how to
support this process. This program shows the number of principal components that need to be retained, as
well as other important information from the given dataset.

Keywords: Data processing; Principal component analysis; PCA; Data pre-processing.
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E RSE’ HOI NGHI TOAN QUOC KHOA HQOC TRAI BAT
L VA TAI NGUYEN VO'I PHAT TRIEN BEN VIPNG (ERSD 2024)

NATURAL RESOURCES FOR
SUSTAINABLE DEVELOPMENT

Bai toan van tai va irng dung trong Python

Nguyén Ha Trang”
Truong Dai hoc Giao thdng vdn tdi

TOM TAT

Ly thuyét toi wu hoa 1a mot trong nhitng ngi dung quan trong ciia Toén hoc, gan lién véi cac nhanh hién dai
cua ly thuyét Toan hoc. Bic biét trong xa hoi hién nay, xu huéng g dung cua cac vén dé nghién ctu, tinh
t6i wu cua cac giai phap dang duoc dé cao, ly thuyét téi wu hoa dang rat dugc quan tam. Mot trong nhing
noi dung cua lién quan dénly thuyet t61 wu hoa 1a bai toan van tai. Véan dé can giai quyét trong bai toan nay
1a xdc dinh mot ké hoach van chuyen tbi wu gitra cac kho va cac cira hang, tly thugc vao cac ngudn cung
cip va nhu cau xéc dinh. Bai viét nay s& trinh bay mé hinh toan hoc cua bai van chuyén. Bén canh do, bai
viét trinh bay tng dung va thu vién hd tro tinh toan nghiém cua bai toan trén ngdn ngix lap trinh Python.

Tir khéa: Bai toan van tai; Toi uu héa; Python; OR-Tools.

1. Pit van dé

Bai toan van tai la mot trong nhiing bai toan co ban, gin vai thyc té, dong vai tro quan trong trong
logistics va chu0| cung tng, cua ly thuyét t01 uu hoa, dic biét 1a bai todn quy hoach tuyén tinh. N6 gidp
giai quyet c4c Van d& van chuyen tir noi xuét phat dén noi dén phi hop. Muc tiéu co ban cta bai toan la
giam thiéu chi phi van chuyén tir diém di dén diém dén. Chang ta c6 bai toan quy hoach tuyén tinh trong
truong hop mo hinh hé tuyén tinh va ham muc tiéu déu 1a phwong trinh tuyén tinh. Vi van tai 1a yéu t6 then
chét rat quan trong nén rat nhidu nha khoa hoc trong va ngoai nudc da tham gia nghién cttu va mé rong bai
toan. Nhiéu nha khoa hoc nhu : Ahmed va cong sy nam 2017, Abdul va cong s nam 2012, Nigus va Tripti
nam 2013 (V. Prifti, 2020) da dua ra nhitng phuong phép gidi khac. Bén canh d6, Toan ing dung la mot
trong nhing chu dé thu hat su hiing tha cua sinh vién, rat nhiéu nganh hoc (logistics, cung wng, van tai,
kinh té,...) & Viét Nam c6 cac hoc phan lién quan dén ti uu hoa, quy hoach tuyén tinh va bai toan van tai.
Viviy, ba1 bao nay da trinh bay bai toan van tdi cung véi nhiing kién thirc can ban nham gitp nhimng nguoi
mai tlep xtc véi Toan ung dung cé cai nhin d& hiéu ma van nim duoc kién thuc.

Thiét bi may tinh hién dai tir 1au da dwoc ap dung vao viéc tim nghiém cua bai ton van tai. Tuy nhién,
phuong phap pho bién trude gio 1a dung Excel (A.Vamsikrishna, 2021). Xu huéng hién nay, Python 1a
ngon ngir ma ngu0n mé, co cac thu vién da dang, ma lai dé cai dat va sir dung. Bén canh do, mét trong
nhiing cong cu dac lyc @é giai quyét bai toan quy hoach tuyén tinh 1a phan mém OR-Tools. Dy la mét
phan mém nguon mé nham téi wu hoa té hop, tim kiém giai phap t6t nhit cho mot van dé trong sé rat nhiéu
cac giai phéap c6 thé co. Bai viét nay tap trung nghién ctru v& mo hinh hda bai van tai va (ng dung tinh toan
trén ngdn ngtr Python vaéi goi thu vién OR-Tools.

2. Co sé ly thuyét va phwong phap nghién ciru
2.1. Bai toan quy hogch tuyen tinh nguyén
2.1.1. Bai toan quy hogch tuyén tinh

Mot bai toan quy hoach tuyén tinh 12 mot bai toan téi wu hoa. Trong dé, ta c6 mot tap hop cac bién, nhan
gi tri thuc, thoa man cac rang buoc 1a mot tap hop bat dang thirc tuyén tinh va lam mot ham tuyén tinh cho
trugc nhan gié tri 1on nhat hodc nho nhat.

Mot bai todn quy hoach tuyén tinh duoc x4c dinh duéi dang sau:

max (hodc min) f(xq, X3, ..., Xp) = C1X1 + C2Xy + =+ + CpXp 1)

Thoa mén: Ay1X1 + apxy + o+ agx, < b

Ay1X1 + Apxy + -+ aypx, < b,

: @)

Ap1Xy + QaXy + o+ QX < by
X1, X9, e, Xp =0

* Tac gia lién h¢
Email: trangnh@utc.edu.vn
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Hoic ta c6 thé biéu dién dudi dang vector va ma tran nhu sau (Krasimira va nnk, 2011):
max(hodc min) c¢”%
Théamin AZ < b, % € R.
Trong d6 A la ma tran cdp m x n, c lamatran cap 1 X n va b la ma tran cip m x 1.
Ham tuyén tinh £ ma ta muén tdi uu hoa & trén duoc goi 13 ham muc tiéu. Nghiém kha di cua bai toan
1a céc gia tri thuc thoa man céc bat dang thic.

2.1.2. Bai toan quy hogch tuyén tinh nguyén

Theo (Krasimira va nnk, 2011), mot bai toan quy hoach tuyén tinh nguyén 1a mot bai toan quy hoach
tuyén tinh ma tat ca cac bién cua bai toan 1a nguyén. Bai toan quy hoach tuyén tinh nguyén cé thé duoc
trinh bay dudi dang sau:

max(hodc min) cTX

Thoamdn AX < b, ¥ € Z".

Trong d6 A lama tran cap m X n, c lamatran cap 1 x nva b la matran cipm x 1.

Néu chi c6 mét bo phan cac bién 1a nguyén (vi du x; € Z* vi € {1,2, ..., k} © {1,2, ..., n}) thi bai toan
tré thanh bai toan quy hoach tuyén tinh hdn hop.

C6 rat nhiéu thuat toan duoc nghién ciu dé giai bai toan quy hoach tuyén tinh nguyén. Trong do, c6 2
thuat toan phd bién 1a thuat toan cat Glomory va thuat toan nhanh can (Branch and bound). Trong bai béo
nay, ta khong di vao chi tiét 2 thuat toan, doc gia co thé xem thém tai (Krasimira va nnki, 2011; Ping-Qi
PAN, 2023).

2.2. Bai toan vdn tai

Bai toan van tai 1a van dé can giai quyet trong cung ung hang héa. Ta can xac dinh mot ké hoach van
chuyén t01 uu sao cho chi phi van chuyen 1a thdp nhét giira cac kho hang va céc ctra hang, tiy thudc vao
céc ngudn cung cap va nhu Cau ctia mdi cira hang, xem thém tai (Engr. Dr. Uzorh, 2014).

Gia sir mot cong ty cung cap c6 m kho va n cira hang ban I¢, véi mét loai san pham duy nhat duoc van
chuyén tir kho dén cac cira hang. Mdi kho cé mure d6 cung céip ¢ dinh va mdi cira hang c6 mot mie do
nhu cau cho truéc. Ta ciing ndm duoc chi phi van chuyén giita mdi cap kho va cira hang, nhitng chi phi nay
duoc gia dinh 1 tuyén tinh. Cu thé, ta xét cac gia dinh nhu sau:

e Tdng ngudn cung cua cac san pham tir kho i ¢6 duoc la a;,i = 1,2, ...,m

e Tdng nhu cau cho cac san pham tai ciahang j 1a b, j = 1,2, ...,n

e Chi phi cua viéc gui mot don vi san pham tir kho i t6i cira hang j 1a cVéii=12,..,mvaj=
1,2, ...,n. Tong chi phi caa mét 16 hang la tuyén tinh trong cac sb lwong caa 16 hang.

Bang 1. S6 liéu cung—cau cia méi kho va cira hang

Cira han
Kho g
b, b,
aq C11 Cin
am Cm1 | | Cmn

Be chuyén bai toan trén vé bai toan quy hoach tuyén tinh (Engr. Dr Uzorh, 2014), ta xay dung cac bién
quyét dinh nhu sau.

Mot phuong an van chuyén 1a sé don vi san pham can phai dwoc van chuyén tir mdi kho dén timg ctra
hang. Do d6, cac bién quyét dinh la:

Xij = s6 lugng don vi hang can chuyén tir kho i dén ctra hang j

V6ii=12,..,mvaj=12,..n

D2 thy, day 1a mot tap m X n bién.

Khi d6, bai toan van tai s¢ dugc chuyén thanh bal toan quy hoach tuyén tinh nguyén nhu sau:

mmZZcuxU 3)
n
qugal,l—12 ,m 4
=1

i =1,2,. (5)
i=1

Trong do6:
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x;20,x; €L i=1m,j=1n (6)
D2 thay rang:
e Bai toan s& c¢6 nghiém néu tong sb lwong sin c6 cua kho dap wng toan bo nhu ciu:
21 a; = Yo b (7)
e Nghiém s la khong téi wu néu tai cira hang j ta chuyén dén nhiéu hon b; don vi. Vi thé, c6 thé thay
thé rang budc (3) bai rang budc:

=X =bj,j= Ln (8)
* Ngoai ra, ta c thé thém mot cira hang gia n + 1 véi chi phi van chuyen t6i do 1a 0, cira hang gia nay
dung d€ nhan nhitng san pham con du:
o bpir =Xiti1a; — Z;'l:1 b; ©)
Khi @6, bai toan cé thé viét lai nhu sau:
m n+1
mlnz Z Cijxl'j (10)
i=1 j=1
Trong do:
n+1
inj=ai,i=1,2,...,m (11)
j=1
m
inj=bjj=1,2,...,n (12)
i=1
xijZo,xijEZ+,i=1,m,j=1,n+1 (13)

Khéng mit tinh tong quét, ta co thé gia sira rang moi bai toan van chuyén cé tong cung bang tong cau.
khi d9, ta c6 bai toan can bang cung—cau sau:

m n
minZZcijxij (14)
i=1 j=1
Trong do6:
n
inj=ai,i=1,2,...,m (15)
Jj=1
m
inj=bj,j=1,2,...,n (16)
i=1
x;20,x; €Z5i=Tm,j=Tn (17)
Vi gia thiét:
m n
i=1 j=1

2.3. ['fnrg dung trong Python va vi du
2.3.1. Ung dung trong Python

Theo (Google OR-Tools, 2023), dé sir dung ngén ngir Python giai bai ton van tai trén, ta can lam theo
cac budc sau:

« Khai bao cac gia tri cung—cau cua kho va cira hang;

e Khai béo gi& van chuyén mot don vi san pham tir mdi kho dén cac cira hang;

e Dinh nghia bién quyét dinh;

e Khai bao ham muc tiéu;

* Khai bao cac diéu kién rang buoc. , 9

Dé cho don gian, dé hiéu doi véi nhitng nguoi mai tiep xdc voi Python, ta ¢6 thé si dung ma tran
(Google OR‘—TooIs, 2023) dé khai bao cac gia tri a;, by, c;; véi: A = (ai)}xm ,B = (bj)lxn C = (Ci{')mxn

Nh¢ lai rang, bai toan van tai la bai toan nghiém nguyén. Vi thé, ta can dinh nghia cac bien quyet dinh
la bien nguyén nhu sau:

X[i, j] = solver.IntVar(0, solver.infinity(), ")
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D¢ khai béo céc dieu kién rang budc (10), (11) ta duing cac Iénh tuong (ing sau:
for i in range(num_kho): #diéu kién (10)
solver.Add(solver.Sum([x[i, j] for j in range(num_ch)]) <= kho[i])
for j in range(num_ch):
solver.Add(solver.Sum([xi, j] for i in range(num_kho)]) >= ch[j])
Trong do: num_ch 1a so ctra hang
num_kho 1a s6 kho
Lénh khai bao ham muc tiéu (9) nhu sau:
objective_terms =[]
for i in range(num_kho):
for j in range(num_ch):
objective_terms.append(costs[i][j] * x[i, j1)
solver.Minimize(solver.Sum(objective_terms))

2.3.2. Vidu

Vi du 1: Xét bai toan van tai & muc 2 véi s liéu cung—cau caa mdi kho, cira hang va chi phi van chuyén
duoc cho vai Bang 2 dudi day: ) i
Bang 2. So liéu cung—cau cua cac kho va cia hang.

