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ABSTRACT. This report, we investigate a method for the numerical solution of the nonlinear fractional
differential equation DXy(t) = f(t, y(t)), equipped with initial conditions y*)(0) = yék), k=0,1,.., [«]—1;
Here o may be an arbitrary positive real number, and the differential operator is the Caputo derivative. In
this report, firstly the numerical method (the Adams method) is given, then we further study the error
analysis of this method for the fractional differential equations in the cases: (i) the error estimates for a €
(0,1), f € C2(6), (ii) the solution y(t) having some special forms
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1. Introduction. The generalized Adams-Bashforth-Moulton method, often simply called "the fractional
Adams method", is a useful numerical algorithm for solving a fractional ordinary differential equation:
Day(t) = f(t,y(t)),y®(0) = y{,k = 0,1,...,n — 1, where @ > 0,n = [a] is the first integer not less
than a, and D&y(t) is the a th-order fractional derivative of y(t) in the Caputo sense. Although error
analyses for this fractional Adams method have been given for (a) 0 < a, D%y(t) € C?[0,T], (b) a >
1,y € C**14[0,T], (c) 0 <a <1,y € C?[0,T], (d) a >1,f € C3(G), there are still some unsolved
problems (i) the error estimates for a € (0,1), f € C%(G), (ii) the solution y(t) having some special forms.
In this report, we mainly study the error analyses of the fractional Adams method for the fractional ordinary
differential equations for the three cases (i)-(ii).

2. The Adams method

Let the fractional initial value problem:

DIy(t) = f(t,y(D)
®0) = v® | = _ €Y)
yW0) =y, ,k=01,...,n—-1
where the yék) may be arbitrary real numbers, « > 0 and n: = [a] is the smallest integer = a. D&y (t) is
the Caputo fractional derivative of order a of function y(t), which is defined by

1 t
D n-a-1,(n) < 1 ezt
2z(t) = —F(n a)fo (t—1) zW(@dr(0<n <a<n )

In this part, the our purpose is to give a numerical method for (1)- the fractional Adams-Bashforth-Moulton
method, simply called "the fractional Adams method". Firstly, we have the initial value problem (1) is
equivalent to the Volterra integral equation

n-1 k 1 ¢
y© =Y W G | €0 ) @
k=0 0

in the sense that a continuous function is a solution of (1) if and only if it is a solution of (2).

Here, we assume the function f to be such that a unique solution exists on some interval [0, T]. we also
assume that we are working on a uniform grid {t; = jh:j = 0,1, ..., N} with some integer N and h = T/N.
The basic idea is, assuming that we have already calculated approximations y; ~ y(tj)(j =12,..,k), that
we try to obtain the approximation vy, ,; by means of the equation

n k 1 th+1
Yt = Y WGt | e =0y ©
k=0 0

To construct the required formula, we use the product trapezoidal quadrature formula with respect to the
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weight function (t,,,—. )% to replace the integral. In other words, we apply the approximation
L+ tit1
[ e =0 ey = Z f (b = DT (£, y(©)dt
0 T

= Z f:]h (trsr =1 [f (tf'J’(tf)) v
N :l( ( 1+1'3’( +1)) ( j,y(tj))) (t - tj))] dt

where, by simple calculations we have

(k= (k—a)(k+1)%)  ifj=0
a; = L J((k —] + 2)a+1 + (k _j)a+1 (5)
T T aa+ 1) " | =20k —j + 1)) if1<j<k

1 ifj=k+1
This then gives us our corrector formula (i.e., the fractional variant of the one-step Adams-Moulton
method), which is

k

tk
Vk+1 = Z (k) F(a) Z aj,k+1f(t',J’j) + ak+1,k+1f(tk+1'yl?+1) (6)

Jj=0

The remaining problem is the determination of the predictor formula required to calculate y£, ;. To do this,
we replace the integral on the right-hand side of equation (3) by the product rectangle rule
k

