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Abstract
In this study, a novel approach based on the elliptic balance method (EBM) is proposed for the
first time to find the approximate frequency of nano/micro-electromechanical systems modeled
as Euler–Bernoulli beams under the effects of electrostatic and van der Waals interaction forces.
Firstly, the governing equation of the beam is reduced to the single-mode vibration equation
using the Galerkin method. A nonlinear differential equation for the time-dependent beam
deflection is obtained. We present the approximate solution as an elliptic cosine function, which
considers the free term contributing to the solution. This free term is relevant for vibrations with
a non-zero mean in time, in which the beam is affected by a relatively large applied voltage. Via
some manipulations, the obtained result is an algebraic equation with only one unknown in three
unknowns: the free and vibration coefficient terms, and the modulus quantity of the elliptic
cosine function. This nonlinear equation is solved using the Newton–Raphson method. The
numerical results from the EBM show that the accuracy of the solution responses in time and
approximate frequency is relatively accurate, almost coinciding with the results obtained from
the numerical solution method using the Runge–Kutta algorithm. Our results also agree well
with previously published experimental and simulation results. The results are meaningful when
determining the frequency of the vibrating beam with high accuracy for micro/nano systems.

Keywords: micro/nano-beam, electrostatic force, van der Waals interaction, pull-in instability,
elliptic balance method

1. Introduction

Nano/micro electromechanical systems (N/MEMSs) play an
important role in nanotechnology and are commonly used in
most devices containing nano/micro-sized structures such as
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sensors and actuators [1–3]. The structure of the system usu-
ally has two plates acting as two electrodes, including a fixed
plate, called the substrate, and a movable plate modeled as a
beam so that its body and surface can be deformed and bent
transversely due to the interactions forces of the beam with
the fixed substrate [4, 5]. One of the problems encountered
when designing or working with N/MEMS is the phenomenon
of pull-in instability, as the applied DC voltage approaches a
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threshold value at which the deflection of the beam reaches
a maximum value and touches the bottom of the fixed elec-
trode. At that time, the interaction force, such as an electro-
static force, suddenly increases, overcoming the elastic force,
and can have harmful effects on the N/MEMSs. The phe-
nomenon of pull-in instability was first observed experiment-
ally by Nathansom et al [6] and Taylor [7] in 1967 and 1968,
respectively. This phenomenon is often harmful to the struc-
ture, and therefore an important design task is to find the
voltage point that causes the instability to the system. This is an
interesting problem and has attracted many researchers in both
experimental and theoretical investigations on the micro/nano-
scale [8–15] using different models, methods and approaches.

At themicroscale, the electrostatic interaction force is dom-
inant and has a magnitude that is proportional to the inverse of
the square of the gap distance between two electrodes. In [16],
Zhang and Zhao used a single-mode and multi-mode analysis
method to study the pull-in instability of microstructures under
electrostatic loading. The authors showed that the first modal
shape is dominant, and the number of modes is not a major
factor influencing the computational results of the multi-mode
analysis. This observation can be applied to micro/nano-beam
systemswith a singlemode that can provide an estimationwith
acceptable accuracy for the response compared to multi-mode
studies. In fact, this observation is also known in beam systems
with large dimensions. The electrostatic field between two
electrodes can be affected by the appearance of the fringing
field. Hu andWei [17] considered the fringing effect for calcu-
lation of the pull-in voltage of a micro-curled cantilever beam.
The analytical results for the pull-in voltage point are obtained
based on the energy method. To more accurately evaluate the
physical behavior of microbeams, some authors have extended
the conventional Euler–Bernoulli beam theory to the Euler–
Bernoulli beammodel that considers the size scale effect using
the modified couple stress theory [18–20]. Rahaeifard et al
[21] analyzed the static pull-in instability of microcantilevers
based on the modified couple stress theory. The effect of the
fringing field was also included. The authors’ contribution has
shown that the use of the modified couple stress theory can
reduce the difference between the experimental observations
and simulation results based on the classical theory for the
static pull-in voltage of the system. Analysis of the nonlinear
behavior of electrically actuated MEMS based on the mod-
ified couple stress theory can also be found in some works,
such as [22–26]. In [27], Rhaeifard and Ahmadian developed
the theory of a strain gradient to study the pull-in instabil-
ity of microcantilevers. The Hamiltonian’s principle is util-
ized to derive the equation of motion of a Euler–Bernoulli
microbeam. The model of the beam may also be concerned
with functionally graded materials. Jia et al [28] considered
a poly-SiGe functionally graded microbeam under combined
electrostatic intermolecular forces and axial residual stress in
a situation that emphasized the effects of the ground electrode
shape, position-dependent material composition and geomet-
rically nonlinear deformation of the microbeam. Tahani and
Askari [29] introduced a simple and accurate formula to pre-
dict the pull-in instability voltage point of a fully clamped

electrostatically actuated nano/micro-beam based on the lin-
ear universal graph approach. The nonlinear pull-in instability
of the micro/nano systems with surface energy is explored by
Wang et al [30]. The authors derived the governing equation
of motion using the modified couple stress theory and showed
that the pull-in voltage and fundamental frequency of the plate
are considerably enhanced by thematerial length scale, surface
energy and geometrically nonlinear deformation. The coup-
ling between the surface energy and dispersion forces on non-
linear size-dependent pull-in instability of functionally graded
micro/nano-switches was considered by Attia and Mohamed
[31]. The influences of the material and geometrical paramet-
ers on the nonlinear size-dependent electroelastostatic beha-
vior of functionally graded micro/nano-switches were invest-
igated in detail.

At the nanoscale, researchers are interested in the influence
of near-field interactions on the response of systems: typic-
ally, the influence of van der Waals interactions on response
characteristics, including the pull-in instability phenomenon
[32, 33]. The van der Waals force is known to be a weak force
of attraction between electrically neutral atoms or molecules.
They are much weaker than electrostatic forces. For NEMS
structures where the distance between the electrode plates is
relatively small, the van der Waals force becomes evident
and has a significant influence on the structural behavior. In
terms of magnitude, the van der Waals force is inversely pro-
portional to the cube of the distance difference between two
electrode plates and depends on the electrode material. The
influence of van der Waals forces on the system response has
been studied in various NEMS systems, with emphasis on
the geometrical and material modeling aspects of the systems
that act on the change in pull-in characteristics. Rotkin [34]
studied the effect of the van der Waals force on the pull-in
gap and obtained analytical expressions for the pull-in gap
and voltage of a nano-electromechanical system. The influ-
ence of van der Waals forces on the pull-in parameters of
cantilever-type nanoscale electrostatic actuators was invest-
igated by Ramezani et al [35] using a distributed parameter
model associated with the Green’s function method. Findings
on the clamping instability in a carbon nanotube mechanical
resonator under the effect of van der Waals force were pub-
lished in 2014 by Aykol et al [36]. When the temperature was
cycled between 340 K and 375 K, the hysteretic clamping
and unclamping phenomena of the nanotube device could be
observed and led to a result with a discrete drop in the mechan-
ical resonance frequency of the order of 5–20MHz. Bhojawala
and Vakharia [37] explored the effects of van der Waals forces
on the pull-in voltage, frequency tuning and frequency stabil-
ity of NEMS devices using the Euler–Bernoulli beam model
and the reduced-order model method. They showed that the
presence of van der Waals forces reduces the pull-in voltage
and pull-in displacement. The reduction in the pull-in para-
meters due to van der Waals force is considerable in beams
with high axial compressive force. In [38], the pull-in instabil-
ity of cantilever and fixed-fixed nano-switches subjected to
electrostatic and intermolecular forces was investigated. The
effect of small length scale was taken into account using a
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hybrid nonlocal Euler–Bernoulli beam model. A new model
developed by Yazdanpanahi et al [39] introduced a balanced
liquid layer to the system of electrostatic doubly clamped nano
actuators. The governing equation of motion of the actuator
was established using the continuous beam model and then
using the modified Adomian decomposition method to obtain
analytical solutions for the buckling and pull-in instability
of the actuator. Moradweysi et al [40] applied the modi-
fied Adomian decomposition method to analyze the pull-in
instability of nano-switches using nonlocal Timoshenko beam
theory. Mirkalantari et al [41] developed a model based on the
strain gradient, by considering surface stress effects, to analyze
the pull-in instability behavior of a rectangular nanoplate. The
flexoelectric effect is one of the most important phenomena
created in micro/nanoscale beams and affects the results of the
beam’s response. Recently, in [42], the pull-in instability in the
beam-type nano-electromechanical systems has been investig-
ated under the flexoelectric effect. That research shows that the
pull-in voltage increases due to the flexoelectric effect reduc-
tion; and in the indirect state of the flexoelectric effect, the
increase in the applied voltage causes a decrease in the pull-in
voltage. A contribution to the nonlocal theory for the study of
nanostructures with pull-in instability is the two-phase model
that can capture the size-dependent behavior of a nanotweezer
device and can provide a more accurate description of its elec-
tromechanical response [43]. The model has enhanced the
understanding of the behavior of devices at the nanoscale and
has paved the way for more accurate predictions and design
considerations in this field.