#diéu kién (11)

Ctra hang
Kho 25 38 25 30
30 15 10 9 12
50 13 21 14 8
38 10 11 16 12

Ta c6 code Python tuong ung nhu sau:
from ortools.linear_solver import pywraplp
def main():
costs = [ [15, 10, 9, 12],
[13, 21, 14, 8],
[10, 11, 16, 12], ]
kho = [30,50,38]
ch =[25,38,25,30]
num_kho = len(kho)
num_ch = len(ch)
solver = pywraplp.Solver.CreateSolver('SCIP') #Gidi bai todn quy hoach tuyén tinh nguyén
if not solver:
return
x={}
for i in range(num_kho):
for j in range(num_ch):
X[i, j] = solver.IntVar(0, solver.infinity(), )
for i in range(num_kho):
solver.Add(solver.Sum([x[i, j] for j in range(num_ch)]) <= kho[i])
for j in range(num_ch):
solver.Add(solver.Sum([x[i, j] for i in range(num_kho)]) >= ch[j])
objective_terms =[]
for i in range(num_kho):
for j in range(num_ch):
objective_terms.append(costs[i][j] * x[i, j1)
solver.Minimize(solver.Sum(objective_terms))
status = solver.Solve()
if status == pywraplp.Solver.OPTIMAL or status == pywraplp.Solver.FEASIBLE:
print(fTéng chi phi = {solver.Objective().Value()}\n')
for i in range(num_kho):
for j in range(num_ch):
if x[i, j].solution_value() > 0.5:
print(fVan chuyén tir kho {i} dén cira hang {j}: {x[i, j].solution_value()}')

else:
print(Khong c6 phuong an van chuyén.')
if _name__=='_main_"
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main()

Cho chay chuong trinh, ta ¢6 dwgc phuong an van chuyén ti wu nhu sau:

Tong chi phi =1188.0

Vian chuyén tir kho 0 dén cira hang 1: 5.0; dén cira hang 2: 25.0

Vian chuyén tir kho 1 dén ctra hang 0: 20.0; dén cira hang 3: 30.0

Van chuyén tir kho 2 dén cira hang 0: 5.0; dén cira hang 1: 33.0

Nhu vy v6i mirc chi phi 1a 1188 don vi, ta c6 phan phéi san pham tir cac kho dén cac cira hang nhu sau
(Bang 3):
Bdng 3. Phwong dn vdn chuyén toi wu tir mdi kho dén céc cira hang.

Cira hang Ton
Kho 1 2 3 4 cung
1 0 5 25 0 30
2 20 0 0 30 50
3 5 33 0 0 38
Tong cau 25 38 25 30

Vi du 2: Xét bai toan van tai & muc 2 véi s liéu cung—cau caa mdi kho, cira hang va chi phi van chuyén
duoc cho vai Bang 4 dudi day:

Bdng 4. S6 liéu cung—cau cua céc kho va cira hang.

Cira hang
Kho 25 38 25 30
30 15 10 9 12
50 13 21 14 8
40 10 11 16 12

Khéc voi Vi du 1: cung=céu, Vi du 2, ta xét truong hop cung>cau (120 > 118). Khi 40, van véi cau
trdc code trén (thay ddi sé liéu & vector kho = [30,50,40]), ta c6 nghiém t6i wu cia bai toan nhu sau:

Téng chi phi=1182.0

Van chuyén tir kho 0 dén ctra hang 1: 5.0; dén cira hang 2: 25.0

Van chuyén tir kho 1 dén cira hang 0: 18.0; dén ctra hang 3: 30.0

Van chuyén tir kho 2 dén ctra hang 0: 7.0; dén cira hang 1: 33.0

Tt 13, ta ¢6 phuong an van chuyén t6i vu nhu sau (Bang 5):

Bang 5. Phwong dn van chuyén toi wu tir mdi kho dén céc cira hang

Cura hang Tong
Kho 1 2 3 4 cung
1 0 5 25 0 30
2 18 0 0 30 48
3 7 33 0 0 40
Tong cau 25 38 25 30

Nhu vy, do kho thir 3 c6 s6 lugng cung (g 16n nén bang cach ting s6 hang di tir kho 3 dén cira hang
1 (do chi phi thip hon tir kho 2) ta d giam thiéu dwoc chi phi van chuyén va c6 dugc phuong an tét hon.

Vi du 3: Xét bai toan van tai & muc 2 véi sb liéu cung—cau caa mdi kho va chi phi van chuyén dugc cho
véi bang dudi day (Bang 6):

Bang 6. So liéu cung—cau cia cac kho va cira hang

Cua hang
Kho 25 40 25 30
30 15 10 9 12
50 13 21 14 8
38 10 11 16 12

Nhap code nhu da trinh bay & Vi du 1 (thay doi s6 liéu & vector ch = [25,40,25,30]), ta c6 két qua chay

chuong trinh nhu sau:

Khoéng ¢ phuong n van chuyén ti uu.

D@ thay diéu ndy xay ra do cung<cau (118 < 120)

3. Két qua va thao luan

Nhu vy, Véi cac trudng hop cung=cau, cung>cau, cung<cau, code Python trén déu cho ra nghiém tdi
uu cua bai toan. Code Python dugc trinh bay trong bai béo 1a dé 4p dung, thich hgp cho nhiing nguoi méi
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tiép xUc vai bai toan van tai va Python.

Mac di viéc khai béo dir liéu dau vao bang ma tran gitp ta d& hinh dung, d& &p dung cho nhiing ngudi
méi tiép xdc véi Python; nhung chua thich hop véi lugng dit liéu 16n, ta ¢ thé két hop thém mot sé lénh
khac nhu pd.read_excel, ... Code Python ndy méi chi giai quyét duoc bai toan co ban 13 van chuyén mot
loai hang hda, véi trudng hop can van chuyén nhiéu hon mét loai, phirc tap hon, ta can nghién ctru thém.

4. Két luan

Bai toan van tai 12 mot phan khong thé thiéu ciia quy hoach tuyén tinh, n6 d¢ong hanh ciing ching ta
trong cac hoat dong hang ngay trong cugc séng va chii yéu lién quan dén linh vuc hau can. Bai toan van tai
dugc chuyén thanh bai toan quy hoach tuyén tinh trong truong hop hé rang bugc va ham muc tiéu deu
phuong trinh tuyén tinh. Hon nita, c4c thuat toan quy hoach tuyén tinh dugc st dung dé giai quyét cac van
dé t6i wu hoa kho khén nhat. Trong bai toan van chuyen nha may san xuat dugc xac dinh va cung Cap sb
luong san pham can thiét cho mot s6 diém dén nhat dinh. Muyc tiéu cua bai toan van tai 1a dap tng day du
nhu cau vé hang hoa dén dich trong gidi han ning lyc san xuét vai chi phi thip nhat c6 thé. Bai bao da trinh
bay nhirng nghién ciru vé mo hinh bai toan van chuyén va tng dung code Python dé cho ra nghiém téi wu.
Code duoc trinh bay trong bai bao 1a don gian, dé tiép can véi nhitng nguoi méi tiép xdc véi Toan ung
dung va Python. Code Python trén da giai quyét duoc ca 3 truong hop: cung=cau, cung>Cau cung<cau.
Tuy nhién, do code dwgc trinh bay 1a don gian nén vai nhiing dir ligu phic tap hon, ta can tiép tuc nghién
ctru dé xay dung code phu hop trong nhitng nghién cau tiép theo.
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ABSTRACT
Transportation problems and applications in Python

Nguyen Ha Trang
University of Transport and Communications

Optimization theory is one of the important contents of Mathematics, associated with modern branches
of Mathematical theory. Especially in today's society, the application trend of research problems, the
optimality of solutions is being promoted, optimization theory is of great interest. One of the contents
related to optimization theory is the transportation problem. The problem to be solved is to determine an
optimal transportation plan between warehouses and stores, depending on the supply sources and the
determined demand. This report will present the mathematical model of the transportation problem. In
addition, the report presents the application and library to support the calculation of the solution of the
problem on the Python programming language.

Keywords: Transportation problem; Optimization; Python; OR-Tools.
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binh ly Cayley-Hamilton va trng dung

Du Thi Hoa Binh”
Truong Dai hoc Ha Ngi

TOM TAT

Trong bai bao nay, tac gia s& trinh bay Pinh ly Cayley-Hamilton va mét s6 tng dung. Cu thé, tac gia s&
trinh bay cach tinh ma tran md, cac ham gidi tich cua ma tran va tim 1oi giai cho h¢ phuong trinh vi phén.
Dé minh hoa, tac gia lya chon cac bai toan lién quan trong cac ky thi Olympic sinh vién Toéan toan quéc va
bai toan thuc té.

Tur khoa: Binh ly Cayley-Hamilton; Ham giai tich; Hé phuong trinh vi phan; Ma tran.

1. it van dé

Cho A 12 mot ma tran thuc vudng cip n. Pa thic dic trung cua A dugc xéac dinh:
P,(1) = det|A — AI|, I1a ma tran don vi.
Dinh ly Cayley-Hamilton khang dinh rang: Ma tran A 1a nghiém cua da thirc dac trung cuia nd, tuc Ia:
P,(A) = 0.

Pay 1a mot két qua quan trong vé sy thiét 1ap mdi quan hé giita mot ma tran va da thie dic trung cua
no.

Dinh Iy Cayley-Hamilton dwoc ¢ng dung rong réi trong nhiéu linh vic khéng chi todn hoc ma con cac
nganh khoa hoc khac. Dinh 1y dua ra mot phwong phéap tim ma trdn nghich dao don gian hon. Pinh 1y ciing
dong mot phan quan trong trong viéc giai hé phuong trinh vi phan thuan nhat (Shepley L. Ross, 2004). Bén
canh d6, Binh ly Cayley-Hamilton c6 nhiéu ing dung trong khoa hoc va ki thuat nhu hé théng diéu khién,
mach dién, hé théng c6 do tré, hé thong don, hé thdng tuyén tinh da chiéu,...( T. Kaczorek, 2005). Do do,
nghién ctru Dinh ly Cayley-Hamilton la can thiét trong chuong trinh hoc Pai hoc cho sinh vién cac nganh
khoa hoc va k¥ thuat.

Bai viét trinh bay Binh ly Cayley-Hamilton va mét s6 ing dung cua no.

2. Pinh ly Cayley-Hamilton

Gia str da cho da thic véi hé sb trong truong s6 F
h(X)=ax XK+ . +aX+a€E F[X].
Pinh nghia 1. ([2]) Ma tran vudng A€ M(n x n, F) duoc goi la mot nghiém cua h(X) néu h(4) = 0.
Pinh ly 2. (Cayley-Hamilton, [2]). Méi ma trdn vudng A déu la mét nghiém ciia da thire déc trung cia
chinh no.
. Néu A 1a ma tran vuéng cap 2:
a b
A= [C d].
Khi do6 da thure dac trung cuia ma tran A la

Py(2) = det(A - A1) = det [* ; o . b /1] = 22 — (a + d)A + (ad — bo).
Suy ra, Py(A) = A> = (a +d) - A+ det(4) -1 = 0.
. Gia str A 1a ma tran vudng cap 3:

A =10z1 Gz Qazz|.

a3y Qzz Q4z3

a1 agp alal

Khi d6 da thirc dac trung ciia ma tran A la:

a;; — 4 a2 a3
PA(A) = det(A - ).[) = det a21 a22 - A a23
asy as; azz; — 4

* Tac gia lién h¢
Email: binhdth@hanu.edu.vn
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Do dé, PA(A) = _[13 - (all + [05%) + a33)/12 + al — det(A)].
« Truong hop A la ma tran vuéng cap n. Khi d6, da thirc dac trung P, (1) cua matran A co thé viét dudi
dang:
. PA(A) = (_1)71[&1’1 + an_ll‘{n_l + an_zln_z + -+ alﬂ. + ao].
Bang quy nap ta chi ra:
Ap-1 = (1) H(ayy + Az + -+ app); ag = (1) det(A4).
3. Mgt s6 itng dung ciia Pinh ly Cayley - Hamilton
Trong phan nay, chling ta s& xem xét tng dung ciia Dinh ly Cayley-Hamilton vé tinh ma tran nghich dao
(néu ma tran kha nghich), tirp ma tran mii, ham cua mét ma tran va tim nghiém cta hé phuong trinh vi phan
tuyén tinh thuan nhat véi diéu kién ban dau. )
Cho A 1a mot ma tran vubng cap n véi cac hé so thuc (hoac phuc). Ap dung Dinh ly Cayley-Hamilton
ta co,
PA(A) = 0 (= ATI. + an_lAn_l + an_zAn_Z + -+ alA + aol == 0. (1)

3.1. Tinh ma tr@n nghich ddo

Gia sir A 12 mot ma tran c6 nghich dao. Khi do, ta c6 thé viét lai (1) nhu sau

A(A‘I‘I.—l + an_114’n_2 + -+ all) == (—1)6101. (2)
Do ay, = (—1)"det(A4), nén det(A) + 0 néu A kha nghich. Suy ra
(-
_1 —

=) A1+ g, A2 + 4 qq]).

Chung ta xem xét bai toan dudi day.
Bai toan 1. (N. H. V. Hung, 2019) Tim ma tran nghich dao ctia ma tran:

1 2 -1 -2
_[3 8 0 -4
4=12 2 -4 3
3 8 -1 -6
Loi gidi. Xét da thirc dac trung cia ma tran A:
1-2 2 -1 -2
A_a2.71-1 3 8—-1 0 —4
PA)=1A-21-1|= 5 ) 4 _3
3 8 -1 —-6—21

Suy ra:
Py(A) = 2* + A3 — 2742 — 442 + 2.
Ap dung Dinh Iy Cayley-Hamilton, ta co:
A*+ A3 —27A% —44A+21 =0 hay A(A3+ A% —27A—44]) = =2I.
Ta co:

-1 0 5 5 24 48 -24 43
o135 38 1 -14) . _[89 224 -5 -101
-9 -12 17 18 | 43 64 -77 =93
7 20 7 1 84 196 -36 -—121

Nhu vay ma tran kha nghich cua ma tran A 1a:
24 3 —4 -8
-115 -1 2 35
10 1 -2 =37
-5 0 1 1

-1
A_l =7(A3 +A2 - 27A —441) =

3.2. Luy thara bdc m ciia mgt ma trgn vudng

Trong phan nay chling ta c6 thé tinh ma tran véi s6 mii cao. Dé tinh ma tran A™ véi s6 tu nhién m bét
ky, truéc hét thyuc hién phép chia Euclide cua da thirc bi chia A™ va da thirc chia P, (1). Khi d6, c6 duy nhét
da thire thwong Q(4) va da thie du R(1) dugc xac dinh bai déng thic

A" =P,(AHQMA) + R(),

Trong d6 0 < deg(R) < deg(P,(1)). Lic d6 A™ = R(A).