[ G0y =y [T e - 0 ey
0 j=0 “ti

k
= Z bjk+1f (tj'y(tj))
0

where now
hlZ
bikrr = (e +1 =% = (k= N9 (8
Thus, the predictor y£, , is determined by the fractional Adams Bashforth method
tk
Vs = Z W Z bscenf (6,) 9
T@
Finally, we have the fractional Adams Bashforth Moulton method which is written as following
( n-1 ] 1 k
Vi+1 = z 1;13’(5]) + m Z aj.k+1f(t"Yj) + ak+1,k+1f(tk+1'Yl?+1)
J=0 J=0 (10)
n-1 k

ti+1 j 1
|k3’1€+1 = ; ]-_!yo(]) +m; bj,k+1f(tj'3’j)
in which, the weights a; .., and b; ,.,, being defined according to (5) and (8), respectively.
We have thus completed the description of our numerical algorithm. The remainder of this report will be
devoted to the error analysis for this scheme.
3. Error analyses for the fractional Adams method
In this section, we give and prove theorems below.
Lemma. Ify € C*[0,T],0 < a < 1, then

t

Eys1 U (t —T)_“llf'(f)df] < I lltigs A
0

2
a(l—-a)

and

t
A
Fow [ | - r)-“¢'<r)dr] < T I ot 1
0

where A is a constant independent of k and h.



Proof. Using the expressions for E,,, we have
t
Eies [ [ - r)-“w'(r)dr] -
0

i | { | (- Dy e - | " (4 - f)‘“w'(r)dr} (s — D% dt

j=0
ftj+1
&

-0y @dr- [ (-7 W@
0

IN

t t]' —a
f (t —17)"%Y'(r)dt — f (t—1) P'(@dr| (tger — D dt
0 0

j=
k
=0

S—

0

< ly'll,, (fj(tj—f)_“dr—jj(t—r)‘“dr+f (t—r)‘“dr)
0 0 tj

T e .
< T (5 (- ) T — e+ () )

2 1-a 2
< ! —t. < / 1-a
< 1—a”¢ I (t ) < 1—a"¢ Ik
So, one has

t 2 k tj+1
Eia U (6 =D P (Ddr| < Il h e ) f (trs = D dt
0 j=0 "t

2 th+1
— IR [ (G - 0 de = Il £y
0

2
a(l—a)
Applying the expression for Fj,, gives

t
Fiyq U (t—T)'“llJ'(T)dT]=
0
k Ljy1 t
=| " a—1 _ -,/ d
]Zoft (tess — ) UO (t = )P’ (1)dr
£ —a 1[ i+ —a £ —a
—fo (t]-—r) lp’(T)dT—EUO (tj+1—‘r) 1/}’(T)dr—fo (tj—r) lp’(r)dr](t—tj)}dtl
k t]'+1 t
Sl;fq (tas — |j0 (t = ) (1)dr

tj —a 1[ ti+s _a tj —a
- f (t—1) Y'(v)dr—— U (tjs1— 1) V' (D)dr — j (t—1) 1/)’(T)dr] (t—¢)| dt.
0 h 0 0

By tedious calculations, one gets
t ti
| f (t — 1)~ %' ()dt — f ' (& — 1) “y'(0)de
0 0

1[ rti+s —a tj —a
- EUO (tisr—7) P (D)dr— JO (t—-1) l/)’(‘[)d‘[] (t—¢)

fotj [(t - (1) _%((tjﬂ —0) = (G -1) ) (e - tj)] Vi@

<




t 1 —a
| (t—1)"%— E(tj+1 -1) (t-— tj)] Y'(r)dr

1 , 1- B _ 1 _
Sm il {|_(t - t}') “ e tjl ‘- E(t - tj) [_(tj+1 - tj) + t11+1a t]'l a]
-a 1 —-a -a 1 -a
ey g =) [—(t,-ﬂ SRR CEE) | B CRED R ()
1
< 'l fee - e - e - ) (- 1)
-a -a 2 -a
(GRS a-)) (=) (e ) 45 (6 =0 1)
1
——— 'l fee - g - (- ) (e - )
+2[h (e —£) (e - t,-) +(t—t) " = (e -]}

