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A B S T R A C T

In this paper, we first establish general bounds on the Fisher information distance to the class
of normal distributions of Malliavin differentiable random variables. We then study the rate
of Fisher information convergence in the central limit theorem for the solution of small noise
stochastic differential equations and its additive functionals. We also show that the convergence
rate is of optimal order.

1. Introduction

Given a random variable 𝐹 with an absolutely continuous density 𝑝𝐹 , the Fisher information of 𝐹 (or its distribution) is defined
by

𝐼(𝐹 ) = ∫

+∞

−∞

𝑝′𝐹 (𝑥)
2

𝑝𝐹 (𝑥)
𝑑𝑥 = 𝐸[𝜌2𝐹 (𝐹 )],

where 𝑝′𝐹 denotes a Radon–Nikodym derivative of 𝑝𝐹 and 𝜌𝐹 ∶= 𝑝′𝐹 ∕𝑝𝐹 is the score function. Furthermore, the Fisher information
distance of 𝐹 to the normal distribution 𝑁 ∼ N(𝜇, 𝜎2) is defined by

𝐼(𝐹 ∥ 𝑁) ∶= 𝐸

[

(

𝜌𝐹 (𝐹 ) +
𝐹 − 𝜇
𝜎2

)2
]

.

If the derivative 𝑝′𝐹 does not exist then the Fisher information distance is defined to be infinite. We refer the reader to the
monograph [5] for various properties if 𝐼(𝐹 ) and 𝐼(𝐹 ∥ 𝑁). Here we note that 𝐼(𝐹 ∥ 𝑁) is not a distance. However, it dominates
many important distances in statistical applications such as the relative entropy (or Kullback–Leibler distance) and the supremum
distance between densities. It also dominates the traditional distances such as Kolmogorov distance, total variation distance and
Wasserstein distance, etc. Thus 𝐼(𝐹 ∥ 𝑁) provides a very strong measure of convergence to normality when studying the central
limit theorem.

The study of Fisher information convergence has a long history beginning in 1959 with the results of Linnik [9]. However,
most of the existing results are devoted to the sums of independent random variables. For such sums, the quantitative estimates for
the rate of convergence have been well studied, see [1,5–7]. Recently, Nourdin & Nualart [10] used the techniques of Malliavin
calculus to obtain quantitative Fisher information bounds for the multiple Wiener-Itô integrals. This is a remarkable contribution
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to the literature because, for the first time, the quantitative estimates for 𝐼(𝐹 ∥ 𝑁) were obtained for the random variables 𝐹 not
to be a sum of independent random variables.

In the present paper, our first purpose is to extend the method developed in [10] to a general class of Malliavin differentiable
random variables. We provide two explicit estimates for the Fisher information distance in Theorems 3.1 and 3.2. Our second purpose
is to investigate the rate of Fisher information convergence in the central limit theorem for the solution of stochastic differential
equations (SDEs) with small noise:

𝑋𝜀,𝑡 = 𝑋0 + ∫

𝑡

0
𝑏(𝑠,𝑋𝜀,𝑠)𝑑𝑠 + 𝜀∫

𝑡

0
𝜎(𝑠,𝑋𝜀,𝑠)𝑑𝐵𝑠, 𝑡 ∈ [0, 𝑇 ], (1.1)

where the initial condition 𝑋0 is a real number, 𝑏, 𝜎 ∶ [0, 𝑇 ] × R → R are deterministic functions, (𝐵𝑡)𝑡∈[0,𝑇 ] is a standard Brownian
motion and 𝜀 ∈ (0, 1) is a small parameter. Let us consider the ordinary differential equation

𝑥𝑡 = 𝑋0 + ∫

𝑡

0
𝑏(𝑠, 𝑥𝑠)𝑑𝑠, 𝑡 ∈ [0, 𝑇 ]. (1.2)

It is well known that, in theory of stochastic differential equations with small noise, one of the fundamental problems is to study
the convergence of 𝑋𝜀,𝑡 to 𝑥𝑡 as 𝜀 tends zero. The convergence can be described via large deviation principle, central limit theorem
and moderate deviation principle, etc. (see two monographs [4,8] for more details). In particular, the central limit theorem results
have been discussed by various authors. Under suitable assumptions, for example, it follows from [14,16] that, as 𝜀 → 0,