Dé 13 hon cach 1am trén chlng ta xem xét bai toén sau.

Bai toan 2. (Olympic Toan Sinh Vién Toan Quéc, 2011)

Cho ba day s6 {x,}, {yn}, {z,} x4c dinh nhu sau: x, = y, = z, Va:
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Xn+1 = 4xn —Yn— 5Zn
{yn+1 = 2x, — 22z,
Zns1 = Xp — 2Zp.
Tinh x3011.
Lo giai. Pat:
Xn 4 -1 -5
X,=|m|,A=[2 o0 —2].
Zn 1 0 =2

Khi 46, X,,,; = AX,,. Bang quy nap ta chi ra rang:
X, =A"X,, n>1

Da thirc dac trung ctia ma tran A la:

P = Al —A| =23 =222 -2 +2.
Suy ra,

P,(A) =0 & A =+1hoic 1 = 2.
Xét da thirc g(1) = A2°11, Thyc hién phép chia Euclide g (1) cho P,(4) ta co,
A2011 = g(D) = P,(1).q(D) + ar? + bA +c. (%)

Theo Dinh ly Cayley-Hamilton, ta co:

P(A) =0 A3 —242—A+2[=0.
Suy ra,

A0t =q A2 + b A+c.l.

Hon nira, thay cac gid tri +1 va 2 vao phuong trinh (*) ta dugc hé phuong trinh:

22011_2
1 =a+b+c a= 3
-1 =a—-b+c e qb=1 .
22011 = 4q+2b+c 2 — 22011
C=—
3
Do do,
22011 _ o\ [4 —1 —5712 4 -1 -5 g _9p2011\[1 0 O
AZOH:(T)Z 0 -2 +(2 0 =2 +<T)O 1 0
1 0 =2 1 0 =2 0 0 1
Hay:

2
- (1 _ 22012)x0

X2011 3
Y2011 | = A2011X, = (2 —22011)x,

22011

-1

?(1 + 22011)x0
DO Vay, %3011 = = (1 — 22°12)x,,

3.3. Tinh ham cia mgt ma trgn

Gia sir ring mot ham vo huong £ (s) 1a giai tich trong mot mién cia mat phang phic. Trong mién do
£(s) c6 thé dugc biéu dién dudi dang da thuc:

£) =D es*.
k=0

Cho A la ma tran vudng cap n vai da thire dic trung P, (1) Va cac gi tri riéng A;. Khi do f(s) c6 thé
viét
fQ) =P,(DQA) + R,
trong d6 bac cia da thac R(1) khéng quan — 1. Cuthé, chos = 4;
o ) =R = XRS5 ay Af (©))
Tur cac gia tri riéng da biet 4;,i = 1,...,7n, the vao phuong trinh (3) ta c6 mot hé phuong trinh tuyén
tuyén véi cac hé sb ay, ..., a,_,. Ham ma tran f(A) duoc dinh nghia c6 cung khai trién chudi cua da thic
f(s), tac la:
) f(A)= Xi=o B A* =Pa(A)Q(A)+R(A)
Ap dung Dinh ly Cayley-Hamilton P,(A) = 0 suy ra:
f(A) = R(A) = X325 ay A"
4)
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Trong d6 cac gia tri a; duge xac dinh tur (3). )
Do vay moi ham giai tich caa mot ma tran A, ¢6 bac n, biéu dién duoc dudi dang da thirc bac khdng qué
(n-1).
Bai toan 3. (Olympic Toan Sinh Vién Toan Quéc, 2023)
V&1 moi ma tran vudng A co phén tir 1a cac so6 phire, ta dinh nghia:
2n+1 k n

A
n A _— 1 j— n___
sind = 11m E (-1 (2 D et = ,ll_)rgo (-1 e

n=0
Chomatrin 4 = [0 21].

a. Tim ma tran sin(A4) (Bai A.4., phan a).
b. Tim ma tran e (Bai B.4., phan b).
Loi gidi. Pa thirc dac trung ctia ma tran A la:
P =1A-2U=10-12-21).
Khi @9, cac gia tri riéngcaamatran Ala A, = 1val, = 2.
a. Thuc hién phép chia sin(1) cho P, (1) nhan duoc da thirc du c6 bac khéng qua 1 vi ma tran A c6 cap
2. Gia str da thuc dula R(A) = ay + a; 1. Taco,
sin(4)) = ap+ a4
{sin(/lz) = ay+al,.
Thé gia tri A, va A, vao hé trén ta nhan duoc:
ay = 2sinl —sin2
{al = sin2 —sinl.
Dua vao (4) suy ra:

sin(4) = (2sinl — sin2)I + (sin2 — sin1)A = [sml sinl = sin2 .

sin2
b. Dé tim e4, hoan toan twong ty, da thirc du cua chia da thic e? cho da thirc Py(1) 1A R(A) = B, + B1A.
Ta co:
eft= By+piA e= Bot+p o= 2e—e?
1 2 < 5
e2= " By+ Pk, e‘=Bo+2p; Bi= e‘—e.
Do do,

2
A=QRe—e))l+(e?—e)A = [8 eeze ]

3.4. H¢ phwong trinh vi phén tuyén tinh thuan nhat

Trong phuong trinh vi phan chung ta c6 bai toan:
x'®O = Ax(t), x(0) = x,. 5)

Trong d6 A 12 ma tran véi hé sb thuc. Pinh 1y duéi day khang dinh tinh duy nhat nghiém cua bai toan
trén.

binh ly 3. (Shepley L. Ross, 2004) Cho A 1a mgt ma trdn thuc vudng cap n va x(0) 1a mét vector. Khi
@6 bai todn (5) ¢6 nghiém duy nhdt x(t) = e4tx(0) véi moit € R..

Gia str {vy }r—1 14 céc véc to riéng ciia ma tran A (tng vai céc gid tririéng A, k = 1,..,n. Tac la Ay, =
AV v6imoi k = 1,..,n. Goi S 1a ma tran cia cac véc to riéng. Khi do:

eMt o .. 0
eit=g| 0 et 0 fg
0 0 .. et

Ching ta xét bai toan thuc té sau.

Bai toan 4. ((https://www.math.utah.edu/~gustafso/22503ystems—de.pdf)

D¢ diéu tri cin bénh réi loan nhip tam tht hodc nhip tim khong déu céc nha nghién ciru da diéu trj 1am
sang trén mot s6 nguoi bang cach sir dung thu00 lidocain. B¢ c6 hiéu qua, thuéc phai dwoc duy tri ¢ nong
d6 trong mau la 1.5 miligam mdi lit, nhung ndng d¢ trén 6 miligam méi lit duoc coi la gay chét nguoi &
mot sb bénh nhan. Liéu lugng thuc té phu thudc vao trong lugng co thé. Liéu tdi da danh cho nguoi I6n ddi
v6i nhip nhanh nhit dugc béo céo 1a 3 mg/kg. Thude duge cung cap & dang dung dich 0.5%, 1% va 2%,
duoc bao quan & nhiét d6 phong. Mot mo hinh phuong trinh vi phin cho dong luc hoc cuia diéu tri bang
thudc sir dung:

{x'(t) = —0.09x(t) + 0.038y(t)
y'(t) = 0.066x(t) —0.038y(t)
Trong do:
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x(t) = lugng lidocain trong mau,
{y(t) = luong lidocain trong mé co thé.
Gia sir dit kién ban dau la trong mau khong c6 thudc x(0) = 0 va liéu luong tiém y(0) = y,. Tim lugng
lidocain trong mau va trong mé co thé tai thoi diém t.
Loi giai.
Xét ma tran:

A [~009 0038
0.066 —0.038)
Pa thirc ddc trung cia ma tran A la:
4 a1 |-0.09 -2 0.038
Pa) = 14— Al| = | 0.066 —0.038 — Al
Do d6,
_ 1= —-0.1204
P =0 [,1 — —0.0076

Do da thirc dic trung c6 bac 2 nén ma tran e4¢ ¢é dang:
et = al + A
Trong d6 a va f duge xac dinh bai hé phuong trinh:
ettt =q+BA, i=12.
Thay lan lugt c&c gia tri riéng vao phuong trinh trén, ta dugc:
{e‘o'“o‘” =a + B(-0.1204)
e~00076t = o 4+ B(—0.0076)
{x(t) = —0.3367y,e 01204 4 0.3367y,e%:0076¢,
y(t) = 0.2696y,e~ 01204 4 0,7304y,e~0-0076¢,
Nhu vay tai thoi diém t, luong lidocain trong méu va trong mo co thé lan luot 1a x(t) =
—0.3367y,e 01204 4 0.3367y,e7%007%¢ va y(t) = 0.2696y,e %1204 4 0.7304y,e~00076t,

Tai ligu tham khao

T. Kaczorek, 2005. New extensions of the Cayley-Hamilton theorem with applications. In: Proceeding
of the 19th European Conference on Modelling and Simulation.
N. H. V. Hung, 2019. Pgi sé tuyén tinh. Nha xuit ban Dai hoc Quéc gia Ha Noi, trang 200-205.
Shepley L. Ross, 2004. Differential Equation. Third Edition, John Wiley & Sons, Inc., trang 264-277.
https://www.molympiad.net/2018/02/de-thi-olympic-toan-sinh-vien-toan-quoc-2011-dai-so.html
https://www.vms.org.vn/post/ky-yeu-cua-ky-thi-olympic-toan-hoc-sinh-sinh-vien-2023
https://www.math.utah.edu/~gustafso/2250systems-de.pdf.

ABSTRACT

Cayley — Hamilton theorem and its applications
Du ThiHaa Binh
Hanoi University

In this paper, | present Cayley-Hamilton Theorem and some applications. Specifically, | will show how
to calculate exponential matrices, determine analytic functions of matrices and find solutions to systems of

differential equations. For illustration, | choose related problems in the National Math Olympiad for
Students and real problems.

Keywords: Cayley-Hamilton; Analytic functions; Systems of differential equations; Matrix.
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Vai tro caa Hinh hoa - V& k§ thuat déi vai cac nganh ky thuat
trong thoi dai khoa hoc cong nghé phat trién

Lé Thi Thanh Hang"
* Truong Dai hoc Mo - Dja chat

TOM TAT

Muc dich nghién ctru: Panh gi4 vai trd ctia hinh hoa trong viéc phat trién cac ki nang va phdm chét can thiét
cho sinh vién nganh ky thuat.

Muc tiéu nghién ciru: Xac dinh mic do anh hudng ciia hinh hoa dén kha nang tu duy khong gian, kha ning
sang tao va k¥ nang giai quyét van dé cua sinh vién. D& xuat cic phuong phap giang day hinh hoa phii hop voi
dac thu ctia nganh k¥ thuat.

Noi dung nghién ciru: Téng quan vé hinh hoa - v& k¥ thudt va vai tro ciia né trong dao tao ki thuat. Thyc trang
giang day hinh hoa trong céc trudng dai hoc k¥ thuat. Dé xuat phuong phéap giang day hinh hoa v& ky thuét phi
hop.

Phuong phap nghién cau: St dung két hop phuong phap dinh luong va dinh tinh. Phuong phap dinh
luong: Thu thap dit lidu qua khéo sat, phan tich két qua hoc tap sinh vién. Phuong phép dinh tinh: Phong van
giang vién, sinh Vién, quan sat 16p hoc, phan tich tai liéu.

Céc két qua nghién ctru: Panh gia vai trd cua hinh hoa trong dao tao k¥ sur & Viét Nam. Xéc dinh cac yéu td
anh huong dén hidu qua giang day va hoc tap hinh hoa. D& xuit cai tién phuong phap giang day hinh hoa tai
cac truong dai hoc ky thuat.

Tir khoa: Hinh hoa; vé ky thuat; hinh hoc hoa hinh; d6 hoa ky thuat.

1. Pit vén dé

Ky nguyén s6 mang t6i budc tién vuot bac trong linh vuc cong nghé, dic biét 1a sy phat trién cua cac phan
mém thiét ké hd tro méy tinh (CAD). AutoCAD, Revit, SolidWorks, ... tré thanh cong cu khdng thé thiéu cua
céc nha thiét ké, gilp ho ra nhiing ban vé ky thuat chinh xac, chi tiét va nhanh chong hon bao gid hét. Tuy
nhién, sur tién loi nay ciing dét ra cau hoi vé vai trd ciia hinh hoa v& ky thuat trong thoi dai s6. Liéu man hoc
nay con gitr duoc vi thé quan trong trong dao tao k¥ su hay da la mot di san lac hau?

Trong bdi canh cong ngh¢ phat trién khong ngimg, doi hoi vé chat luong ngudn nhén lyc ki thuat ngay cang
cao. Ky su khong chi can kién thirc chuyén mén viing vang ma con phai c6 kha nang tu duy sang tao, giai
quyet vén dé linh hoat va k¥ ning giao tiép hiéu qua (Do Xuén Thao, 2015). Hinh hoa, vdi vai tro 1a mot cong
cu hd tro déc luc trong qua trinh hoc tap va lam viéc, can dugc nghién ctru mdt cach bai ban dé hiéu 1o hon vé
tac dong ctia nd dén qua trinh dao tao k¥ su.