1
STVl {tl_a —G - —(t}ﬂ“ ) (e - ) + 4h1‘“}.

Utilizing the above inequalities, we have

1 b+ —a
+‘z [ =0~ v e
t

k
t 1 tit
Foo | [ €= 0w ] < ol Rl e, [ -0t ae
0 : ti
Jj=0 J
1p2-a 4 1-a A 1-a
< T W Ot ] < Tt

The proof is completed.
Theorem 1. Let 0 < a < 1. Then, if f € C%(G),

max |y(t) y]| = 0(h'™%)

tj€leT]
for every e > 0, and

max |y(t ) yJ| =0(1)

0<jsN

Proof. Since f € C%(G), using Theorem 2.1(a) in [K. Diethelm, N.J. Ford, A.D. Freed, 2004] we have
V1

YO =) 6t + (o)
v=1

in which v, = [1/a] — 1,¥(t) € C[0,T].
Now, using the Caputo fractional derivative definition yields

v

D = 5 T(av+1) javma L ft o ey g
*y()_ 1F(av+1_a)cv F(l_a)o( T) l/)(T)T
V=

Setg(t) = ml_a) fot (t — )"y’ (7)d7. Next we estimate E,,,[g(t)] and Fi41[g(®)].

T e [ ] (t — )y’ (r)dr]

1
Exiilg@®] = Ta—
1

2
< i+ 1-a
STA—@a(l—a) ¥ il

Also,

Feaalg(0] = ——Feua [y (¢ =)™y’ (@)dr]

< toa Wl tEa k=
From Theorem 2.4(b) in [K. Diethelm, N J. Ford, A.D. Freed, 2004] we have
v

Tlev+1) . Tlav+1) e
F(av +1-— a) et l Z T(av+1—a) eyl Exsa [t ]

[‘(1 a)

Ek+1

I'(av +1)

Fav + 1= o (I Cator-at™ 0 < Ctiin
v=1

(11)

(12)

(13)

(14)



and from Theorem 2.4(c) in [K. Diethelm, N.J. Ford, A.D. Freed, 2004], we have

Fiot Sk paams eyt =8| S Bty D, [Fp [6)
< T0ls sy 6ol Chi- a3 7R < €T e e o
where ¢, = min(2,av — a + 1).
Thus, from (11), (12) and (14) we get
Eina [DFy(0)] < 2max {2 — Il A%, CRettyh) (16)
and from (11), (13) and (15) we also get
Fiy1[DEy ()] < 2max {F(ZA_ e h e, O haﬂ} an

Now, by using (16) and (17), we obtain
|y(tj) - yj| < Ct]f"_lhq, (@ = min(1,1 — a))
So, if e € (0,T] and ¢t; € [¢,T], then
ly(t;) — ;| < Ctef*h*~% < Ce*ha

or
— V.| = 1-
Jmax [y(5) | = 0 (')
and max |y(t;) — y;| = 0(1)

0<jsN
The proof is completed.
According to Theorems 2.1, 3.2 in [K. Diethelm, N.J. Ford, A.D. Freed, 2004] , the smooth condition of
P(t) plays an important role in error estimates. If this term is removed, what will happen? We will give
an answer.
Theorem 2. Suppose that the solution y of (1) is expressed in the form
Vo

YO =) et (18)

v=0
in which v, € Z*, with the constants ¢y, ¢,, ..., ¢, € R. Then, for € € (0,T],
{O(hz) ifl<a

max, () =% = oty io <o <1

t}'E[G,T]
and moreover,
o(h?) ifi<a
t:) —vy:| =
0r21%§v|y(’) il {O(hz“) ifo<a<1
Proof. Using (18) and the Caputo fractional derivative definition yields

DEy(t) = Yo, —aD o pva-a (19)