𝑋̃𝜀,𝑡 ∶=
𝑋𝜀,𝑡 − 𝑥𝑡

𝜀
converges in distribution to 𝑁𝑡

or every 𝑡 ∈ [0, 𝑇 ], where 𝑁𝑡 is a centered normal random variable with appropriate variance. Naturally, one may wonder whether
he convergence also holds in the Fisher information distance (i.e. convergence holds in a stronger sense). Our Theorem 4.1 below
ot only gives an affirmative answer, but also provides a convergence rate of order 𝑂(𝜀2). In addition, in Theorem 4.2, we show
hat the rate 𝑂(𝜀2) is optimal as 𝜀 → 0. In Theorem 4.3, as a further illustration, we also obtain the optimal rate 𝑂(𝜀2) of Fisher
nformation convergence for the additive functional of the form

𝑌𝜀,𝑡 = ∫

𝑡

0
𝑓 (𝑠,𝑋𝜀,𝑠)𝑑𝑠, 𝑡 ∈ [0, 𝑇 ]. (1.3)

he rest of the paper is organized as follows. In Section 2, we recall some fundamental concepts of Malliavin calculus. Section 3
ontains the abstract results of this paper, two upper bounds on the Fisher information distance are given in Theorems 3.1 and 3.2.
ection 4 is devoted to the study of Fisher information convergence for the solution of (1.1) and its additive functional (1.3). The
ain results of this section is formulated and proved in Theorems 4.1, 4.2 and 4.3. An useful estimate for the negative moment of
olterra functionals is given in Appendix.

. Preliminaries

As we have said in the introduction, this paper is concerned with the Fisher information distance via the techniques of Malliavin
alculus. For the reader’s convenience, let us recall some elements of Malliavin calculus (for more details see [12]). We suppose
hat (𝐵𝑡)𝑡∈[0,𝑇 ] is defined on a complete probability space (𝛺,F,F, 𝑃 ), where F = (F𝑡)𝑡∈[0,𝑇 ] is a natural filtration generated by the
rownian motion 𝐵. For ℎ ∈ 𝐿2[0, 𝑇 ], we denote by 𝐵(ℎ) the Wiener integral

𝐵(ℎ) = ∫

𝑇

0
ℎ(𝑡)𝑑𝐵𝑡.

et S denote a dense subset of 𝐿2(𝛺,F, 𝑃 ) that consists of smooth random variables of the form

𝐹 = 𝑓 (𝐵(ℎ1), 𝐵(ℎ2),… , 𝐵(ℎ𝑛)), (2.1)

here 𝑛 ∈ N, 𝑓 ∈ 𝐶∞
𝑏 (R𝑛) and ℎ1, ℎ2,… , ℎ𝑛 ∈ 𝐿2[0, 𝑇 ]. If 𝐹 has the form (2.1), we define its Malliavin derivative as the process

𝐹 ∶= 𝐷𝑡𝐹 , 𝑡 ∈ [0, 𝑇 ] given by

𝐷𝑡𝐹 =
𝑛
∑

𝑘=1

𝜕𝑓
𝜕𝑥𝑘

(𝐵(ℎ1), 𝐵(ℎ2),… , 𝐵(ℎ𝑛))ℎ𝑘(𝑡).

More generally, for each 𝑘 ≥ 1, we can define the iterated derivative operator on a cylindrical random variable by setting

𝐷𝑘
𝑡1 ,…,𝑡𝑘

𝐹 = 𝐷𝑡1 ...𝐷𝑡𝑘𝐹 .

For any 1 ≤ 𝑝, 𝑘 < ∞, we denote by D𝑘,𝑝 the closure of S with respect to the norm

‖𝐹‖

𝑝
𝑘,𝑝 ∶= 𝐸|𝐹 |

𝑝 + 𝐸

[

(

∫

𝑇

0
|𝐷𝑢𝐹 |

2𝑑𝑢
)

𝑝
2
]

+⋯ + 𝐸

[

(

∫

𝑇

0
...∫

𝑇

0
|𝐷𝑘

𝑡1 ,…,𝑡𝑘
𝐹 |

2𝑑𝑡1...𝑑𝑡𝑘

)
𝑝
2
]

.

random variable 𝐹 is said to be Malliavin differentiable if it belongs to D1,2. For any 𝐹 ∈ D1,2, the Clark–Ocone formula says that

𝐹 − 𝐸[𝐹 ] =
𝑇
𝐸[𝐷𝑠𝐹 |F𝑠]𝑑𝐵𝑠.
2

∫0
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In particular, we have

Var(𝐹 ) = ∫

𝑇

0
𝐸(𝐸[𝐷𝑠𝐹 |F𝑠])2𝑑𝑠 = ∫

𝑇

0
𝐸
[

𝐷𝑠𝐹𝐸[𝐷𝑠𝐹 |F𝑠]
]

𝑑𝑠.