2. Co s6 ly thuyét va phwong phap nghién ciu
2.1. Céc khéi nigm Hinh hog, vé ky thudt trong cac nganh ky thugt

Hinh hoa: La co so ly thuyét cua v& k¥ thudt, tap trung vao viéc biéu dién cac vat thé ba chiéu trén mat
phéng hai chiéu (gidy v&, man hinh may tinh). Muc tiéu 14 tao ra hinh anh truc quan, d& hiéu vé hinh dang, kich
thudc, va két cdu cua vat thé. Hinh hoa sir dung céc ki thuat nhu phdi canh, bong d6, va dudng nét dé tao ao
giac vé chidu sau va khong gian ba chiéu (Nguyén Van Hing, 2010; Tran Hong Hai, 2019).

V& ky thuét: La ngdn ngit ky thuat str dung cac quy udc, ky hiéu, tiéu chuan dé biéu dién chinh xac cac vat
thé, chi tiét may, két céu .. Muc tiéu 1a truyen dat thong tin k¥ thuat mot cach 16 rang dé phuc vu cho qua
trinh thiét ké, san xudtva ldp rap (Trdn Hong Hai, 2019). V& ky thuat st dung cac phép chiéu (song
song, vubng goc phdi canh), ti 18, kich thudc, va cac ky hiéu ky thuat dé tao ra cac ban vé chi tiét, mat
cét,...(Nguyén Vian Hung, 2010; Trin Hong Hai, 2019).

2.2. Thuc trang ding bdo dong

* Tac gia lién h¢
Email: lethithanhhang@humg.edu.vn

1615


mailto:buithithuy@humg.edu.vn

Sy xuat hién cua cac phan mém vé& nhu CAD d3 tao ra lan séng xem nhe hinh hoa trong sinh vién. Nhiéu
ban tin rang viéc thanh thao cac phan mém nay la du dap (g yéu cau cong viéc va ki ning vé& tay khdng con
can thiét. iéu nay dan dén tinh trang nhiéu sinh vién ky thuat ra truong thiéu hut kién thuc hinh hoa co
ban, gap kho khan trong viéc V&, doc hiéu, phan tich cac ban vé k§ thuat (D6 Xuan Thao, 2015).

Khong chi c6 sinh vién, mot sb truong dai hoc va mot s nganh dao tao k¥ thuat cling da giam thoi luong
giang day mén hinh hoa, tham chi bo hoan toan mén hoc ndy khoi chuong trinh dio tao. Didu nay cang lam gia
tang suw xem nhe cua sinh vién ddi véi hinh hoa V& ky thuat va tao ra mot khoang tréng 16n trong kién thirc va
k¥ ning ctia cAc Ky su twong lai. Céc thuc trang nay dén tir nguyén nhan:

(i) Su xuat hién cua cac phan mém vé nhu CAD d tao ra 1an séng xem nhe hinh hoa trong sinh vién. Nhiéu
ban tin rang viéc thanh thao cac phan mém nay la du dap tng yéu cau cong viéc va ki nang vé tay khong con
can thiét. Biéu nay dan dén tinh trang nhiéu sinh vién ky thuat ra truong thiéu hut kién thic hinh hoa co
ban, gap kho khin trong viéc V&, doc hiéu, phan tich cac ban vé ky thuat (D5 Xuan Thao, 2015).

(ii) Thay ddi trong chwong trinh dio tao: Nhiéu truong dai hoc di cat giam thoi lugng giang day mén hinh
hoa v& k¥ thuat dé danh thoi gian cho cac mén hoc khac. Pidu nay dan dén viéc sinh vién ra truong thiéu ki
ning v& k¥ thuat co ban (D6 Xuan Thao, 2015).

(iii) Thiéu nhan thtrc vé tim quan trong: Nhiéu doanh nghiép va k¥ su chua nhén thire ddy da vé tim quan
trong cua hinh hoa v& k¥ thuat trong qué trinh thiét ké va san xuét. Ho cho rang chi can sir dung phan mém
CAD la du, khong can thiét phai c6 k¥ nang vé ki thuat tot.

(iv) Tinh chét "c6 dién" va "kho hoc" (Bertoline va Wiebe, 2012): Hinh hoa v& k¥ thuat thuong duoc coi la
moén hoc "cb dién", "kho hoc". Diéu nay khién nhiéu sinh vién va ky su tré khong himg thu véi mén hoc.

Thyc trang xem nhe hinh hoa vé& ky thuat dat ra thach thirc 16n cho dao tao céc nganh ky thuat. Tuy
nhién, déy ciing 1a co hoi dé ching ta nhin nhan lai va d6i mai phuong phép giang day mén hoc nay.

Théch thirc: Sinh vién thiéu hut kién thic va k¥ ning vé tay co ban. Giang vién gip kho khan trong truyén
dat kién thirc va k¥ nang vé tay cho sinh vién. Chuong trinh dao tao chua dép img duoc nhu cau cta thi truong
lao dong.

Co hoi: Tan dung cong nghé hd tro day, hoc hinh hoa v& k¥ thuat nhu phan mém mé phong 3D, thyc té
40,... gitip sinh vién d& hinh dung khong gian va cac di trong ky thuat. Phat trién phwong phép giang day
mdi, tp trung vao thuc hanh va Gmg dung thuc té nhu cac du 4n thiét ké san pham dé sinh vién c6 co hoi ap
dung kién thirc véao thyc té.

3. Két qua nghién ciru ]
3.1. Vai tro quan treng ciia Hinh hog, vé ky thudt déi véi nganh ky thugt

Vai tro the nhét Phét trién tir duy khong gian va khd ndng hinh dung vat thé

eHiéu rd cau tric va hinh dang: Hinh hoa — v& ky thuét gitip sinh vién nam bét chinh xac hinh déang, ty 1¢,
cu trac khong gian cuia cac vat thé, tir d6 hinh dung rd rang vé san pham cubi cing.

eTruyén dat y tuong thiét ké: Théng qua cac ban v& hinh hoa - v& k§ thuat, sinh vién c6 thé dién dat y tuong
ctia minh mot céch tryc quan, d& hiéu.

ePhén tich va giai quyét van dé: Hinh hoa h trg' qua trinh phan tich, tim ra cac van dé tiém 4n trong thiét ké
va d& xuét giai phap khéic phuc (Earle, 2016).

Vai tro thiz hai: Nang cao ki ndng thiét ké va sang tqo:

oRén luyén kha nang quan sat va dién dat: Hinh hoa yéu cau su ti mi, chinh x4c trong vi€c quan sat va tai
hién lai c4c chi tiét, tir d6 nang cao kha ning dién dat bang hinh anh.

ePhit trién tur duy thim my: Viéc 1am quen véi cac nguyén tic bd cuc, mau sic, anh sang trong hinh hoa
gitip sinh vién c6 c4i nhin tham my tot hon, ap dung vao thiét ké san pham.

oKhoi nguén cam hung sang tao: Hinh hoa la mot cach dé thé hién su sang tao, thur nghi€m cac y tuong moi
va tim ra nhimg giai phap thiét ké doc do.

Vai tro thiz ba: Ho tro cac mdn hoc ky thugt khéc:

M6 hinh héa 3D: K§ nang hinh hoa 1a nén tang dé sinh vién c6 thé xay dyng cac mé hinh 3D trén may
tinh, gitip hinh dung san pham mot cach toan dién hon.

eBan v& k¥ thuat: Hinh hoa gitp sinh vién doc hidu va v& cac ban vé k¥ thudt mot cach chinh xac, dam bao
tinh kha thi ctia thiét ké.

eThuyét trinh va bdo cdo: Céc ban v& hinh hoa 13 cong cu hd tro déc luc trong viée thuyét trinh, béo cdo vé
du 4n, gitip ngudi nghe dé dang nim bat thong tin.

Vai tro thi fu: Hinh hoa vé ky thugt : Rén luyén khd nang tir duy va nhdn thiic khéng gian

Mic du cong nghé CAD va cac phan mém vé khéc mang lai nhiéu lgi ich, hinh hoa - vé& ky thuat van giir vai
trd quan trong khong thé thay thé trong nganh kg thuat. N6 khong chi don thuan 1a ky niang vé ma con la mot
qua trinh rén luyén tv duy khong gian, khda ning quan sat, phan tich va sang tao (Bertoline, G.R., &
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Wiebe, E. N., 2012).

oTu duy khong gian: Hinh hoa vé& k¥ thuat gitp sinh vién hinh dung va téi tao cac vat thé trong khéng gian
ba chiéu. Pay 1a k¥ ning quan trong dé doc hiéu ban v&, hinh dung hinh dang va ciu tric cua cac dbi tuong, tir
d6 dua ra cac quyét dinh thiét ké chinh xac va hiéu qua.

eKha ning quan sat va phan tich: V& tay doi hoi sy tap trung cao d6 va kha nang quan sat ti mi céc chi tiét
cua vat thé. Qua trinh ndy gidp sinh vién rén luyén kha nang phén tich va danh gia, tir d6 dua ra nhiing giai
phép tdi wru cho cac van dé ky thuat.

S4ng tao va linh hoat: Hinh hoa vé ky thuat khuyén khich sinh vién tu duy sang tao va tim t0i cAc giai phap
méi (Ching, F. D. K., 2015). Viéc phac thao ¥ twong bang tay gidp sinh vién nhanh chéng thé hién va thir
nghiém cac y twong khac nhau, tir d6 tim ra giai phap t6i uu nhat.

oKha nang giao tlep Ban vé ky thuat 1a ngdn ngir chung cua cac ky su. Viéc nam viing hinh hoa vé ky thuat
gilip sinh vién giao tiép hiéu qua vai dong nghiép, khach hang,... thong qua cac ban vé k¥ thuat rd rang, dé
hiéu (Ching, 2015).

3.2. Cac gidgi phéap khdc phuc
3.2.1. Cdi cach gido duc

Tang cuong thoi luong giang day hinh hoa v& ky thuét trong chuong trinh dao tao ¢ bac dai hoc. Dleu nay
bao gdm viée bd sung cac tiét hoc 1y thuyét va thyuc hanh, gitip sinh vién ndm vimg cac nguyén tic, quy tic va
k¥ thuat vé k¥ thuat co ban.

Cai tién phuong phép giang day: DPé mén hinh hoa vé ky thuat khong con la ndi &m anh cia sinh vién, can
su Chuyen d6i manh mé phuong phép giang day, tap trung vao cac yeu t6 nhur tich hop phuong phép giang day
truyén thong vai cac cong cu va phan mém hién dai nhu CAD, gitp sinh vién lam quen véi ca hai phuong
phép va tan dung uu diém cua timg phuong phap. Ap dung cac phuong phap hoc tép tich cuc nhu hoc tap dua
trén cac do an, video th('mg dan, bai giang tuong t4c,... tao mdi truong hoc tp coi md va khuyén khich sy
tuong tac gilra giang vién va sinh vién.

Doi méi phuong phép giang day theo huéng tang cuong tinh thuc tién, “img dung cong nghg, tich cuc chi
trong phét trién ky nang mém, gitp smh vién yeu thich mdn hoc va phat trién cac ky ning can thiét. Thoai mai
dat cau hoi, bay o ¥ kién gitip ho nim duoc kién thire, khuyén khich su sang tao va tur duy phan bién. Thay vi
tap trung vao 1y thuyét, hdy giao cac dd an vé& ky thuat, cac san phim, cong trinh thyc té, sinh vién s& hiéu &
hon img dung cua mon hoc, thém dong luc hoc tap.

Ung dung cong nghé thuc & a0 (VR) va thyc té ting cuong (AR) dé tao ra cac méi truong hoc tap tuong
tac, cho phép ngudi hoc trai nghiém cac ban vé ki thuat mot cach chan thyc nhat (Earle, 2016).

3.2.2. Khuyén khich tinh chi dong hoc tdp va rén luyén cua sinh vién

Pé sinh vién khdng con xem nhe hinh hoa vé ky thuat, can khuyén khich ho thay déi cach tiép can mén hoc
nay, tir bi dong sang chu dong, tir Iy thuyét sang thuc hanh:

Tw hoc va kham pha:

Tim hiéu tmg dung thyc té: Thay vi hoc theo gido trinh, khuyén khich sinh vién chu déng tim hiéu tmg dung
ctia mdn hoc trong céc linh vye khac (kién trac, co khi, thiét ké,...) dé théiy su lién quan ciia mon hoc vai thyc
té va thém dong lyc hoc tap.

Sir dung da dang ngudn tai liéu: Ngoai sach chinh, huéng dan sinh vién tim kiém tai liéu tham khao trén
mang, cac video hudng dén, cac khoa hoc truc tuyén dé mo rong kién thue, k§ nang.

Thyc hanh thudng xuyén: Khuyén khich sinh vién luyén tip mdi ngay, bat dau tir bai tip co ban rdi nang
dan d6 khé dé sinh vién nam viing kién thirc va phat trién k¥ ning mot cach ty nhién.

Hoc tap cong tac:

Thanh 18p nhém hoc tap: Cung nhau hoc tép, trao doi y kién, giai dap thic méic va thuc hién cc du an vé ky
thuat s& gitip sinh vién hoc hoi 1dn nhau, ting cuong dong luc, dat hiéu qua cao hon.

Tham gia cac dién dan, cong dong truc tuyén: Chia sé kinh nghiém, hoc héi tir nhiing nguoi c6 ciing dam
mé,nhan dugc su hd tro va gop ¥ tir cac chuyén gia, gidng vién.