V=1 rwa+i-a) Y
If « > 1, it follows from (19) and Theorems 2.3 and 2.4 in [K. Diethelm, N.J. Ford, A.D. Freed, 2004]
that

F(va+1) _
Bt [DEY(O)] < X024 ﬁlcﬂm[t”“ ] < Gyt h (20)
and
I'va + 1) _ _
Fiea[D2y(8)] < lep|Fiya [£29] < Gt 247V h? (21)

] Tva+1-a)
Now, by using (20) and (21) and Lemma 3 in [K. Diethelm, N.J. Ford, A.D. Freed, 2004], we get
ly(t;)) — y;| < ChY, (@ = min(2,1 + a))

max |y(t;) — y;| = 0(h?)

0<jsN
If 0 < a < 1, by almost the same reasoning, we again have
Vo
IF'(va +1) B B
Exs1[DEy(D)] < 1 m|%|5k+1[tm “1 < Gtiih (22)
V=
and
Tva + 1) B _
Fiy1[DEy(0)] < |eol Fie 1 [£V474] < Catifrt h**T (23)

4 Tva+1-—a)
V=
By using (22) and (23), we obtain



|y(tj) - yj| < Cst*1hY, (hereq =1+ a)
So, for arbitrary € > 0 and ¢; € [, T],
|ly(4;) = ¥j| < Coe M1+
ie.,
max |y(t;) — y;| = 0(h**%)

tj€leT]
andforo <j <N, |y() —y| < chte,
This ends the proof.
Compared to DFF Theorem (b) (the case with & > 1 and € C/*1*1[0, T] ), here the order of the estimate is
much higher but y € C'*1=1[0, T], except for the special form of y(t). The error estimates are actually the
posterior estimates. A more general case relating to the posterior error estimates is given below.

Theorem 3. Suppose that the solution y of (1) is expressed in the form
Vo v V. vy

1 2
y(t) = Z Cont™ + Z Crpt™ Y + z N z Cyttt e (24)
v=1 v=1

v=0

in which vy, vy, vy, ..., v, L € Z*, all ¢y, €1 4, ..., €1y ATE real numbers Then, for e € (0,T],

geen Y\ TV T oty ifo<a<1
and moreover,
_(0(h®) ifl<a
o‘?ﬂ’fv'y(t) vl = {O(hz"‘) ifo<a<1

The proof of this theorem is the same as that of Theorem 2 and so is omitted here. It is worthy of note that
the last [ terms on the right hand side of Eq. (24) cannot begin with v = 0; otherwise, the above conclusion
does not hold yet.
Conclusion. In this report, we first introduce the fractional Adams method, then present and prove one
lemma and three important theorems on the errors of this fractional Adam method. These results help
improve the theory of fractional differential equations and are widely applied in other fields.
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TOM TAT
Phan tich sai so0 cho phuong phap Adams cap phan so
Nguyén Thi Hong!, Pao Xuan Hung 2t
Y Hoc vién ki thudt Mat Ma
2 Pgi hoc M6 - Dia chat

B4o céo nay, chung toi nghién ciru phwong phap sé dé giai phwong trinh vi phan cép phéan sb phi tuyén
D&y(t) = f(t, y(t)), véi cac didu kién ban dau y¥(0) = y(k) k=0,1,..[«]-1;0 déy o c6 thé 1a mét 5O
thuc duong tuy y va toan tir vi phan la dao ham Caputo. Trong bao cao nay, trudce hét phuong phap s6
(phuong phap Adams) duoc dua ra, sau do chiing t6i nghién ctru sdu hon vé phan tich sai s6 cia phuong
hap nay cho cac phuong trinh vi phan cip phan sb trong cac truong hop: (i) u6e luong sai sé trong truong
hop a € (0,1), f € C?(G), (ii) nghiém y(t) c6 mot s6 dang dic biét

Tir khoa: Phép tinh phan s; Pao ham Caputo; phuong trinh vi phan cép phan sb