With regard to the problems of vibrations of nano/micro-
structures, the pull-in instability phenomenon is evaluated via
the amplitude and frequency of oscillation. In free vibrations,
the frequency evaluation is an important criterion and needs
to be dealt with by reliable methods with high accuracy [44].
Unlike the static problem, the pull-in response in the dynamic
problems can be more complicated due to the requirement
that the maximum point of the response must not exceed the
gap distance between the two electrode plates, whereas this
maximum point depends on both the amplitude and average
response of the system. Here, the response average has the
same meaning as the solution in the static problem. Another
difference when compared to the static problem is that most
dynamic systems can vibrate with different behavior, and they
are nonlinear and belong to classes of strongly nonlinear sys-
tems; therefore, finding a solution for strongly nonlinear sys-
tems is relatively difficult. Note that dynamic problem models
can be extensions or generalizations from previously known
static models with electrostatic interaction effects, van der
Waals interaction effects and Casimir effects, and beam mod-
els using modified couple stress theory and nonlocal theory
[45, 46]. The free vibration systems without damping often
lead to periodic motions; the obtained solution is periodic,
and the period can be found approximately [47]. Free vibra-
tion of a clamped nanobeam in the presence of the Casimir
force was studied by Askari and Tahani [48] using a combin-
ation of the Galerkin decomposition procedure and the homo-
topy analysis method (HAM). The obtained pull-in response

was shown to agree well with those obtained by the fourth-
order Runge–Kutta method. Askari et al [49] realized that
there are no presented criteria for predicting the threshold of
the frequency behavior change in micro/nano-beams. They
proposed a new frequency criterion for predicting the type of
frequency behavior in a double-clamped beam-type N/MEMS
under the van der Waals attraction using the HAM approach.
For beam-type N/MEMS, Ismail and Cveticanin [50] used the
higher-order Hamiltonian approach to solve double-clamped
beams subjected to the van derWaals interaction. An approach
based on the homotopy perturbation method was introduced
by Shamsmohammadi et al [51] to study the response of
nano/micro-beams under the effects of the van derWaals inter-
action force.

It can be said that most of the systems in the fields of
engineering and technology are nonlinear, especially the non-
linear systems appearing in N/MEMS that belong to the
strongly nonlinear type. There have been many efforts pro-
posed and developed to find approximate solutions to such
nonlinear systems, such as the perturbation method [52], the
harmonic balancemethod [53], themultiscalemethod [54], the
Adomian decomposition method [55] and the variational iter-
ation method [56]. For nonlinear systems of the strongly non-
linear type, a method that has been observed and has attracted
attention in recent years is the elliptic balance method (EBM).
The EBM is a generalization of the harmonic balance method
(HBM), in which the utilized trial function is the Jacobi elliptic
function instead of the usual trigonometric functions [57]. The
use of the Jacobi elliptic function leads to the interesting res-
ult that it can be used to represent exact solutions of undamped
cubic Duffing oscillators [58], and even undamped quadratic
nonlinear systems [59], ormixed-type systems containing both
the second- and third-order nonlinearities [60]. In [61], Elías–
Zúñiga presented exact solutions to a cubic-quintic Duffing
oscillator equation based on the use of Jacobi elliptic func-
tions. Recently, for free vibrations, Lenci [62] obtained an
exact analytical solution of a system consisting of two coupled
Duffing oscillators, which served as a basis for investigat-
ing the frequency characteristics with different system para-
meters. In systems subjected to external excitations, Vakakis
and Blanchard [63] obtained an exact steady-state solution
for a strongly nonlinear Duffing oscillator with arbitrary vis-
cous damping. A review on the Jacobi elliptic functions and
related research results are summarized in [64]. Because of
the relatively unique properties of the Jacobi elliptic function,
it has enabled the EBM to be applicable to a wide variety
of nonlinear systems: both free and forced vibration systems.
The primary indications on the solution methods for nonlin-
ear systems based on the EBM can be found in [65]. Simple
polynomial-type systems are usually considered to find peri-
odic solutions or limit cycles in the process of calculation
implementation for the EBM. In [66], Hsu applied the EBM
to find approximate solutions of a Duffing system subjected to
periodic excitation. Using the EBM in a case of external excit-
ation, Elías–Zúñiga [67] obtained a general solution of the
forced damped Duffing equation by assuming that the mod-
ulus of the Jacobian elliptic function is slowly varying as a
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function of time. Elías–Zúñiga [68] developed the EBM for
two-degrees-of-freedom systems with external excitation in
the form of elliptic functions. Furthermore, Elías–Zúñiga et al
[69] sought approximate frequency solutions using the EBM
for a nonlinear singular oscillator. The authors showed a sig-
nificant improvement in the error of the solution compared
to the exact solution of the system. The system explored by
Elías–Zúñiga, however, is relatively simple. In [70], Wu and
Tang developed a modified EBM and used it to solve the force
and displacement transmissibility of a two-stage geometric-
ally nonlinear vibration isolation system. They showed that
the developed method can reduce the truncation error in the
harmonic balance solution and can improve the accuracy of
the resonance regimes of the amplitude–frequency curve and
transmissibility. Most recently, the EBM was implemented to
obtain the steady-state response of a nonlinear metamaterial
unit cell [71] in wave propagation problems. This is a relat-
ively new approach for finding the dispersion relationship of
a nonlinear metamaterial with Duffing-type cubic nonlinearity
at the attached oscillator.

Previous studies on N/MEMS have provided approximate
expressions of the response in time or approximate expressions
of the frequency with an accuracy that may not be as expected
because of the large nonlinear characteristics of the system. To
improve the response accuracy and to be able to accurately pre-
dict the pull-in response, finding a suitable method with high
accuracy is a reasonable requirement. In this paper, our solu-
tion idea is based on the observation that, in a nonlinear and
undamped free oscillation system, a Duffing-type nonlinear
system can give an exact solution through the representation
of generalized trigonometric functions based on Jacobi elliptic
functions [64], as presented in the above analysis for the EBM.
This idea is natural and is expected to be applicable for find-
ing approximate solutions of strongly nonlinear systems, even
systems that do not have the known Duffing form. Therefore,
in this study, we have applied the method of elliptic balance
based on the elliptic function to find approximate responses
in time and frequency of a beam-type N/MEMS subjected to
electrostatic and van der Waals interaction forces. Parameter
analysis is carried out to assess the accuracy of the proposed
method.