Tan dung cong nghé:

Sir dung cac tmg dung hoc tp: Cac tmg dung SketchAR, Concepts, Morpholio Trace,... cung cp cac cong
cu vé& k¥ thuat, bai tap thuc hanh, huéng dan chi tiét dé hoc tip moi lic moi noi.

Tham gia khoa hoc tryc tuyén: Cac nén tang hoc truc tuyén Coursera, Udemy, Skillshare,... cung cip khoa
hoc véi cac bai giang chit luong, gitp sinh vién tiép can kién thirc mot cach linh hoat.

Sir dung cong cu hd tro: Cac phan mém AutoCAD, SolidWorks, Revit,... 13 cong cu vé ky thudt ma va
ngudn tai liéu tham khao quy, gitip sinh vién tim hiéu cc tiéu chuan, quy tic v& k¥ thuét.

Phdt trién tie duy sing tao:

V& tyr do: Tang cudng v& ty do dé sinh vién phat trién kha nang quan sat, tudng twong, sang tao.
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Tham gia c4c cudc thi: Pay 1a co hoi dé sinh vién thé hién tai nang, hoc hoi kinh nghiém va nhan dugc sy
cong nhan tir cong ddng.

Ap dung hinh hoa v& k¥ thuat vao cac linh vuc khac: St dung k§ ning v& ky thuat dé thiét ké san
phim, sang tao nghé thuat, 1am video,...

Bang cach thay d6i phuong phap hoc tap truyén thong, sinh vién c6 thé bién mén hinh hoa vé k¥ thuat khd
khan thanh cong cu hitu ich, gitp phét trién tu duy séng tao mé ra co hoi nghé nghiép trong tuong lai.

4. Kétluan

Trong béi canh cong nghé sb phéat trién manh mé, hinh hoa vé ky thuat van giir mot vai trd khong thé thay
thé trong dao tao ki sw. Miac dui cac phan mém CAD mang lai nhiéu tién ich va hiéu qua, chiing khong thé thay
thé hoan toan nhiing gia tri ma hinh hoa vé ky thuat truyén théng mang lai.

Hinh hoa V& ky thuat khéng don thuan Ia ki ning vé& ma con la mot qua trinh rén luyén tu duy khong
gian, kha niang quan sat, phan tich va sang tao. N6 giup phat trién kha ning hinh dung, twong twong va téi tao
céc vat thé trong khong gian ba chiéu - k§ niang khong thé thiéu trong qué trinh thiét ké, ché tao. Bdng
thoi, mén hoc con gidp ky su rén luyén kha ning doc hiéu, phan tich ban vé - ngdn ngit cua ki thuat.

Viéc xem nhe hinh hoa vé k¥ thuat trong dao tao ky su la mot xu huéng dang bao dong. N6 khéng chi anh
huong dén chit luong dao tao ma con can tré sy phét trién cua nganh ki thuat. Bé khic phuc tinh trang
nay, can ¢ sy chung tay cta ca nha truong, giang vién, sinh vién.

Can dam bao thoi lwong giang day hinh hoa V& ky thuat, d6i mai phuong phap giang day theo huéng tich
hop cong nghé va thyc tién. Giang vién can nang cao trinh d6 chuyén mon, cap nhat kién thirc va phuong phéap
giang day méi, dong thoi tao himg thi va dong huc hoc tap cho sinh vién. Sinh vién can nhan thic ré tim quan
trong cta hinh hoa vé k§ thuét va tich cuc hoc tap, rén luyén k¥ nang.

Phai xay dung mot nén tang viing chic cho su phét trién bén viing caa nganh ki thuat trong twong lai, noi
hinh hoa vé& k§ thuat, cong nghé s6 cling ton tai b tro nhau. Hinh hoa vé& ky thuat sé tiép tuc la cong cu quan
trong dé thé hién ¥ tuong, giao tiép, cong tac hiéu qua, trong khi cong nghé sé s& 1a don bay gidp hién thuc héa
nhimg ¥ tuong d6 nhanh chéng chinh xac. Su két hop hai hoa giira truyén thdng va hién dai s& tao ra nhiing ky
sur tai nang, sdng tao, c6 kha nang thich tng véi sy tién b caa cong nghé.
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ABSTRACT

The role of Drawing - Technical Drawing with engineering majors
when science and technology develop

Le Thi Thanh Hang
Hanoi University of Mining and Geology

This study aims to explore and elucidate the indispensable role of drawing, particularly technical
drawing, in the comprehensive development of essential skills for engineering students. We are interested
in delving deeper into the impact of drawing on spatial reasoning, creativity, and problem-solving
abilities among students. Consequently, this research will propose effective teaching methods for drawing
that align with the specific characteristics of each engineering discipline. The study content includes
examining the role of drawing in engineering education, the current state of teaching practices, and
suggesting innovative teaching methods. To achieve this goal, we will employ both quantitative and
qualitative research methods. Ultimately, this study aspires to contribute to enhancing the quality of
engineering education in Vietnam by evaluating the role of drawing, identifying factors affecting teaching
effectiveness, and proposing improvement solutions.

Keywords: Descriptive geometry; Technical drawing; Technical graphics.
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ABSTRACT

In this note, we introduce a new concept of Yosida distance between two linear operators in a Banach
space and then study the robustness of exponential dichotomy of evolution equations. An application to
exponential dichotomy of linear partial functional differential equations is also discussed. Finally, we will
present a generation theorem for the perturbation of strongly continuous semigroups by unbounded
operators and establish a relationship with robustness of an exponential dichotomy. Our main methods are
based on semigroup theory combining with the techniques in ordinary differential equations.

Keywords: Yosida distance; exponential dichotomy; robustness; generation theorem; partial functional
differential equation.

1. Introduction

Consider the evolution equation:

u'(t) = Au(t), ueX (1.1)

Where X is a Banach space. In the case of X = R™ and X = R™", it is well known that for linear
system (1.1) under “small perturbation” some asymptotic behavior like exponential dichotomy persists
(Coppel 1978; Engel and Nagel, 2000), that is, the perturbed evolution equation:

u'(t) = (A+ Bu(t) 1.2)

Also has an exponential dichotomy if Bis small. In this case the small perturbation’s size can be
determined by the norm of || B||. Many results from the dynamical systems in the finite-dimensional case
could be extended to the infinite-dimensional case.

In this note, assuming that the evolution equation (1.1) where X is a Banach space, generates a C,-
semigroup in X that has an exponential dichotomy, we consider the perturbed evolution equation (1.2)
where B is (generally unbounded) linear operator in X. One of the most complicated steps in studying this
equation is related to understanding how to measure the size of the perturbation B. It is naturally easy to
extend the persistence of exponential dichotomy under small perturbation B in the sense of its norm, that
is, || B]| is sufficiently small. Certain specific classes of unbounded perturbation B are also studied (Chow
and Leiva, 1996; Engel and Nagel, 2000).

As for partial functional differential equation:

u'(t) =Au(t) + By, t=0 1.3)

Under reasonable conditions on A and B, it generates a C,-semigroup (called solution semigroup) in
the phase space C, so its asymptotic behavior is studied via this semigroup. It is expected that many
results of the non-delayed equation (1.1) could be easily extended to the delayed equations (1.3). That
means, if the unperturbed equation (1.3) has an exponential dichotomy, then under “small perturbation”
A, and By, the perturbed equation:

u'(t)=A+A)u(t) + (B + Bu, (1.4)

Also has an exponential dichotomy. Even when A; = 0 and B, is bounded and || B, || is small, the study
of the persistence of exponential dichotomy, to the best of our knowledge, has yet to be complete. In fact,
the problem is that the Variation-of-Constants Formula in the phase space C is not available for the
solution semigroups by (1.3) and (1.4).

To our knowledge, the persistence of exponential dichotomy of Eg. (1.4) under unbounded
perturbations A, and B, is not been studied yet. The idea of applying the method by (Chow and Leiva,
1996) or Dunford and Schwartz, 1988) to study the persistence of exponential dichotomy of the solution
semigroup generated by Eq. (1.3) in the phase space C is impossible. In fact, the very first condition on
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the domain for the generator of solution semigroups is not satisfied for delayed equations as shown in
(Bui and Minh, 20244, Corollary 4.2 and Example 4.3).

In this note, we will study the persistence of exponential dichotomy of evolution equations via the
concept of Yosida distance (Bui and Minh, 2024a, 2024b). Using general results, we give an effort into
studying the exponential dichotomy of the solution semigroup generated by Eq. (1.3) where both A and/or
B are perturbed by unbounded operators A, and B, from some classes. The first results on the Yosida
distance (Bui and Minh, 2024a, 2024b) lead to a question about the generation of perturbed semigroups.
We will discuss a result about the generation in Theorem 4.1 and its relation to exponential dichotomy.
These results, on the one hand, give us a criterion for robustness of an exponential dichotomy, and on the
other hand, establish a relationship with known classical results (Chow and Leiva, 1996; Dunford and
Schwartz, 1988).

2. Preliminaries
2.1. Notations

In this note, we will denote by X and Y Banach spaces with corresponding norms. The symbols R and
C stand for the fields of real and complex numbers, respectively. Denote by L(X,Y) the Banach space of
all bounded linear operators from a Banach space X to a Banach space Y. We will denote the domain of
an operator T by D(T) and its range by R(T). The resolvent set of a linear operator T in a Banach space
will be denoted by p(T) while its spectrum is denoted by o(T). For A € p(T), we denote the inverse
(AI = T)~t by R(A, T) and call it the resolvent (at 1) of linear operator T. Let P be a linear operator in a
Banach space X, ker( P) and Im(P) are the notations of kernel and image of P.

2.2. Exponential Dichotomy

Definition 2.1 (Exponential dichotomy) A linear semigroup (T(t)).», in @ Banach space X is said to
have an exponential dichotomy or to be hyperbolic if there exist a bounded projection P on X and positive
constants N and a satisfying:

1. T(t)P = PT(t), fort = 0;

2. T(t) |ker(p) Is an isomorphism from ker( P) onto ker( P), for all ¢ = 0, and its inverse on ker(P) is

defined by T(—t) = (T(Olker )
3. The following estimates hold:
IT@®)x|| < Ne™™||x]|, for all t=0,x € Im(P), (2.1)

IT(—t)x|| < Ne™™||x||, for all t > 0,x € ker(P). (2.2)
3. Yosida Distance and Robustness of Exponential Dichotomy of Evolution Equations
3.1. The Concept of Yosida Distance and Robustness of Exponential Dichotomy

Given operator A in a Banach space X with p(4) o [w, ), where w is a given number, the Yosida
approximation A, is defined as 4, :== A2R(A, A) — Al for sufficiently large A (Pazy, 1983; Yosida, 1995)
Definition 3.1 (Yosida distance (Bui and Minh, 2024a, 2024b)) The Yosida distance between two
linear operators A and B satisfying p(A) D [w, ) and p(B) D [w, ), where w is a given number, is
defined to be
dy(4,B) = limsup”AH - Bu”- (3.1)
l,L—)OO

The following theorem is the main result of this section on the robustness of exponential dichotomy
under Yosida perturbation.

Theorem 3.2 (Bui and Minh, 2024a, 2024b)) Let A be the generator of a C,-semigroup that has an
exponential dichotomy. Then, the C,-semigroup generated by an operator B also has an exponential
dichotomy, provided that dy (4, B) is sufficiently small.

The following lemma will show that the concept of Yosida distance allows us to recover important
cases of perturbation under this persistent domain condition. A detailed proof of this result can be found
in (Bui and Minh, 2024a, 2024b) and (Bui et al., 2024).

Lemma 3.3 The following assertions are valid:

1. Let 4, B be the generators of contraction semigroups. Assume further that D(4) = D(B). Then, A =
B, provided that dy (4, B) = 0.

2.Let A, B € L(X). Then

dy(A,B) =l A=B . (3.2)
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3. If A is the generator of a C,-semigroup (T(£))so such that || T(t) I< Me®t, and C is a bounded

operator, then dy (4, A + C) is finite. Moreover,
dy(A,A+C)<M?|CI (3.3)

4. Let A be the generator of an analytic semigroup (T(t))so Such that || T(t) I< Me®t, and C be an
operator in the class P(4), that is, C satisfies the following conditions (Dunford and Schwartz, 1988,
Definition 18)

(@) D(C) > D(A);

(b) For each t > 0, there exists a constant K, < oo such that

ICT@) IS KNl xl, for each x € D(A);

(c) The constant K, in (3.3) may be chosen so that K := fol K, dt exists and finite.

Then,
dy(A,A+C) <K. (3.4)
According to Lemma 3.3, the Yosida distance can measure the perturbation of a closed operator A by
an linear operator C such that the domain of A + C contains that of A. In the next subsection, we will
study a situation where the concept of Yosida distance is applicable when the inclusion conditions of the
domain D(A) c D(A + C) are removed.

3.2. Robustness of Exponential Dichotomy of Linear Partial Functional Differential Equations

In this subsection, we consider the linear partial functional differential equation:

u'(t) = Aju(t) + Byug, (3.5)

Where A; generates a C,-semigroup (T;(t))sso in X, and B; is a bounded operator from C :=
C([—1,0],X) to X and i = 0,1 and u.(0) = u(t + 8), 6 € [-1,0]. This partial functional differential
equation generates a solution semigroup (7;(t)):so that is strongly continuous in the phase space C with
the generator G; defined as (Travis and Webb, 1974)

gi¢ = ¢'1 —
D(G) = {¢ € C:¢(0) € D(4,),¢" (0) = A;¢(0) + B;$}.

Corollary 3.4 (Bui and Minh, 2024b) Assume that A, = A; = A, and B;D(A) c D(A), fori =0, 1.
Then, D(G,) < D(G,) if and only if B; = B,,.