An important operator in the Malliavin’s calculus theory is the divergence operator 𝛿. It is the adjoint of derivative operator 𝐷. The
domain of 𝛿 is the set of all functions 𝑢 ∈ 𝐿2(𝛺 × [0, 𝑇 ]) such that

𝐸|⟨𝐷𝐹 , 𝑢⟩𝐿2[0,𝑇 ]| ≤ 𝐶(𝑢)‖𝐹‖𝐿2(𝛺),

where 𝐶(𝑢) is some positive constant depending on 𝑢. In particular, if 𝑢 ∈ 𝐷𝑜𝑚𝛿, then 𝛿(𝑢) is characterized by following duality
relationships

𝛿(𝑢𝐹 ) = 𝐹𝛿(𝑢) − ⟨𝐷𝐹 , 𝑢⟩𝐿2[0,𝑇 ] (2.2)

𝐸[⟨𝐷𝐹 , 𝑢⟩𝐿2[0,𝑇 ]] = 𝐸[𝐹𝛿(𝑢)] for any 𝐹 ∈ D1,2. (2.3)

It is known that any random variable 𝐹 in 𝐿2(𝛺,F, 𝑃 ) can be expanded into an orthogonal sum of its Wiener chaos:

𝐹 =
∞
∑

𝑛=0
𝐽𝑛𝐹 ,

where 𝐽0 = 𝐸[𝐹 ] and 𝐽𝑛 denotes the projection onto the 𝑛th Wiener chaos. From this chaos expansion one may define the
Ornstein–Uhlenbeck operator 𝐿 by

𝐿𝐹 =
∞
∑

𝑛=0
−𝑛𝐽𝑛𝐹 .

The domain of 𝐿 is

𝐷𝑜𝑚𝐿 = {𝐹 ∈ 𝐿2(𝛺) ∶
∞
∑

𝑛=1
𝑛2𝐸 |

|

𝐽𝑛𝐹 |

|

2 < ∞} = D2,2.

Moreover, a random variable 𝐹 belongs to 𝐷𝑜𝑚𝐿 if and only if 𝐹 ∈ 𝐷𝑜𝑚𝛿𝐷 (i.e. 𝐹 ∈ D1,2 and 𝐷𝐹 ∈ 𝐷𝑜𝑚𝛿), and in this case:
𝛿𝐷𝐹 = −𝐿𝐹 . We also define the operator 𝐿−1 as follows: for every 𝐹 ∈ 𝐿2(𝛺) with zero mean, we set

𝐿−1𝐹 =
∞
∑

𝑛=1
−1
𝑛
𝐽𝑛𝐹 .

Note that, for any 𝐹 ∈ 𝐿2(𝛺) with zero mean, we have that 𝐿−1𝐹 ∈ Dom𝐿, and

𝐿𝐿−1𝐹 = 𝐹 .

3. General Fisher information bounds

We first construct the representation formula for the score function.

Lemma 3.1. Let 𝐹 ∈ D1,2 and 𝑢 ∶ 𝛺 → 𝐿2[0, 𝑇 ], and suppose that ⟨𝐷𝐹 , 𝑢⟩𝐿2[0,𝑇 ] ≠ 0 a.s. and 𝑢
⟨𝐷𝐹 ,𝑢⟩𝐿2[0,𝑇 ]

belongs to the domain of 𝛿.
Then the law of 𝐹 has an absolutely continuous density and its score function 𝜌𝐹 is given by

𝜌𝐹 (𝑥) ∶= 𝑝′𝐹 (𝑥)∕𝑝𝐹 (𝑥) = −𝐸
[

𝛿
(

𝑢
⟨𝐷𝐹 , 𝑢⟩𝐿2[0,𝑇 ]

)

|

|

|

𝐹 = 𝑥
]

, 𝑥 ∈ supp 𝑝𝐹 . (3.1)

roof. This lemma is not new. For the sake of completeness, we shall give a proof here. According to Exercise 2.1.3 in [12], the
aw of 𝐹 has a continuous density given by