The nonlinearity of N/MEMS may come from two main
sources. The first comes from the geometrical nonlinearity
at which large deformations occur due to the axial stretch-
ing effect of the beam. This source often appears in N/MEMS
structures with clamped boundary conditions at both ends, and
therefore the axial stretching force is significant. For N/MEMS
structures with cantilever beams, the nonlinearity due to the
axial stretching effect is usually small and can be neglected
in many situations. The second nonlinearity source comes
from the interaction forces between the two electrodes of the
structure, such as the electrostatic interaction, van der Waals
interaction and Casimir interaction. The electrostatic interac-
tion is inversely quadratic with the distance between the two
electrodes. The van der Waals interaction is inversely cubic;
whereas the Casimir interaction is inversely quartic with the

distance between the two electrodes. This leads to the fact that
the governing differential equation of vibration is a strongly
nonlinear equation with a nonlinear function of the fractional
form. Solving such a differential equation is not an easy task,
even with the search for approximate solutions. A simple treat-
ment is to approximate the polynomial form based on the
Taylor expansion of the above fractional functions, and then
use known approximation methods for nonlinear systems of
the polynomial form to find the solution of the original sys-
tem. The disadvantage of this approach is that it is only suit-
able in the case where the ratio of the beam deflection to
the distance between two electrodes is relatively small, and
the calculation error will increase when the beam deflection
response is large and near the pull-in position. The character-
istic of the above solution is that the system has been reduced
to a weak nonlinear property, which may be fundamentally
different from the original strong nonlinear characteristics.
The harmonic balance method is one of the useful tools for
finding the frequency of a strongly nonlinear oscillating sys-
tem, but it is mostly studied for polynomial-type systems or
can be reduced to a polynomial form in some contexts. The
advantage of this method is that it does not require small para-
meters like the perturbation methods. However, to improve
the accuracy of the harmonic balance method, higher-order
harmonic terms need to be taken into account. This leads to
the calculation process becoming a complicated problem. The
EBM is a new idea for solving the systems encountered in the
field of N/MEMS. Due to its generality compared to the tradi-
tional harmonic balance method, the EBM is expected to give
a more accurate solution from the following observation: it
can be seen that the undamped free Duffing vibration oscil-
lator is a conservative system, and the exact representation
of this Duffing equation through the elliptic function repres-
entation shows that the Jacobian elliptic function is closely
related to the energy conservation of the system. This sug-
gests that, in some circumstances, the solution trajectory of
a conservative nonlinear system can be approximated through
the elliptic function. In terms of the intrinsic representation
of the solution in our present approach, the approximate solu-
tion is represented similarly to the well-known approxima-
tion of the EBM, but it is worth noting that the approxim-
ate representation has an additional free term. The free term
is emphasized because, in most of the previous studies, it is
ignored due to the mathematical assumption that the mean
value of the response is zero. A zero-mean value would be
unreasonable for the N/MEMS system because the system
may oscillate around the non-zero equilibrium point due to
the interaction forces, especially when the applied voltage of
the system increases. Such a representation leads to the fact
that we must solve the equation with an increased number of
unknowns. This is different from the representations of the
solutions in previous studies of MEMS systems. Due to this
representation, we have analyzed and discovered the point
with zero amplitude before the pull-in phenomenon occurs
during the process of increasing the applied voltage on the
system.
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Figure 1. Modeling of a clamped-clamped micro/nano-beam with a rectangular cross section under the effects of electrostatic and van der
Waals forces.

2. Governing equation of beam vibration

Consider a clamped-clamped micro/nano-beam interacting
with a fixed substrate at distance d0 by the electrostatic and
van der Waals interactions, as shown in figure 1. The beam
and fixed substrate play as two electrodes in configurations of
structures at the micro/nanoscale, such as sensors and actuat-
ors. The first electrode is modeled as a deformable beam for
which the large deflection can be present due to the force inter-
actions, whereas the second electrode is assumed to be fixed
and the body deformation is not considered. The governing
equation for the beam is given by [49]

EI
∂4W
∂X4

+ ρbh
∂2W
∂t2

=

Fr+ Ebh
2L

Lˆ

0

(
∂W
∂X

)2

dX

 ∂2W
∂X2

+Fe+FvdW (1)

whereW=W(t,X) is the deflection of the beam depending on
time t and position X along the length L of the beam; E is the
Young’s modulus; I is the second-order inertia moment of the
rectangular cross section with dimension b× h; and ρ is the
mass density of the beam material. The electrostatic force per
unit length of the beam is denoted as Fe and is expressed as a
function of the distance difference d0 −W between the beam
and fixed substrate as follows

Fe =
εbV2

2(d0 −W)
2 (2)

where ε= 8.854× 10−22 (F/m) is the dielectric constant of
the medium, and V is a polarized DC applied voltage. The van
der Waals force FvdW is given by [49]

FvdW =
AHb

6π (d0 −W)
3 (3)

where AH is the Hamaker constant [72]. The value of the
Hamaker constant can be taken in the range (30− 50)× 10−20

J for two identical metal media (Ag, Au, Cu) interacting cross
vacuum (air). The axial residual force is denoted as Fr and is
given by:

Fr = σrbh (4)

where σr expresses the axial residual stress of the beam.
The second integral expression on the right-hand side of
equation (1) represents the geometrical nonlinearity related to
the axial stretching effect of the mid-plane of the beam. Let us
introduce dimensionless quantities and denote as

x=
X
L
, w=

W
d0
, τ =

t
T
, N=

12FrL2

Ebh3
,

α= 6

(
d0
h

)2

, β =
6εV2L4

Ed30h
3
, λ=

2AHL4

πEh3d40
, T=

√
ρbhL4

EI
.

(5)

The dimensionless quantity N expresses the axial resid-
ual force; three quantities, α, β, λ, represent the gap distance
between the beam and substrate, electrostatic and van der
Waals force parameters, respectively. Here, T is the vibra-
tional period corresponding to the fundamental frequency of
the beam, i.e. T= 2π/ω0 with ω0 = 2π

√
EI/(ρbhL4). The

governing equation (1) is transformed in the following dimen-
sionless form:

∂4w
∂x4

+
∂2w
∂τ 2

=

N+α

1ˆ

0

(
∂w
∂x

)2

dx

 ∂2w
∂x2

+
β

(1−w)2
+

λ

(1−w)3
. (6)

In the following, we use the Galerkin method [73–75] with
a single mode to transform equation (6) to the corresponding
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form of a single-degree-of-freedom system. Accordingly, the
dimensionless deflection w(τ,x) is expressed as a product of
the modal function ψ (x) and a time-varying function u(τ):

w(τ,x) = ψ (x)u(τ) . (7)

Note that in the general form, the deflection w(τ,x) can be
expressed as a linear combination of the modal functions ψ i

and time-varying functions ui (τ). In such a situation, the cal-
culation process is similar to the single-mode case. The modal
function ψ (x) is found from the conditions of free vibration
of the clamped-clamped beam:

ψ (x) =
1

φ 1 (0.5)
φ 1 (x) (8)

where the function φ 1 (x) is given by:

φ 1 (x) = cosh
(√

Ω1x
)
− cos

(√
Ω1x

)
−

sinh
(√

Ω1
)
+ sin

(√
Ω1

)
cosh

(√
Ω1

)
− cos

(√
Ω1

) (sinh(√Ω1x
)
− sin

(√
Ω1x

))
.