Below we will demonstrate the usefulness of the concept of Yosida distance as it still works in this
case when the persistent domain condition is not satisfied to apply the previously known perturbation
theory. In fact we study the Yosida distance between the generators of the solution semigroups of partial
functional differential equations of the form Eq. (3.5).

Consider partial functional differential equation (3.5) where A is the generator of a C,-semigroup
(Ti(t)) =0 satisfying || T;(¢) 1< e®t and B; € L(X) for a certain (fixed) positive constant w . For
simplicity we will drop the index “i” in the following paragraph. A detailed calculation in (Bui and Minh,
2024b, Lemma 4.1) gives an explicit formula for the resolvent of generator G, and we obtain the
following result.

Lemma 3.5 (Bui and Minh, 2024b) Let G; be the generators of the solution semigroups generated by
Eg. (3.5) in the phase space C := C([—1,0], X). Assume further that

d(Ag,Ay) < oo, ||B;]| < oo, i=0,1. (3.6)

Then,

dy(Go,G1) < 2dy (B, B1) + dy (Ao, A1) 3.7)

As an immediate consequence of Lemma 3.5 we have the following:

Theorem 3.6 (Bui and Minh, 2024b) Let A; generate a C,-semigroup (T;(t)) o, i = 0,1, in a Banach
space X that satisfies ||T;(t)|| < Me“t, t = 0, and By, B; € L(C,X). Assume that the partial functional
differential equation

u'(t) = Aou(t) + Bouy, t =0, 3.8)
Has an exponential dichotomy. Then, the partial functional differential equation
u'(6) = Aju(t) + Bju, t=0, 3.9)

Also has an exponential dichotomy if the Yosida distances dy (4, 4;) and dy (B,, B,) are sufficiently
small.

Remark 3.7 In the case of equation (1.1) under nonlinear perturbations, the existence of invariant
(stable and unstable) manifolds has been proven in (Bui and Minh, 2024a).

4. A Generation Theorem and its Relation to the Exponential Dichotomy

Theorem 4.1 (Bui et al., 2024) Let A be the generator of a C,-semigroup (TA (t))m in X such that
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Forallt =0
ITA(ONl < Me®*, t =0,
Where w is a given real number. Assume further that C is a linear operator in X such that:
1.D(A) c D(C);
2. There exist a constant K > 0 such that if u > w, then

ICRGw, )l < . (4.1)
Then, A + C generates a C,-semigroup, denoted by (TAJrC(t))t>0 that satisfies:
ITasc(OIl < Me@HMEE ¢t > 0. (4.2)
Theorem 4.1 leads to the quantity:
ICll4 = —Supll(ﬂ w)CR(u, Al (4.3)
u w

Being used to measure the size of the perturbation C to the generator of a Cy-semigroup (TA(t))pO

with [|IT,(®)]] < Me®t, t = 0. We will define the set of all linear operator € in X with D(C) = D(A) and
ICll4 < o0 by GL,(X). By (Bui et al., 2024, Lemma 3.1), (GL,(X), lI-ll 1) is a normed space.
Proposition 4.2 (Bui et al., 2024) Let A be the generator of a C,-semigroup. Then, P(A) c GL,4(X),

and:
1+M

dy(A+C,A+C) < |IC—Cll4 = _dA(Cp Cy), (4.4)
Where:

@mm»—fmq—gﬂwwt

For C,,C, € P(A), see (Chow and Leiva, 1996; Dunford and Schwartz, 1988, Definition 18)).
Corollary 4.3 (Bui et al., 2024) Let A be the generator of a C,-semigroup (TA(t))pO in X satisfying

IT4(®)] < Me®t. Assume further that for a given C; € GL,(X), the semigroup (TAJ,C1 (t)) generated

by A + C; has an exponential dichotomy. Then, for any C, € G£,(X), the semigroup (TA+C2(t))

generated by A + C, has also an exponential dichotomy provided that either ||C; — C,||4, or d4(Cy, C2) |s
sufficiently small.
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TOM TAT
Mot nhan xét vé tinh bén viing caa nhi phian mi

Bui Xuan Quang
Khoa Khoa hoc co ban, Trieong Pai hoc PHENIKAA

Trong bado cao nay, ching ti gisi thiéu mot khai niém mai la khoang cach Yosida gitra hai toan tir
tuyén tinh trong mot khong gian Banach va sau d6 nghién ciu tinh bén viing cia nhi phan mii cia
phuong trinh tién hod. Mt tmg dung vao nhi phan mii ciia phuong trinh vi phan ham riéng tuyén tinh
ciing s& dwoc thao luan. Cudi cling, chiing toi trinh bay mot dinh i toan tir sinh dbi voi nira nhém lién tuc
manh chiu nhidu khong bi chin va khao sat mot mdi quan hé véi tinh bén ving cua nhi phan mii. Cac
phuong phap chinh ciia ching t6i 1a dwa vao ly thuyét nira nhom két hop véi cac ky thuat cia phuong
trinh vi phan thuong.

Tir khod: khoang cach Yosida; nhi phan mii; tinh bén viing; dinh i toan tir sinh; phwong trinh vi phan
ham riéng
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E RS&' HOI NGHI TOAN QUOC KHOA HQOC TRAI BAT
L VA TAI NGUYEN VO'I PHAT TRIEN BEN VIPNG (ERSD 2024)

NATURAL RESOURCES FOR
SUSTAINABLE DEVELOPMENT

Massera-typed theorem for a class of delayed differential equations

Nguyen Thi Loan”
Faculty of Fundamental Sciences, PHENIKAA University, Hanoi 12116, Vietnam,

ABSTRACT

In this article, by using Massera-typed theorem, we establish a result of existence and uniqueness of periodic
solutions for the class of delayed differential equations of the form:

{Z—Z — A©u(®) = Fa)©) + G(Ow), t € Ry )

u(0) = ¢ €X;

Where the mapping t — A(t) is a -periodic and is a possibly unbounded operator on a Banach space X
such that the family (A(t)):»( generates an evolution family (U(t, s)):sss0; the operator F: BC(R,,X) —
BC(R,, X) is locally Lipshitz and map a -periodic functions to « -periodic functions; G(t) € L(P,X) and
is a -periodic; u, isthe history function defined by u,(s): = u(t + s) for s € [—r, 0]. The obtained results
by combining the Massera method with the use of assessments in Banach spaces and the fixed-point
argument.

Keywords: Massera theorem; periodic solution; delayed differential equations.

1. Introduction

The partial differential equations are an important area of the mathematics. There are many patterns in
nature as well as in engineering described by their equations, such as:
¢ Propagation of waves along a string equation:
’u  ,0%u

—a = f(x' t),u = u(x' t)' (X, t) € [0; L] X (0, +00),

atz " ox?
e Heat transfers a long bar equation:
ou_ 262u+ t),u= t t) ERx (0, +
5t = gzt u=ult), (x0) (0, +0).

Finding conditions for the existence and uniqueness of a periodic solution to these equations is one of
the key research directions related to the asymptotic behavior of the solution.

Generally, for functional differential equations, there are several methods used to find conditions for the
existence, uniqueness of a periodic solution. Such as Massera’s principle (Massera, 1950), special fixed-
point methods (Hale, 1966; Benkhalti, 2001,... ) The most popular approaches used in this direction are the
ultimate boundedness of solution and the compactness of Poincare’ map realized through some compact
embeddings. However, if unbounded domains or equations that have unbounded solutions, such compact
embeddings do not hold, and the choice of appropriate initial vectors is not easy.

One may invoke to the so-called Massera-type theorem to overcome such difficulties. That theorem
roughly saying that if a differential equation has a bounded solution, then it has a periodic one. Actually, in
(Huy, 2016a) this methodology has been invoked in combination with use the Cesa’ro limit to prove the
existence and uniqueness of a periodic solution whose sup-norm can be controlled by the norm of the input
function Nemytskii in a bounded function space, or the input function in a admissibility function space
(Huy, 2016b). Furthermore, a Massera-type theorem has proposed for the case of partial neutral functional
differential equation (i.e., the case u(t) is replaced by Fuy), has also been invoked to prove the existence and
uniqueness of a periodic solution to delay equations (Ha, 2021).

This methodology has been used in conjunction with the admissibility of function spaces to demonstrate
the existence and uniqueness of periodic solutions to linear equations and the fixed-point argument is then
used to show these findings for the semi-linear delay equation in the current study.

* Tac gia lién h¢
Email: loan.nguyenthi2@phenikaa-uni.edu.vn
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2. Theoretical basic

Before going into the main results section, we will now provide the essential information required for
this study

For Banach space X with a norm |[lo||, we denote byK: = C([—r, 0], X) the Banach space all continuous
functions ¢ from [-r, 0] in to X, with the norm:

I llg:= sup] Il (s) Il for ¢ € K.

SE[-r,0
For a continuous functionv: [-r,«] — X, the history functionv, € Kis defined byv,(s): = v(t +s)
fors € [—r, 0]. Now, some preliminaries are recalled for late uses. First, the spaces of bounded continuous
functions with values in the Banach space X is defined as:

BC(R,,X):= {v:R, — X|v is continuous and sup |l v(t) II< oo,
teR,

Endowed with the norm || v llg¢(z, x): = sup Il v(¢) Il. The Banach space BC([—r,»); X) is defined
teR,

similarly. Furthermore, in this study we also use space the Banach function space (Massera, 1966).
t+1
H = H(R,):= (1 € Lyoe(R): sup [, |h(D)] de < oo},
+

Endowed with the norm || h ll;: = sup f:“ |A(T)| d is recalled. Moreover, the space denotes by:
teR

R:={:R, - X| Il h(") € H},

Endowed with the norm || k llg;: =l k(-) Illl4. Clearly, R is a Banach space.

Next, a notion of evolution families is explained in the following definition.

Definition 2.1. A family of bounded linear operator (U(t, s)):»r=0 ON & Banach space X is a (strongly
continuous, exponentially bounded) evolution family if:

i) The map (t,s) = U(t,s)x is continuous for every x € X, where (t,s) € {(t,s) € R*:t > s > 0};

i) Ut t)y=I1d,U(t,w)U(w,s) =U(t,s)forallt =w =5 = 0;

iii) exists M, 1 = 0 such that || U(t,r)x I< Me*™) | x |,vt >r > 0,x € X.

The notion of an evolution family arrises naturally from the theory of well-posed, non-autonomous
evolution equations. Namely, if the abstract Cauchy problem:

du
{E—A@W@)—QtZSZQ @
u(s) =us; €X;

Is well-possed, there exist an evolution family (U(t,s)):»s=o Such that the solution of the Cauchy
problem (2) is given by u(t) = U(t, s)u(s). For more details on the notion of evolution family’s condition
for the existence of such families and application to partial differential equations we refer the readers to
Pazy (Pazy, 1983).

Assumption 2.1. Suppose that A(t) is a -periodic, i.e., A(t + a) = A(t) for a fixed constant « > 0 and
allt € R,. Then (U(t, s))sss50 DECOME o -periodic in the sense that U(t + a, s + a) = U(t,s), forall t >
s=0.

Assumption 2.2. With y is a non-negative constant, the map F: BC(R,, X) —» BC(R,, X) satisfies:

i) I F(O) llgce, =<y and F(v)(t) is a -periodic for each « -periodic functionv € BC(R,, X);

i) For all vy, v, € BC(R,, X), | v1 lger, )< b, | V2 llgc(m, x)< bthere exist positive constants b, N
such that Il F(v,) — F(v2) g, < N Il v1 — v5 llpe, x)-

Assumption 2.3. The map G: R, — L(P, X) satisfies || G(t) Il belong to H and G (t)(v,) is a -periodic
for each a -periodic function v € BC([—1; »]; X).

3. Results

For a Banach space X, possesses a separable predual Y, (i.e., X=Y'), where Y is a separable Banach space,
consider for the class of delayed differential equations (DDE):
{‘;—‘; — A©U®) = Fa)() + GO, € Ry; -
u(0) =¢ €X;
Here A(t) is a (possible unbounded) linear operator on a Banach space X for every fixed ¢ > 0and satisfy
the Assumption 2.1, the termFandGsatisfies Assumption 2.2 and Assumption 2.3, sequence.
To prove the existence and uniqueness of the periodic solutions instead of equation (3), we consider the
following integral equation:
u(t) = U(t,0)u(0) + fot U(t, 0)[F(w)(t) + G(t)(u,)]dz, forall ¢ = 0. 4
Note that, if the evolution family (U(t, s));=ss0 arises from the well-posed Cauchy problem (2), then the
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function u: [-r, ) — X, which satisfies (4) is called a mild solution of semilinear problem (3). More
detailed treatment on the relations beween classical and mild solutions of DDE are refered the readered to
Pazy (Pazy, 1983). Coresponding to equation (4), the linear DDE:
{Z—;‘ — A®)u(t) = f(¢), forall t > 0; ©)
u(0) = ¢ €X;
Is consider. Where, the function f belongs to Banach space . By the mild solution to (5), a function u
satisfying the following integral equation
u(t) = U(t,0u(0) + [, U(t,0)f (t)dr, forall t > 0; (6)
Is called mild solution to (5).

Theorem 2.1. For the Banach space X, possesses a separable predual Y. Assume that the space Y
considered as a subspace of Y (through the canonical embedding) is invariant under the operator U’ (w, 0)
which is the dual of U(w, 0). The evolution family (U(t, s));sss0 Satisfy the Assumption 2.1 and for x € X
such that U(t, 0)x is bounded in R, then iim Il U(t,0)x ll= 0. If fis a -periodic and belong to R then there

exists u, € X such that the mild solution u to equation (5) satisfy Il u lligcr, )< R Il f ligthen exists v, €
X such that the equation (5) has a unique « -periodic mild solution v(t) satisfying:
Il v(@®) 1< M(R + a)e?® || f llg. 7
Proof. The proof is similar to that of (Huy, 2016, Theorem 2.3).
Theorem 2.2. For the Banach space X and assumptions such as Theorem 2.1. Suppose that F satisfies
Assumption 2.2, G satisfies Assumption 2.3. Put 8 =|l G llg, then if N, y, 8 are small enough, the equation
(3) has a unique « -periodic mild solution ™ in a small ball of radius a of BC ([—r, =], X) satisfying:

I Npe(—rom0< M(R + a@)[(N + B)b + yle*®. (C))
Proof. Let closed set By, € BC([—r,«], X) is defined by:
Bp:= {x € BC([—, ], X): x is a -periodic,|l x llpc([—rq]x)< b}, 9)
Here Il x llpc(-ropx):= sup N x(t) ll, for all x € BC([—r,],X). For given v belong to
te[—r,0
BC([—1, ], X), the equation: e
u(t) = U(t,0)u(0) + fot U(t,7)[F(v)(t) + G(t)(v)]dT,Vt = 0; (10)

Is consider. A operator F: BC([—7, %], X) —» BC([—r, ], X) is defined by:
u(t) for t=0;
F®:= {ﬁ(t) for —r<t<0;

Where v € By, u € BC(R,, X) is the unique « -periodic solution to (10), and #@(t), t € [—7,0) is the «
-periodic extension of u on the interval [—r, 0). Fixing any v € By, since F and G satisfy Assumption 2.2.
and Assumption 2.3, we have:

I F(W) e, <N F(v) = F(0) llge,x) +1 F(O) e, x)
<Nlv "BC(RQ_;,,X)+ Y = Nb + Y;
And:

t+1

1 GO = sup j 16 Il dr
re Tt t+1
< sup ft IG(T) v, lIg dT
teR,

<blG ”K= bﬁ.
By Theorem 2.1 for the right-hand side F(v)(t) + G(t)(v;) instead of f(t) in formula of the mild
solution, implies for v € B there exists a unique « -periodic solution u to (9) satisfying:
Il f () lgc(-r0p0=Nl © lpcr,, )< M(R + @)[(N + )b + yle*®, vt > 0. (11)
And for —r <t < 0,7(t) is the a -periodic extension of u to the interval [—r,0), then the above
formulas hold true. Therefore, if N,y and g are small enough such that:
M; = M(R + a)[(N + B)b + y]e** < b; (12)
Then the transformation @acts from By’ into itself. Hence, the operator @ is obtained that the following

representation:
D) (t) = {u(t) =U(t,0)u(0) + fot Ut,o)[F(v)(t) + G(t)(vy)]dTt for t=0;
a(t) for —r<t<Q0;
Here @(t) is the a -periodic extension to interval [—r, 0) of u(¢).
Next, for condition (12) the map @ is a contraction will prove. Indeed, for v, w belong to Bff and u; =
®(v),u, = @(w) by the representation (13), then u = u; — u, = &(v) — &(w) is the unique « -periodic

(13)
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mild solution to the equation;
t

u(t) = U(t,0)u(0) +f U, D)[Fw)(T) + G(t)(vy) — F(w)(7) — G(7)(wp)]dT for t =0;

u(t) = a(t) = 4,(t) — ,(t) for —r<t<0;
Where 1, (t), 1, (t) are the a -periodic extension to interval [—r, 0) of u, (t), u,(t).
Since, u(t), (t = 0) is « -periodic and for —r < t < 0, the function #@i(t) is a a -periodic extension of u
to interval [—7, 0), then:
| @) = W) lac(oran= sup u(®) = sup Iu(®) 1.
€

—7,0) t€[0,00
Therefore, applying Theorem 2.1 and from Assumption 2.2, Assumption 2.3, we have:

I F(v) = FW) llgc(-rw )< N 1 v = W llgc(i—rw)x);
t+1

QIO RRUQICHN Pes Slipf I1G(D)(v) = G(D)(wr) Il dr
< sup [7 NG Ml v — we N dr

SHGlgllv—w ”BC([—r,oo],X)
=B I v—=wllpc—rmx):

Hence,

I @) = W) llpc(-rmpn< MR+ @)(N + B)e* Il v =W lpe(—romx):

Put M, = M(R + a)(N + B)e’%, we have if M; < b then M, < 1. Thus, if N and y, 8 are small enough
such that M, < b then &@: B — By is a contraction. Therefore, according to the contraction mapping
principles there exists a unique fixed point u* in By of &@. By definition of @, this function u* is the unique
a -periodic mild solution to equation (3) and satisfy (8).

4, Conclusion

Massera’s method, roughly says that if a differential equation has a bounded solution, then it has a
periodic one. Our study established necessary conditions for the class of delayed functional differential
equation (3) to have a -periodic mild solution, bounded and unique by combining the Massera method with
the fixed-point argument in Banach spaces. However, the stability and existence of manifolds around such
a periodic solution have yet to be established. This is one of the areas where more research could be
conducted. These issues, on the other hand, can be expanded to semi-linear equations with infinite delay.
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TOM TAT
binh ly dang Massera cho mot 16p phuong trinh vi phan c0 tré
Nguyén Th; Loan
Khoa Khoa hoc co ban, Dai hoc PHENIKAA, Ha Ngi 12116, Viét Nam,

Trong nghién ciru nay, bang viéc sir dung dinh Iy dang Massera, chiing toi da ching minh sy ton tai va
duy nhat nghiém tuan hoan cho mét 16p phuong trinh vi phan c6 tré ¢ dang:
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{‘;—j — A@Ou() = F@(® + 6(Ow), tER, O
u(0) =¢ €X,

O day, 4nh xa t — A(t) c6 thé khdng bi chan trén khong gian Banach X va tuan hoan chu ki a,véi ho
t0an tir(A(t)),so Sinh ra ho tién héa(U(t, 5))¢sss0; t0aN tr F: BC(R,, X) — BC(R,, X) lién tuc Lipshitz va
1a &nh xa bién ham tuan hoan chu ki athanh ham tuan hoan chu ki a; G(t) € L(P, X) va tuan hoan chu ki
a; u, 12 ham lich sir duge dinh nghia boi u,(s): = u(t + s) véi s € [, 0]. Két qua nghién ciu c6 dugc
nho sir dung két hop phuong phap Massera va cac danh gia trong khong gian Bannach, cing nguyén 1y
diém bét dong.

Tir khéa: Binh ly dang Massera; nghiém tuan hoan; phuong trinh vi phan c6 tré.
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A VA TAI NGUYEN VO'I PHAT TRIEN BEN VI’NG (ERSD 2024)
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NATURAL RESOURCES FOR
SUSTAINABLE DEVELOPMENT

Ham sinh m6-men:
Mot cong cu dac luc trong phan tich xac suat va thong ké

Lé Bich Phuong”, Ha Hixu Cao Trinh
Truong Dai hoc Mo - Pja chat

TOM TAT

Trong bai béo nay, chiing toi gisi thiéu mot cdng cu hitu ich dé chimg minh cac dinh 1y lién quan dén bién
ngau nhién, goi la ham sinh md-men. Cong cu nay gilp chuyén cac bai toan ve xac suat va ky vong thanh
cac bai toan giai tich lién quan den gia tri va dao ham ctiia ham so. Ching t6i s& giai thich cach ham sinh mo-
men xac dinh ca&c m6-men va cach sir dung cAc mo-men dé tai lap ham sinh mé-men.

Tir khda: ham mo-men sinh; xac suat théng ké&; md men; phan phdi xac suat.

1. Pit véan dé

Ham sinh cua bién ngau nhién la mét cong cu todn hoc duoc sir dung & mo ta va phan tich cac tinh chat
ctia phan phdi x4c suat cia bién do. Noi mot cach don gian, ham sinh 1 gié tri ky vong caa mot phép bién
dbi cu thé &p dung 1én bién ngau nhién. C6 nhiéu loai ham sinh khac nhau, nhu ham sinh mé-men (Mé-
men Generating Function - MGF), ham sinh xac suat (Probability Generating Function - PGF), va ham sinh
dic trung (Characteristic Function), ham sinh tich lily (Cumulant Generating Function). Mdi loai ham sinh
c6 mot cong thirc cu thé va dugc st dung cho cac muc dich khac nhau trong 1y thuyét xac suat va thong ké
(Ross, 2012; Feller, 1971).

Ham sinh md-men ciia mot bién ngau nhién X dugc dinh nghia la: M, (t) = E(e™).

Trong d6, E(e™) la gia tri ky vong cua e™ . Ham nay c6 thé dugc sir dung dé tim cac mo-men (nhu
trung binh va phuong sai) cua bién ngau nhién, va ciing c6 thé giup xac dinh phan phdi xac suit cua bién
d6 trong nhimg diéu kién nhat dinh. Thudng thi mot bién ngau nhién dwoc ching minh 1a ¢ mot phan phéi
nhét dinh bang cach chi ra rang ham sinh caa né c6 mot dang cu thé da biét. C6 mot qué trinh khoi phuc
phan phdi tir mot ham sinh, va qua trinh nay duoc goi 1a phép dao nguoc. Tinh chat quan trong 1a cac mé-
men cua bién ngau nhién c6 thé duoc xac dinh tir cic dao ham cua ham sinh. Tinh chit nay vé cing hitu
ich vi viéc thu dwoc cac mo-men tir ham sinh thuong dé dang hon so véi viéc tinh tryc tiép cac mo-men tir
dinh nghia cta ching.

Mot thugc tinh quan trong khac 1a ham sinh cua tong cac bién ngiu nhién doc lap 1a tich cua cac ham
sinh tuong tng. Thudc tinh nay rat hiwu ich vi ham mat do xéc suat cua tong cc bién doc lap la tich chap
cua cac ham mat do riéng le, va phep toan nay phuc tap hon nhiéu. Thudc tinh quan trong cudi cing dwoc
goi la dinh ly lién tuc, khang dinh rang sy hoi tu cia ddy cac ham sinh tuong ung véi su hoi tu cua cac phan
phdi twong tmg. Thuong thi viéc ching minh sy hdi tu caa cac ham sinh d& dang hon so véi ching minh
su hoi tu cua cac phan phdi tryc tiép.

Tai sao can phai nghién ciru phan phéi xac suat? Céc quan st mau thuong duoc biéu dién dudi dang cac
su kién sb hoc twong (tng Vi c4c gid trj cia cac bién ngau nhién. Mot s loai bién ngau nhién thuong xuat
hién trong thuc te do @6 viéc biét xac suat cho mdi gia tri caa mot bién ngau nhién la rat hiru ich. Biét xéac
suit ciia mot mau quan sat duoc 12 rit can thiét dé dua ra cac suy luan vé mot tong thé.

2.Cosoli thgyet va phuong phap nghién ciu
2.1. Phan phoi roi rgc va lién tuc

Mot bién ngau nhién 13 mot ham sé X c¢6 thé nhan gié tri mot cach ngau nhién va phu thudc vao mot sy
kién ngau nhién nao d6. Khong gian hozc mién gié tri cua X 1a tap hop S cac gia tri c6 thé cd cua X. Mot
bién ngiu nhién X duoc goi 1a roi rac néu tap hop nay c6 mot sé lugng hitu han hozc vo han dém duoc cac
gié tri khac biét (tirc 1a c6 thé liét ké thanh mot ddy). Bién ngau nhién X dugc goi 1a c6 phan phdi lién tuc
néu né c6 thé nhan bat ki moi gid tri trong mot khoang thuce nao do.

Théng thuong thi cé cac ham sb gan xac suit cho tt ca cac su kién trong mét khong gian mau. Nhiing

* Tac gia lién h¢
Email: lebichphuong@humg.edu.vn
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ham s6 nay dugc goi la ham khoi xac suat (probability mass functions) néu bién ngau nhién cé phan phoi
roi rac, hoac ham mat do xéc suat (probability density functlons) néu bién ngau nhién cd phan phai lién tuc.
Tét ca cac gla tri c6 thé c6 cua ‘mot bién ngau nhién va cac gié tri x4c suat twong ng cua ching tao thanh
phan phéi xac suat cua bién ngau nhién d6 (Feller, 1971; Gupta va Kumar, 2023).

Phan phdi ciia mot bién ngau nhién X c6 thé dugc md ta bang ham phan phéi tich liy: F, (X) =P(X <X).
Ciing c6 nhitng cach khac d"é ddc trung hoa cdc phan phdi xac §uét. Do d6, cdc phan phdi xac suat ciing c6
thé dugc xdc dinh bang nhieu phép bien doi khac nhau, tuc la bang cac ham so nao d6 ma ma hoa cac thuge
tinh cua phan phoi thanh mét dang thuén tién hon cho céc loai tinh todn xac suat nhat dinh. Doi véi mot
bién ngau nhién roi rac X, vai ham khdi xac suat p(x) =P(X =Xx) ,taco 0<p(x) <1Vx va Y, p(x) = 1.
Ham khoi xac suat hoac ham mat d¢ xac suat cua mot bién ngau nhién X chira tat ca thong tin ma ta can vé
bién nay.