(9)

Here, the parameter Ω1 takes a value in which
√
Ω1 =

4.73 for the clamped-clamped beam in the first modal
form of free vibration. The second-, third-, fourth-
and fifth-order forms of free vibration are

√
Ω1 =

7.8532, 10.9956, 14.1372, 17.2788, respectively. The form
in equation (7) is selected because it yields an observation that
the function u(τ) is expressed for the deflection of the mid-
point of the beam, i.e. w(τ,0.5) = ψ (0.5)u(τ) = 1× u(τ) =
u(τ).

By substituting equation (7) into equation (6), multiplying
both sides of the resulting equation by ψ(1−w)3 and noting
the the property ψ (4) (x) = ω2

0ψ (x), we arrive at

(ψ 2 − 3ψ 3u+ 3ψ 4u2 −ψ 5u3)ü+(βψ 2 +ψψ (4) −Nψψ ′ ′)u

+(3ψ (4)ψ 2 + 3Nψ 2ψ ′ ′)u2 +((3ψ (4)ψ 3 −Nψ 3ψ ′ ′)

−αpψψ ′ ′)u3 +(−ψ (4)ψ 4 +Nψ 4ψ ′ ′ + 3αpψ 2ψ ′ ′)u4

− 3αpψ 3ψ ′ ′u5 +αpψ 4ψ ′ ′u6 − (β+λ)ψ = 0 (10)

where we denote p as follows for simplicity

p=
1
∫
0

(
ψ ′)2dx. (11)

Taking integration on both sides of equation (10) in the inter-
val [0, 1], we obtain the following equation of the time-varying
function u(τ):(

a0 + a1u+ a2u
2 + a3u

3
)
ü+ b0 + b1u+ b2u

2 + b3u
3 + b4u

4

+ b5u
5 + b6u

6 = 0 (12)

with initial conditions for u(τ):

u(0) = A, u̇(0) = 0 (13)

and the coefficients ai, bi given by:

a0 =

1ˆ

0

ψ 2dx, a1 =−3
1
∫
0
ψ 3dx, a2 = 3

1ˆ

0

ψ 4dx, a3 =−
1ˆ

0

ψ 5dx

b0 =−(β+λ)

1ˆ

0

ψdx

b1 = β

1ˆ

0

ψ 2dx+

1ˆ

0

ψ (4)ψdx−N

1ˆ

0

ψ ′ ′ψdx

b2 =−3

1ˆ

0

ψ (4)ψ 2dx+ 3N

1ˆ

0

ψ ′ ′ψ 2dx

b3 = 3

1ˆ

0

ψ (4)ψ 3dx− 3N

1ˆ

0

ψ ′ ′ψ 3dx−α

1ˆ

0

ψ ′2dx

1ˆ

0

ψ ′ ′ψdx

b4 =−
1ˆ

0

ψ (4)ψ 4dx+N

1ˆ

0

ψ ′ ′ψ 4dx+ 3α

1ˆ

0

ψ ′2dx

1ˆ

0

ψ ′ ′ψ 2dx

b5 =−3α

1ˆ

0

ψ ′2dx

1ˆ

0

ψ ′ ′ψ 3dx

b6 = α

1ˆ

0

ψ ′2dx
1
∫
0
ψ ′ ′ψ 4dx. (14)

It is seen that the integrals for the coefficients ai, bi can be cal-
culated using an appropriate numerical method, for example, the
Simpson’s method with a reliable accuracy [76, 77]. The coeffi-
cients ai (i = 0, 1, 2, 3) only depend on the shape function ψ (x),
whereas the coefficients bi (i = 0–6) depend on both systems’
parameters and the modal function. Therefore, the effect of sys-
tem parameters will be reflected via the coefficients bi (i= 0–6), in
which they constitute components of the nonlinear equation (12).
Equation (12) takes the form of a conservative system in which
the damping effect is absent. The conservation law yields the fact
that the system response u(τ) has a form of periodic motion with
certain frequencies. In the following, we find the vibrational fre-
quency of the system, equation (12), using the EBM.

3. Elliptic balance and solution method

Equation (12) is transformed into the following form with fre-
quency ω:

ω2
(
a0 + a1u+ a2u

2 + a3u
3
)
u ′ ′ + b0 + b1u+ b2u

2 + b3u
3

+ b4u
4 + b5u

5 + b6u
6 = 0 (15)

where the double prime denotes the derivative of response u cor-
responding to time τ .

Assume that the solution of response u(τ) takes the following
form

u(τ) = D0 +D1cn
(
τ,k2

)
(16)

where cn is an elliptic cosine function with two arguments τ and
k [64]. The quantity k2 is called the modulus of the function. Two
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coefficients, D0, D1, and the modulus k2 are quantities that must
be determined. The free term D0 is added to the expression of
u(τ) instead of only the elliptic cosine term because the response
may vibrate around a non-zero position.

The initial condition, equation (13), gives an equation for
D0, D1, i.e.D0 +D1 = A. The expressions for the first and second
derivatives of u(τ) according to dimensionless time τ are as
follows

u ′ (τ) =−D1sn
(
τ,k2

)
dn

(
τ,k2

)
u ′ ′ (τ) =−D1

((
1− 2k2

)
cn

(
τ,k2

)
+ 2k2cn3

(
τ,k2

))
(17)

where sn, dn are sine and delta Jacobian elliptic functions of two
arguments τ, k. Let us denote φa as an amplitude function in
elliptic trigonometry that satisfies cosφa = cn

(
τ,k2

)
. Using the

notationφa for calculating elliptic functions of ui (i = 1,2, . . . , 6),
we obtain a trigonometric expression for the left-hand side of
equation (15):

ω2
(
a0 + a1u+ a2u

2 + a3u
3
)
u ′ ′ + b0 + b1u+ b2u

2 + b3u
3

+ b4u
4 + b5u

5 + b6u
6

= h0 + h1cn
(
t,k2

)
+ h2cn

2
(
t,k2

)
+ h3cn

3
(
t,k2

)
+ h4cn

4
(
t,k2

)
+ h5cn

5
(
t,k2

)
+ h6cn

6
(
t,k2

)
= h0 + h1 cosφa+ h2cos

2φa+ h3cos
3φa+ h4cos

4φa

+ h5cos
5φa+ h6cos

6φa (18)

where hi (i = 0,1,2, . . . ,6) are given by

h0 = b0 + b1D0 + b2D
2
0 + b3D

3
0 + b4D

4
0 + b5D

5
0 + b6D

6
0

h1 =D1

[(
b1 + 2b2D0 + 3b3D

2
0 + 4b4D

3
0 + 5b5D

4
0 + 6b6D

5
0

)
−ω2D1

(
a0 + a1D0 + a2D

2
0 + a3D

3
0

)
+ 2ω2k2D1

(
a0 + a1D0 + a2D

2
0 + a3D

3
0

)
= h10 −ω2h11 + 2ω2k2h12

h2 = h20 −ω2h21 + 2ω2k2h22

h3 = h30 −ω2h31 + 2ω2k2h32

h4 = h40 −ω2h41 + 2ω2k2h42

h5 = h50 − 2ω2k2h52

h6 = h60 − 2ω2k2h62 (19)

with hij being

h10 =D1

(
b1 + 2b2D0 + 3b3D

2
0 + 4b4D

3
0 + 5b5D

4
0 + 6b6D

5
0

)
h11 =D1

(
a0 + a1D0 + a2D

2
0 + a3D

3
0

)
h12 =D1

(
a0 + a1D0 + a2D

2
0 + a3D

3
0

)
h20 =D2

1

(
b2 + 3b3D0 + 6b4D

2
0 + 10b5D

3
0 + 15b6D

4
0

)
h21 =D2

1

(
a1 + 2a2D0 + 3a3D

2
0

)
h22 =D2

1

(
a1 + 2a2D0 + 3a3D

2
0

)

h30 =D3
1

(
b3 + 4b4D0 + 10b5D

2
0 + 20b6D

3
0

)
h31 =D3

1 (a2 + 3a3D0)

h32 =D3
1 (a2 + 3a3D0)−D1

(
a0 + a1D0 + a2D

2
0 + a3D

3
0

)
h40 =D4

1

(
b4 + 5b5D0 + 15b6D

2
0

)
h41 =D4

1a3

h42 =D4
1a3 −D2

1

(
a1 + 2a2D0 + 3a3D

2
0

)
h50 =D5

1 (b5 + 6b5D0)

h52 =D3
1 (a2 + 3a3D0)

h60 =D5
1b6

h62 =D4
1a3. (20)

we have identical expressions for cos2φa, cos3φa, cos4φa,

cos5φa, cos6φa

cos2φa =
1
2
+

1
2
cos2φa

cos3φa =
3
4
cosφa+

1
4
cos3φa

cos4φa =
3
8
+

1
2
cos2φa+

1
8
cos4φa

cos5φa =
5
8
cosφa+

5
16

cos3φa+
1
16

cos5φa

cos6φa =
5
16

+
15
32

cos2φa+
3
16

cos4φa+
1
32

cos6φa. (21)

From equation (15) and expressions (18) and (21), creat-
ing a harmonic balance for coefficients of {1, cosφa, cos3φa },
we obtain an algebraic system of three equations associ-
ated with the fourth equation related to the initial conditions
equation, i.e. D0 +D1 = A, for the unknowns ω, k, D0, D1 as
follows:

D0 +D1 −A= 0 (22.1)

h0 (ω, k, D0, D1)+
1
2
h2 (ω, k, D0, D1)+

3
8
h4 (ω, k, D0, D1)

+
5
16
h6 (ω, k, D0, D1) = 0 (22.2)

h1 (ω, k, D0, D1)+
3
4
h3 (ω, k, D0, D1)+

5
8
h5 (ω, k, D0, D1) = 0

(22.3)

1
4
h3 (ω, k, D0, D1)+

5
16
h5 (ω, k, D0, D1) = 0 (22.4)

where the functions hi (ω, k, D0, D1) are determined from
equation (19). We will solve the system in equation (22) using
an appropriate iterative method. Accordingly, we will carry out
several algebraic calculation steps. Using the coefficients hij in
equation (20), equations (22.3) and (22.4) are transformed into
the following form:

λ11ω
2 − 2ω2k2λ12 = λ13

λ31ω
2 − 2ω2k2λ32 = λ33 (23)
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where

λ11 = h11 +
3
4
h31

λ12 = h12 +
3
4
h32 −

5
8
h52

λ13 = h0 +
3
4
h30 +

5
8
h50

λ31 =
1
4
h31

λ32 =
1
4
h32 −

5
16
h52

λ33 =
1
4
h30 +

5
16
h50. (24)

Solving equation (23) for ω2, k2 arrives at

ω2 =
λ12λ33 −λ13λ32
λ12λ31 −λ11λ32

:=G1 (D0,D1)

k2 =
1
2
λ11λ33 −λ13λ31
λ12λ33 −λ13λ32

:=G2 (D0,D1) . (25)

Because λij are functions of only two arguments, D0, D1, we
obtain two analytical expressions of ω2, k2, depending on the
D0, D1. This result reveals a real meaning that the complexity
of system (23) is reduced significantly for our solution calcula-
tion. To further simplify system (22), substituting the result in
equation (25) for ω2, k2 into equation (22.2) yields

λ01G1 (D0,D1)− 2G1 (D0,D1)G2 (D0,D1)λ02 −λ03 = 0 (26)

where

λ01 =
1
2
h21 +

3
8
h41

λ02 =
1
2
h22 +

3
8
h42 −

5
16
h62

λ03 = h0 +
1
2
h20 +

3
8
h40 +

5
16
h60. (27)

Substitution of D0 = A−D1 from equation (22.1) into
equation (26) leads to the following equation of only a single
unknown D1:

H(D1) := λ01G1 (A−D1,D1)− 2G1 (A−D1,D1)

G2 (A−D1,D1)λ02 −λ03 = 0 (28)

where G1, G2 are given by equation (25). In this study, we select
the Newton–Raphson method as an iterative method for finding
the unknown D1 of equation (28) and then use equations (22.1)
and (25) to determine the unknowns D0, ω, k.

4. Numerical results and discussion

In this section, two situations of the problem of the vibration of
N/MEMS are considered. The first is carried out for a microbeam
with a clamped-clamped boundary condition. The second is
presented for a clamped-clamped nanobeam inwhich, at the nano-
scale, the gap between two electrodes is significantly smaller in
comparison with that in the microbeam. The small gap at the
nanoscale will lead to the presence of van der Waals interaction
forces between the two electrodes.

Table 1. The geometrical and material parameters for the
microbeam [49].

L (µm) b (µm) h (µm) d0 (µm) E (GPa) ν ρ (kg m−3)

210 100 1.5 1.18 151 0.3 2332

Figure 2. Graphs of the evolution of the time of the response u(t) at
the applied voltage V = 2 V for the beam length L= 210 µm for
four different methods.

4.1. Evolutions in time of microbeam deflection

Because the system is conservative, the solution trajectory is peri-
odic in time. We carry out calculations to find the response of
the microbeam using four methods: the Runge–Kutta algorithm
[78], the first-order Hamiltonian approach [50], the harmonic bal-
ance and EBMs [64]. The fourth-order Runge–Kutta algorithm is
a common and accurate method to use as a reference for evalu-
ating other methods. The Hamiltonian approach, with a higher-
order version for solving the problem of the double-clamped
microbeam, was recently developed by Ismail and Cveticanin
[50]. However, the explicit form approximation of this approach is
only available for the first-order case. We use this result for com-
parison with our obtained results using the EBM. Our approach
with the EBM is developed to find a highly accurate solution
for the first time in the vibration problem of micro/nano-beams.
The EBM is a generalization of harmonic balance based on the
elliptic functions instead of conventional trigonometric functions.
Therefore, the result obtained from the harmonic balance method
is a special case with the modulus parameter being set to be zero.
The system parameters for the microbeam are given in table 1.
It is noted that the ratio of the beam width to the height is lar-
ger than 5; the Young’s modulus will be taken as an effective
value, i.e. Eeff = E/

(
1− ν2

)
. The axial residual force is kept

at Fr = 0.0009N, i.e. σr = 6 MPa. The results of the response
of the deflection ratio w=W/d0 at the mid-point of the beam
are displayed for the four methods in figure 2 when the voltage
is taken to be 2 V. The dimensionless time in equations (12)
and (16) is converted to the original time in microseconds (µs). To
solve equation (12) using the Runge–Kutta algorithm, the initial

8
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Figure 3. Graphs of the evolution of the time of the response u(t) at
the applied voltage V = 6 V for the beam length L= 210 µm for
four different methods.

conditions are set as equation (13) with A = 0.1. The periodic
solutions show that the response results of the fourmethods nearly
coincide. The voltage value of 2 V applied to the beam of the
length L = 210 µm in the situation under consideration generates
a free vibration with the response’s average value in time at nearly
zero. This leads to the fact that the approximate representation,
equation (16), has the free term D0 that can be negligible. In the
Hamiltonian approach by Ismail and Cveticanin [50], for the first-
order approximation, only the periodic term has been retained and
no free term is present. In fact, those authors have considered an
assumption that the average in the time of the response is zero. If
not, an added step with translation transformation for the response
is performed, in which the system is converted to the conventional
version with zero mean in time.