2.2. D3y cac md-men cia mgt bién ngdu nhién

Ta biét rang trung binh p=EX va phuong sai 6° = E((X—EX)?*)=E(X?)-(EX)® cua mét bién ngau
nhién déng vai tro quan trong trong cac dinh Ii co ban cua xac §u§t, cling nhu trong nhiéu loai tinh toén
thuc t€ khac nhau. Nhitng thugc tinh quan trong nay cua mot bien ngau nhién chira dung nhiing thong tin
ve ham phan phoi cua bien d6. Tuy nhién, trung binh va phuong sai khong chira dung tat ca thong tin c6
san vé ham mat d6 cua mot bién ngau nhién (Chen va Zhang, 2024). '

Ngoai hai dai lugngp va o, dinh vi trung tdm va mo ta @6 phan tan cua céc gia tri cia mét bién ngau
nhién, chung ta con dinh nghia mot tap hop cac dai lugng khac, goi la cac mo-men, nhiing dai luong nay
xac dinh duy nhat Jphan phol X4c suit caa mot bién ngau nhién.

D4i véi mot bién ngau nhién rai rac hozc lién tuc X, md-men bac k ciia X 1a mot s6 duge dinh nghia 1a

Wy = = E(X*) véi k=1, 2, 3,... véi diéu kién cac gié tri la tinh duoc.

Ta c6 mot day cac mo-men gan lién véi mot bién ngau nhién X. Trong nhicu truong hop, day nay xac
dinh phan phoi xéc suat caa X. Tuy nhién, cAc md-men cua X c6 thé khdng ton tai. Dya trén cac mdé-men
nay, trung binh va phuong sai cia X dugc tinh don gian bing p, =EXva
o’ = E((X-EX)?)=E(X?) - (EX)* = u, — (1,)* . Khi bac k ting 1én, thi cAc md-men bac cao hon c6 y nghia
va tré nén phuc tap hon Gupta va Kumar, 2023).

Cac md-men cung Cap nhiéu théng tin hitu ich vé phan phéi cua X. Klen thire vé hai mo-men dau tién
cuia X cho ching ta biét trung binh va phuong sai cua no, nhung kién thuc vé tat ca cac mo- men cua X Xac

dinh hoan toan ham xac suat cua nd. Cac phan phdi khac nhau khong thé cé cac mo-men giéng hét nhau.
Day chinh 1a diém then chét, 1a ly do tai sao cac m6-men lai quan trong.

2.3. Ham sinh
N6i mot cach don gian, ham sinh chuyén d6i cac bai toan vé chudi s thanh cac bai toan vé& ham sb. Bing
cach nay, ching ta c6 thé stir dung ham sinh dé giai quyét cac bai toan dém s6 lwong khac nhau.
Gia st rang a,,d,,8,...1a mot ddy s thuc hitu han hodc vo han. Ham sinh thong thuong cua diy nay la
chudi lity thira:
G(z)=a,+az+a,2’ +..= ) a,z". €))

Dé khoi phuc lai ddy ban dau tir mot ham sinh th6ng thuong da cho, cong thirc sau dugc st dung:

a, = 6@ |\ _o12. @)
kI dz* o
Gia st rang @,,a,,d,... 1a mot day sd thuc hiru han hodc vo han. Ham sinh lily thira ctia diy nay la chudi
Ity thtra:
az z’ = a,z"

G(2)=a,+ STIREET +..._kz i (3)

Dé khéi phuc lai chudi sé thue ban dau tir ham sinh ity thira da cho, cong thire sau duoc st dung:

d“G(z
=3C@F 012, (4
dz*® | _,

D4i v6i mot bién ngiu nhién X chi nhan céc gia tri nguyén khong am k, véi xac suat p, = P(X =k),

1630



ham sinh xac suat dugc dinh nghia la:

G(z):E(zX):ipkzk,Oﬁzﬁl. ®)
k=0
Boi cbng thac:
k
E(X") {d GEZ)} k=012... Q)
daz* | |

Ta khoi phuc c4c mo-men cua X. Mot ham sinh xc suét chinh xac s& xac dinh duy nhat mot phan phoi,
va mot ham sinh x4c suat xap xi s& xac dinh xap xi mét phan phéi xac suat.
2.4. Ham sinh m6-men

V¢ dep cuia cac ham sinh md-men Ia chiing mang lai nhiéu két qua mot cach dé dang. Céac chang minh
str dung ham sinh md-men thuong dé dang hon nhi€u so véi viéc chimng minh ctng mét ket qua bang cach
stir dung c&c ham mat d6 xac suat (hoac cac phuong phap khac).

Ham sinh mé-men (MGF) dugc dinh nghia boi cdng thic sau:

M, (1) = E(e™), @)

Trong d6 ki vong nay ton tai véi t thuoc 1an can caa 0.

Trong truong hop X 1a bién rai rac thi: M, (t) =Y e*p(x) .

Trong trudng hop X 1a bién lién tuc thi: M, (t) = _[e‘x f(x)dx.

O day, diéu quan trong la ki vong phai hiru han ddi véi tat ca cc gid tri t trong mot khoang nao d6 cua
to (Vai to>nao d6). Néu ky vong khbng ton tai trong mot 1an can cua 0, ta ndi rang ham sinh mé-men khong
tn tai. Vi ham mii luon duong, E(e™) ludn ton tai, hodc 1a mot sb thyc hozc 1a duong vo cling.

i Cép ham sinh mé-men c6 thé khong dugc x4c dinh déj v6i tt ca cac gid tri cua t, va mot s& phan phdi
noi tiéng khong c6 ham sinh mé-men (vi du nhu phén phoi Cauchy). )

Ham sinh md-men la mot ham cta t, khong phai cia X. Ham sinh mo-men ctia mét bién ngau nhién gbi
gon tat ca cac mo-men cua bién ngau nhién d6 vao mét bi€u thirc don gidn. V€ mat hinh thirc, ham sinh
mo-men dugc tao ra bang cach thay €' vao ham sinh xéac suat.

C6 thé thay thé ham sinh md-men dé dinh nghia cho moi phéan phdi, d6 1a phién ban s phirc ciia ham
sinh mb-men, goi 1a ham dac trung.

3. Két qua va thao luan

Gia sir rang ham sinh md-men ton tai trong mot 1an can cua goc toa do. Ta cd mot s6 két qua sau:

a. Néu g, (t) 1a ham sinh md-men ciia mot bién ngau nhién X, thi: g, (0) =1.

That vay ta co, g, (0) =1=E(**)=EQ) =1.

b. Cac mo-men cua bién ngau nhién X c6 thé duoc tim bang cach khai trién chudi Iy thira. Ham
sinh m&-men ctia mot bién ngau nhién X 1a ham sinh Iy thira cia chuoi mo-men cia no:

ORI ®)

) U Cea o a .
Ham mii c6 khai trién liiy thira: ' = ZE nén nén bang cach khai trién chudi cia ham e™ , ta co:
k=0 ™+

e‘xzz . 9
o k!
Léy ki vong hai vé ta co:
o) _ e[ (X)) B[ X)) St ik
E(e )_E(kz_(; - j_éE( T _k;k!E(X ) (10)

c. Tinh todn cdc md-men
Ta goi ham g, (t) 1a ham sinh md-men cua bién ngau nhién X do tat ca cac md-men caa X ¢ thé thu
dugc bang cach liy dao ham rdi thay t=0.
Dao ham bac k cia g, (t) tai diém t=0 1a mé-men bac k (p, ) caa X, cu thé la:
e =9%(0) (11)
Trong do:
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d g(t
g (= 290 (12)
at* |,
Bang cach nay, cac md-men cua X ciing co thé duoc t|m thdy thdng qua viéc liy dao ham.
k k
o= T e =B Te) o) (13)
Do vay ta c6:
dk
d_kgx (t) =Hy- (14)
t t=0

No6i cach khac, ham sinh mé-men sinh ra tit ca cac mo-men cia X thong qua viéc 1y dao ham. Ta c6
thé tim cac mod-men cua X béng céch tinh ham sinh m6-men va sau dé léy dao ham. D6i khi, viéc léy cac
mo-men theo cach nay dé dang hon so véi cach tinh truc tiép. TAt ca cac mo-men ciia mot phan phdi hau
nhu x4c dinh phan phdi d6. Ngoai viéc tao ra cac md-men ciia X, ham sinh md-men con hitu ich trong viéc
xéc dinh phan phéi ciia X.

d. Néu g, (t) ton tai trong mot 1an can cia t=0, thi viéc biét ham sinh mé-men caa mot bién ngau nhién
tuong duong vai viéc biét ham mat do xac suat cia né. Piéu nay c6 nghia 1a ham sinh md-men xdc dinh
duy nhdt ham mgz d@ xac sudt. Trong truong hop tong quat, chudi g, (t) s& khdng hoi tu véi moi t. Nhung
trong truong hop dac biét quan trong khi X bi chan (tic 1a khi mién gia tri cia X nam trong mot khoang
hitu han), ta c6 thé chitng minh rang chudi nay hi tu véi moi gia tri cua t. Ham phan phéi duoc xac dinh
hoan toan bgi cdc md-men cua nd.

Pinh ly 1: Gia sir X & mot bién ngiu nhién lién tuc véi pham vi nam trong khoang thyc [-M, M]. Khi

do, chudi mé-men g, (t) = Zuk? hoi tu voi moi gia tri cia t thanh mot ham kha vi vo han g, (t) va
k=0 -

gﬁf) (0) = ..
k
o, (MIt])
o k!
Bat dang thtrc nay cho thay chudi md-men hoi tu voi moi gia tri cua t va tong caa né 1a mot ham kha vi
v0 han, vi n6 1a mot chudi liiy thira. Bang cach nay, chiing ta ¢a chang minh rang chudi mé-men g xac

<eMl,

M k
. 2 s . . . t

Chwng minh. Ta biét rang p, = J' x“f, (x)dx. Do vay, véi moi n taco E M|k<| Is
M k=0 -

dinh ham g, (t) . Nguoc lai, p, =g (0), ta thiy rang g, (t) xac dinh cac mo-men gz, .

Néu X 1a mot bién ngau nhién bi chan, thi chiing ta c6 thé chiang minh rang ham sinh mé-men g, (t)
cta X xac dinh duy nhat ham mat do xac suat f, (t) caa X . Biéu nay quan trong vi d6i khi viéc thao tac
Vi cac ham sinh mo-men d& dang hon so véi viéc thao tac véi cac ham mat do Xac suét.

e. Tinh duy nhét: Hai bién ngau nhién c6 ciing ham sinh mé-men thi s& c6 cting phan phdi.

Pinh Ii 2: Gia st X va Y Ia hai bién ngiu nhién véi cac ham sinh m6-men tuong Gng 1a g, (t) va
g, (t) va cac ham phan phdi xac suat lan luot 1a F, (x) va F, (y). Néu g, (t) =g, (t), thi

Diéu nay dam bao rang phan phéi cia mot bién ngau nhién cé thé dugc xac dinh bai ham sinh md-men
ctia n6. Hé qua cua dinh Iy trén 1a néu tit ca cac md-men cia mot bién ngdu nhién X ton tai, chiing s& hoan
toan xac dinh ham sinh md-men (vi cac mo-men 1a cac dao ham cia ham sinh md-men trong khai trién
Taylor ctia n6) va cac md-men nay ciing hoan toan xac dinh phan phéi, ciing nhu ham phan phéi tich liy,
ham mat do xac suat va ham khdi xac suat.

Khi ham sinh md-men ton tai, s& c6 mot phan phdi duy nhat twong tng véi ham sinh mé-men d6. Do
d6, c6 mot don &nh giira cac ham sinh mé-men va cac phan phdi xac suat. DPiéu ny cho phép ta sir dung
céc ham sinh md-men dé tim cac phan phdi cua cc bién ngau nhién bién déi trong mot sé truong hop. Ky
thuat nay thuong duoc sir dung cho cac té hop tuyén tinh cua cac bién ngau nhién doc lap.

f. Khi ham sinh md-men tdn tai, n6 xac dinh mot tap hop vo han cac mo-men

Cau hoi hién nhién dt ra 1a liéu hai phan phdi khac nhau c6 thé c6 cting mét tap hop mo-men vo han
hay khéng. Cau tra loi 13, khi ham sinh md-men ton tai trong mot 1an can quanh 0, ddy md-men v han s&
xac dinh duy nhét phan phéi. Biéu nay cho phép chung ta xac dinh phan phéi gii han cua mot ddy cac bién
ngau nhién bang cach xem xét cac ham sinh mé-men lién quan.

Phan tich va théo luin
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Céc huong nghién ciu tiép theo: Nghién cau ma rong: D& xuét cac linh vuc khac ma MGF c6 thé duoc
ap dung, Chang han nhu trong cac mé hinh dy doan nang cao hoac phéan tich di liéu 16n. Khdm phé cac
cong cu bd sung: Khuyen khich nghién ciu thém cac cong cu bd sung hoic cac phuong phéap khac c6 thé
két hop véi MGF dé cai thién kha nang phén tich va ang dung.

4. Két luan

Ham sinh m6-men la mot cong cu quan trong va hiu ich trong phan tich xac suat va thong ké. N6 gilp
giai quyet cac bai toan thuc te bang cach cung cap thong tin chi tiet ve cac mo-men cua phan phoi, cho
phép tinh toan cac thudc tinh quan trong va tai 1ap phan phoi tir cAc m6-men.
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ABSTRACT

Moment generating functions: A powerful tool in probability and
statistical analysis

Le Bich Phuong, Ha Huu Cao Trinh
Hanoi University of Mining and Geology

In this paper, we introduce a useful tool for proving theorems related to random variables, called the
moment-generating function. This tool helps to transform problems involving probability and expectation
into analytical problems related to the value and derivatives of the function. We will explain how the
moment-generating function determines moments and how to use moments to reconstruct the moment-
generating function. The paper also presents how to use the moment-generating function to find the
distribution of functions related to random variables.

Keywords: moment-generating function, statistical probability, moments, probability distribution.
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