The results in figure 3 are obtained for an applied voltage
at 6 V. If using the first-order form as presented by Ismail
and Cveticanin [50], in which the non-zero mean is absent, a
large error will occur in the solution response. With the required
approximation, equation (16), however, the EBM provides high
accuracy with the reference results obtained from the Runge–
Kutta method. It is seen that the harmonic balance method also
exhibits relatively close tracking to the Runge–Kutta solution.

If we increase the applied voltage to the system, the bal-
ance point will be pushed further away due to the appearance
of stronger electrostatic force interactions, i.e. the D0 value
increases. Figure 4 presents the solution responses for the above
methods, except for the Hamiltonian approach, because its devi-
ation of the first approximationwithout the free term is quite large.
The situation for theHamiltonian approachwill be improved if the
free term is considered.

4.2. Comparison of frequency

Figure 5 demonstrates that the frequency curve depends on
the applied voltage V with different values of the beam length
parameter L with the Runge–Kutta and EBM solutions. The

Figure 4. Graphs of the evolution of the time of the response u(t) at
the applied voltage V = 18 V for the beam length L= 210 µm for
only three methods: the Runge–Kutta algorithm, the HBM and the
EBM.

Figure 5. Frequency curves (in kHz) versus the applied voltage V
(in V) with different microbeam lengths. The dashed lines show the
frequency obtained from the EBM approach; the thin solid lines
represent the Runge–Kutta solution. The straight dashed line
segments intersecting the horizontal axis show the pull-in instability
positions of the frequency curve.

dashed lines depict the pull-in behavior of the vibrational fre-
quency in kHz using the EBM approach. Firstly, the frequency
decreases with the increase in the voltage V. If the applied voltage
V tends to a threshold value, called the pull-in instability voltage,
VPI, the frequency will drop suddenly to the zero point. The val-
ues of VPI for four cases of L = 210, 310, 410 and 510 µm are
found to be 24.4, 11.9, 7.4 and 5.3 V, respectively. To evaluate
the accuracy of the EBM approach, the Runge–Kutta solutions are
also displayed in figure 5. The two methods are nearly identical.
The decrease in frequency as the applied voltage increases reflects
a softening effect of the beam vibration, leading to an increase
in the vibrational period of the microbeam. This reveals the fact
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Table 2. Frequency results of the microbeams obtained from the following methods: (1) the Runge–Kutta solution; (2) the experimental
data; (3) the COMSOL simulation solution; (4) the HAM; (5) the Hamiltonian approach; (6) the harmonic balance method; (7) the present
EBM. The relative errors of the HAM, Hamiltonian, HBM and EBM are also calculated for four cases 1, 2, 3 and 4, corresponding to
different lengths of the beam.

Case L (µm) V (V)
Runge–Kutta

(kHz)

Experiment
[12, 49]
(kHz)

COMSOL
solution

(kHz) [49] HAM [49] (kHz)
Hamiltonian
approach [50] (kHz) HBM (kHz)

Present
EBM
(kHz)

1 210 6 321.7741 322.05 321.565
321.565 325.9095 321.8172 321.8035
(0.0650%) (1.2852%) (0.0134%) (0.0091%)

2 310 3 161.8610 163.22 161.833
161.833 164.0949 161.9105 161.9036
(0.0173%) (1.3801%) (0.0306%) (0.0263%)

3 410 2 102.6038 102.17 101.204
101.204 104.2668 102.6476 102.6434
(1.3643%) (1.6208%) (0.0427%) (0.0386%)

4 510 2 73.0461 73.79 73.111
73.111 75.3673 73.0802 73.0782
(0.0888%) (3.1777%) (0.0467%) (0.0439%)

that under the applied voltage at which the pull-in instability phe-
nomenon has not yet occurred, the beam becomes more suscept-
ible to lower frequencies in a range of limited frequency. This fre-
quency range will extend to higher frequencies with smaller beam
length values. The point at which the pull-in instability occurs,
called the pull-in frequency, is denoted as fPI. The values of fPI
for L = 210, 310, 410 and 510 µm are 227.1, 115.6, 72.71 and
49.98 kHz, respectively.

For further information on the accuracy of the present method
based on the EBM approach, several numerical and experimental
results are presented here. The experimental data and COMSOL
simulation solution are taken from [12, 49], as reported by Askari
et al. In [49], the authors applied the HAM to find approximate
solutions of microbeam vibration. Their results are also presen-
ted in the seventh column of table 2 for our reference purposes.
The error percentages for theHAM,Hamiltonian, HBMand EBM
approaches are calculated as follows:

err (%) =
|fRK − fapprox|

fRK
× 100% (29)

where fRK is the Runge–Kutta solution; and fapprox denotes the
approximate solutions obtained from the above approximate
analytical methods. It is noted that in table 2, the vibrational fre-
quency of the microbeam using the EBM is represented by fEBM
in kHz instead of the frequency ωEBM. The relationship between
fEBM and ωEBM is given by:

fEBM =
ωEBM

4× ellipke
(
k2
) (30)

where ellipke
(
k2
)
is a complete elliptic integral of the first kind

with the modulus k2:

ellipke
(
k2
)
=

π/2ˆ

0

dψ√
1− k2sin2ψ

. (31)

In table 2, for the first case with beam length L = 210 µm
and voltage V = 6 V, the relative error of the frequency obtained
from the EBM is the smallest compared to the three methods: the
HAM, the Hamiltonian approach and the HBM. The accuracy of
the HAM depends on the order of approximation. The frequency

value from the HAM [49], calculated for a five-term approxima-
tion, yields an error of 0.065%. This error is considered to be rel-
atively small, and it exhibits the acceptable accuracy of the HAM.
The frequency value obtained from the Hamiltonian approach is
slightly higher than that of the HAM, at the level of 1.2852%.
In the representation of the Hamiltonian approach, the first-order
approximation in the form of a harmonic function is utilized for
computation purposes in table 2. In the Hamiltonian approach,
the accuracy can be further improved if higher-order approx-
imations are used. The harmonic balance method for L = 210
µm gives an error of 0.0134%, which is considered to be rel-
atively small, but still larger than that of the EBM. It can be
seen that with a short beam length of L = 210 µm, a relatively
high voltage is needed for the occurrence of pull-in instability.
Here, the pull-in voltage is found to be 24.4 V: a relatively high
voltage compared to the voltage valueV = 6V in the experimental
results [12, 49]. At V = 6 V, the amplitude of the beam vibra-
tion may still be small compared to the amplitude of the vibra-
tion near the pull-in voltage. As the beam length increases, for
example for L = 510 µm at V = 2 V, the vibrational frequency
decreases. The frequency obtained from the EBM is 73.0782 Hz,
with a relatively small error compared to the frequency received
from the Runge–Kutta method, i.e. 0.0439%. The relative errors
obtained from the HAM, Hamiltonian approach and HBM are
0.0888%, 3.1777% and 0.0467%, respectively. All have larger
relative errors than the EBM in this case. However, it should be
noted that the errors of the HAM,HBMand EBMare almost equi-
valent; only the error from the Hamiltonian approach is larger.
The experimental and COMSOL simulation results give relatively
close frequency values and are close to the results obtained from
the Runge–Kutta method. If the Runge–Kutta result is taken as a
reference, the relative differences between the COMSOL and the
Runge–Kutta solutions for beam lengths L = 210, 310, 410 and
510 µm are 0.0650%, 0.0173%, 1.3643% and 0.0888%, respect-
ively; whereas the relative differences between the experimental
and the Runge–Kutta results are 0.0857%, 0.8396%, 0.4228%
and 1.0184%, respectively. Overall, the above-mentioned meth-
ods demonstrate acceptable accuracy. Although, the Hamiltonian
approach has a high accuracy at the level of 3% that is acceptable
in engineering applications, we can see that the results obtained
from the EBM approach have even higher accuracy, below 0.1%;
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Figure 6. Comparisons of the magnitude values between the
electrostatic and van der Waals interaction forces in a microbeam
for length L = 210 µm and voltage V = 0.75 VPI = 18 V (i.e.
VPI = 24.4 V).

in particular, for L = 210 µm, the obtained error of the EBM is
superior to the other methods, i.e. 0.0091%. This reveals a demon-
stration that the EBM is a reliable method for studying the vibra-
tion of nonlinear systems within the framework of the vibrating
microbeam problem under consideration.

The numerical solution shows that in the microbeam system
with a large gap width, the effect of van der Waals forces is not
considerable and can be negligible. Therefore, the contribution
of electrostatic forces plays an important role in the response of
beam under the applied voltage. For illustration, we carry out
numerical calculations for the length L= 210 µm and the voltage
is kept at 0.75VPI = 0.75 × 24.4= 18 (V). The results of elec-
trostatic and van der Waals forces are plotted in figure 6. The
graphs of both electrostatic and van der Waals forces exhibit the
periodic changes in time. For the magnitude, however, the elec-
trostatic force plays a dominant role and these force values are
much larger than the van der Waals forces, for example, the max-
imum value of the electrostatic force is 0.1272 N whereas that of
the van der Waals force is 0.5788× 10−6 N, a very small value
in comparison with the value 0.1272 V. It is observed that, at
near pull-in instability voltage, at 75%VPI, the electrostatic force
can reach 0.1272 N and can be considered as a relatively large
value in the situation where the axial residual force is taken to
be 0.0009 N.

4.3. The approximate solution of the EBM

In the approximation form, equation (16), of the system response,
three unknowns, D0, D1 and k2 need to be identified. The
unknown D0 has a non-zero value and reflects the mean deflec-
tion of the vibrating microbeam. In the static interaction prob-
lem in which the inertia term ρbh

(
∂2W/∂t2

)
is not present in

the governing equation (1), the unknown D0 represents the static
deflection of the beam. With regard to the physical meaning,

Table 3. The change in the coefficients D0, D1 with four values of
applied voltage for the beam L = 210 µm, and initial conditions
A = 0.1 for numerical calculations.

Voltage V (V) D1 D0

2.0 0.0986 0.0014
6.0 0.0907 0.0093
18.0 0.0053 0.0947
24.4 −0.1418 0.0218

Figure 7. Illustration of three curves, including the free term D0, the
coefficient D1 and the maximum point of the response u(τ) for the
beam length L= 210 µm.

the value of D0 must be positive. The quantity |D1| of the solu-
tion u(τ) = D0 +D1cn

(
τ,k2

)
plays a role as an amplitude of the

function cn
(
τ,k2

)
. The value of D1 may be positive or negative.

This is because the initial condition A= u(0) = D0 +D1, gives
D0 = A−D1. The negative sign of D1 shows that the mean of
the response is pushed on the higher level in comparison with the
static deflection. Table 3 shows the change in D0, D1 with four
values of applied voltage V = 2, 6, 18, 24.4 V for the microbeam
with length L = 210 µm. When D0 is very small, D1 ≈ A is an
approximate value of the vibration amplitude. However, as D0

increases, D1 becomes smaller and tends to a zero value, denoted
asD1,ZP. The point of the applied voltage at whichD1 equals zero
is denoted as VZP, and called the zero-amplitude point (ZAP).
From this point, the sign ofD1 is negative. The approximate max-
imum value of the response u(τ) is umax ,approx =D0 + |D1|. The
graphs of the three curves, D0, D1, umax,approx, are illustrated in
figure 7 for the beam length L= 210 µm. The results obtained
from the Runge–Kutta method for umax,RK are also depicted to
show the accuracy of the EBM approach. In figure 7, as the
applied voltage increases, it causes an increase in the electro-
static attraction between two electrodes; consequently, the max-
imum deflection of the beam increases and tends to a threshold
point at which the electrostatic force becomes large, and over-
comes the elastic force restored in the beam, called the pull-in
instability point of the voltage, VPI, as mentioned earlier. The
approximation of the ZAP, VZP, is found to be VZP = 18.4 V. (In
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Figure 8. Graphs of the functions H(D1) , G(D1) for conditions of
solution existence of the EBM for the initial conditions
u(0) = A= 0.4 at the applied voltage V= 2 (V) (L= 210 µm).

numerical calculation, the amplitude of vibration at VZP = 18.4 V
is relatively small, nearly zero.) On the physical point of safety,
the range of the applied voltage from ZAP VZP to the pull-in
instability pointVPI can be considered as a warming domain of the
voltage.

It can be observed from equation (25) that because
ω2 > 0, k2 > 0 leads to the conditionsG1 > 0, G2 > 0. Therefore,
in the process of finding D1 from the algebraic equation (28),
only solution D1 that satisfies the conditions G1 > 0, G2 > 0 is
accepted. For illustration, figure 8 plots the graphs of two func-
tions, H(D1) from equation (28) and G1 (D1) from equation (25),
depending on different values of D1 for the beam length
L1 = 210 µm, at the applied voltage value V = 2 V and A = 0.4.
The red solid line shows that the conditions G1 > 0, G2 > 0
are satisfied, whereas the blue dotted line presents the opposite
case. In the process of solving equation (28) iteratively via the
Newton–Raphson method, depending on the choice of the initial
value of D1, we will obtain different solution values. Figure 8
shows that two different solution points S1,S2 can be found for
D1 when the initial value is chosen from −0.5 to 0.5. The first
solution point S1 is located on the left branch of the blue dot-
ted line, which is not the desired solution. On the other hand, at
this value, i.e. D1 = −0.4031, D0 = 0.8031, making the max-
imum response umax,approx equal 1.2063 >1, has no physical
meaning. Only the right solution point on the solid curve is the
desired solution. The value of D1 is found to be D1 = 0.3896 and
D0 = 0.0104. The boundary point distinguishing the two regions
of the obtained solutions is approximately D1,boundary = 0.09. To
see the convergence of the solution more clearly when choos-
ing the initial conditions for D1, figure 9 portrays the basin of
attraction in one dimension (1D) for the Newton–Raphson itera-
tion method based on equation (28). Because there are only two

Figure 9. The basin of attraction in 1D for the Newton–Raphson
iteration method in finding the solution D1 for the initial value of D1

from −0.5 to 0.5 (for the case:A= 0.4, V= 2 V, L= 210µm).

solution points S1, S2 in the considered interval [−0.5, 0.5], we
use two colors to display the basin of attraction. The blue color
shows the initial conditions region, where the convergence of
the solution will be toward point S1, and the red color shows
the convergence leading to point S2. In the obtained solution
region, the value of the function H is also displayed. In terms of
numerical calculation, at the solution points, the value of H must
be relatively small and almost zero. It is noted that the bound-
ary point between the two convergence regions of the basin of
traction may be different from the region where the conditions
G1 > 0, G2 > 0 must be satisfied. In the situation under con-
sideration, the boundary point between the two basin regions is
found to be approximately 0.07. Figure 9 illustrates these two
boundary points. Thus, a narrow region (0.07, 0.09) of the initial
conditions D1 exists, leading to converge to point S2, but does
not satisfy the conditionsG1 > 0, G2 > 0. This narrow region can
change when calculating using different beam lengths at different
voltages.

The above instructions and calculations reveal the following
aspects:

• The accuracy obtained from the Newton–Raphson iteration
method depends on the convergence criterion of the solution
and the structures of the iteration. Here, the authors use the
posterior convergence criterion, in which the error between two
consecutive solutions in the iteration is less than a pre-selected
tolerance.

• With the initial condition u(0) = A having a large value, the
solution calculation may be more sensitive to the choice of ini-
tial conditions for the Newton–Raphson iteration. Since the H
curve is monotonic on the right branch, a suggestion for the ini-
tial conditions for the iteration is to choose D1 positive, close
to the value of A and smaller than A.

• The potential source of error affecting the accuracy of the
elliptic balance solution remains an open question. One notice-
able observation is that the EBM considered in this study is
performing in the first-order approximation procedure using
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Table 4. Geometrical and material parameters for the nanobeam [49].

L (nm) b (nm) h (nm) E (GPa) ν ρ (kg m−3)

5000 1000 100 80 0.42 19 300

Figure 10. Frequency curves of the nanobeam versus the applied voltage with different values of the gap distance d0 in two situations: (1)
the system model without van der Waals interaction; and (2) the system model with van der Waals interaction. The Runge–Kutta and EBM
solutions are displayed for comparison.

the Jacobi elliptic function. A higher-order approximation is
needed to increase the accuracy of the obtained solution. The
characteristic of the method is that the number of unknowns is
larger than the conventional harmonic balance method because
of the presence of the modulus parameter. This leads to more
difficulties in solving the obtained algebraic equations, espe-
cially in evaluating the initial conditions for the iterated solu-
tion. This is also a potential source of error and needs to be
investigated in detail. In the present study, as a result of the ana-
lytical transformation, the number of equations and unknowns
has been reduced, making numerical investigation more con-
venient and easier.

4.4. Response of the nanobeam with van der Waals
interaction

In this subsection, we calculate the response of the nanobeam
using the elliptic balance method. The dimensions and material
parameters of the nanobeam are given in table 4. The axial resid-
ual stress is taken to be σr = 10 MPa. The Hamaker constant AH
for our calculation is AH = 44× 10−20 J. Here, the dimension
of the nanobeam is reduced in comparison with the microbeam
to show the effect of van der Waals forces. The van der Waals
interaction is present when the gap d0 between two electrodes
is about several tens of nanometers. For numerical calculations,
we illustrate four different values of d0: d0 = 20, 25, 40, 50 nm.
Two models are considered: (1) a model without van der Waals

interaction, called model (I); and (2) a model with van der Waals
interaction, called model (II).

The behavior of the frequency curve of the vibration of the
nanobeam is portrayed in figure 10. In both models, the pull-in
instability phenomenon is observed. It can be seen that, at large
gap distances d0, for example, d0 = 50 nm, the difference between
two frequency curves of two models is very small; consequently,
the pull-in points found are nearly the same. This shows that the
influence of van der Waals interaction force is negligible at the
relatively large distance between the two electrodes. The obser-
vation is similar for d0 = 40 nm, but the shift of the frequency
curve begins to be observedmore clearly in the twomodels.When
decreasing the gap distance d0, the phenomenon of the frequency
shift from model (I) to model (II) becomes obvious. For example,
for d0 = 25 nm, the frequency curve tends to the left, i.e. toward
the decreasing direction of the voltage. This reflects the fact that
model (II) demonstrates the presence of a relatively strong van
der Waals interaction compared to model (I). Therefore, model
(II) should be used instead of model (I) in the system at the nano-
scale, similar to the reported results by Askari et al [49]. The res-
ults obtained from the EBM approach are nearly identical to those
of the Runge–Kutta method for both models.

Figure 11 shows the correlation between the two forces, the
electrostatic and the van der Waals interaction forces with differ-
ent gap distances. It can be seen that at large gap distances, such
as d0 = 50 nm, the calculated value of the interaction forces is rel-
atively small, at less than 1.4 mN for the electrostatic force and
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Figure 11. The relationship between van der Waals and electrostatic
forces at 0.8 V with various values of the gap d0, d0 =20, 25, 40 and
50 nm.

less than 0.25 mN for the van der Waals force. In this case, the
force ratio between the van der Waals to the electrostatic force is
0.25/1.4 = 0.18. For d0 = 40 nm, this value increases to 0.5/2.2
=0.23 and gradually increases when d0 = 20 µm up to 0.5.

5. Conclusions and remarks

Finding exact solutions of a nonlinear system is relatively diffi-
cult. Therefore, finding an approximation method with acceptable
solution accuracy is a viable alternative. In this study, we have
dealt with the problem of nonlinear free vibration of micro/nano-
beams under the influence of electrostatic and van derWaals inter-
actions using the EBM. The research results are shown in the fol-
lowing main points:

• The obtained approximate solution gives a highly accurate res-
ult in comparison with that received from the numerical method
using the Runge–Kutta algorithm and from other approxima-
tion methods, such as the Hamiltonian approach and the HAM.
The high precision obtained allows us to find that the frequency
approximation and pull-in instability points become more reli-
able. The error found is only about less than 0.1%, lower than
other methods known to the authors.

• We point out the influence of van der Waals interaction forces
on the response of the system, and this force has a relatively
large effect in nanoscale systems. Therefore, the system model
at the nanoscale needs to take into account this interaction force
when the gap distance between the two electrodes is at a few
tens of nanometers.

• Some observations on the solution behavior of elliptic bal-
ance approximate solutions are also analyzed in detail. We have
found a point, called the ZAP, during the change in the applied
voltage to the system. This point is considered as the begin-
ning of a process of increasing amplitude as the voltage contin-
ues to increase until the pull-in instability phenomenon occurs.
Boundaries for the existence of a solution for coefficients in
elliptic balance presentation and for a 1D basin of attraction
of the Newton–Raphson iteration method are shown. They are
considered as a guide for choosing initial values for the iteration
to obtain a physically meaningful desired solution.

It can be seen that the improved accuracy of the solution has
an important significance in determining the frequency and pull-
in instability point. Some points that can be highlighted are:
(1) ensuring performance: accurate frequency helps ensure that
devices operate within the desired frequency range. In many
N/MEMS applications, such as accelerometers, pressure sensors
or frequency filters, the correct operating frequency is essen-
tial for proper device function and accurate data output. (2)
Optimization of design: accurate frequency allows engineers to
design N/MEMS systems with greater precision. This can optim-
ize the size, shape andmaterials of the components, improving the
overall performance and reliability of the device. (3) Reducing
sensitivity to environmental factors: factors such as temperat-
ure, pressure and humidity can affect the operating frequency of
N/MEMS systems. The determination of accurate frequency and
understanding the influencing factors help in designing mech-
anisms to adjust or protect against environmental impacts. (4)
Designing and analyzing vibration characteristics: in N/MEMS
designs, especially those related to mechanical vibration, accur-
ately determining the frequency helps engineers analyze and pre-
dict the vibration characteristics of the system, avoiding unwanted
phenomena like resonance. These important points may promote
the use of accurate results from this study or future studies of
N/MEMS structures. Furthermore, to confirm the effectiveness of
the EBM, more systems need to be considered, such as resonat-
ors, micro-mirrors, actuators, optical switches, nanoscale force
sensors, and nanoscale optical devices, and related nonlinear
interactions such as electrostatic, van der Waals forces, fringing
effects and Casimir force. This is a promising method for strongly
nonlinear systems in the field of micro/nano-sized structures.
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