𝑝𝐹 (𝑥) = 𝐸
[

𝟏{𝐹>𝑥}𝛿
(

𝑢
⟨𝐷𝐹 , 𝑢⟩𝐿2[0,𝑇 ]

)]

, 𝑥 ∈ supp 𝑝𝐹 . (3.2)

ote that the proof of (3.2) is similar to that of Proposition 2.1.1 in [12]. Since 𝐹 ∈ D1,2, this implies that supp 𝜌𝐹 is a closed interval
of R (see Proposition 2.1.7 in [12]): supp 𝜌𝐹 = [𝛼, 𝛽] with −∞ ≤ 𝛼 < 𝛽 ≤ ∞. It follows from (3.2) that

𝑝𝐹 (𝑥) = 𝐸
[

𝟏{𝐹>𝑥}𝐸
[

𝛿
(

𝑢
⟨𝐷𝐹 , 𝑢⟩𝐿2[0,𝑇 ]

)

|

|

|

𝐹
]]

= ∫

𝛽

𝑥
𝐸
[

𝛿
(

𝑢
⟨𝐷𝐹 , 𝑢⟩𝐿2[0,𝑇 ]

)

|

|

|

𝐹 = 𝑦
]

𝑝𝐹 (𝑦)𝑑𝑦.

So 𝑝𝐹 is absolutely continuous and the representation (3.1) is verified. The proof of the lemma is complete. □
3

We now are ready to establish the Fisher information bounds by using suitable choices of the function 𝑢.
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Theorem 3.1. Let 𝐹 ∈ D2,4 and 𝑁 be a normal random variable with mean 𝜇 and variance 𝜎2. Define

𝛩 ∶= ⟨𝐷𝐹 , 𝑢⟩𝐿2[0,𝑇 ] ,

here 𝑢𝑡 ∶= 𝐸[𝐷𝑡𝐹 |F𝑡], 𝑡 ∈ [0, 𝑇 ]. Assume that 𝛩 ≠ 0 a.s. Then, we have

𝐼(𝐹 ∥ 𝑁) ≤ 𝑐
(

1
𝜎4

(𝐸[𝐹 ] − 𝜇)2 + 𝐴𝐹 |Var(𝐹 ) − 𝜎2|2 + 𝐶𝐹

(

𝐸‖𝐷𝛩‖

4
𝐿2[0,𝑇 ]

)1∕2
)

, (3.3)

where 𝑐 is an absolute constant and 𝐴𝐹 , 𝐶𝐹 are positive constants given by

𝐴𝐹 ∶= 1
𝜎4

(

𝐸‖𝑢‖8
𝐿2[0,𝑇 ]

𝐸|𝛩|

−8
)1∕4

, 𝐶𝐹 ∶= 𝐴𝐹 +
(

𝐸‖𝑢‖8
𝐿2[0,𝑇 ]

𝐸|𝛩|

−16
)1∕4

.

Proof. For simplicity, we write ⟨., .⟩ instead of ⟨., .⟩𝐿2[0,𝑇 ] and ‖.‖ instead of ‖.‖𝐿2[0,𝑇 ]. In Lemma 3.1, we use 𝑢𝑡 ∶= 𝐸[𝐷𝑡𝐹 |F𝑡], 𝑡 ∈
[0, 𝑇 ]. Note that, by the Clark–Ocone formula, we have

𝐹 − 𝐸[𝐹 ] = ∫

𝑇

0
𝐸[𝐷𝑡𝐹 |F𝑡]𝑑𝐵𝑡 = 𝛿(𝑢).

Hence, by the integration-by-part formula (2.2), we get the following representation for the score function

𝜌𝐹 (𝐹 ) = −𝐸
[

𝐹 − 𝐸[𝐹 ]
𝛩

+
⟨𝐷𝛩, 𝑢⟩

𝛩2
|

|

|

𝐹
]

.

s a consequence, we obtain

𝐼(𝐹 ∥ 𝑁) = 𝐸
(

𝜌𝐹 (𝐹 ) +
𝐹 − 𝜇
𝜎2

)2

= 𝐸
(

𝐸
[

−𝐹 − 𝐸[𝐹 ]
𝛩

−
⟨𝐷𝛩, 𝑢⟩

𝛩2
+

𝐹 − 𝜇
𝜎2

|

|

|

𝐹
])2

≤ 𝐸
(

−
(𝐹 − 𝐸[𝐹 ])(𝜎2 − 𝛩)

𝜎2𝛩
−

⟨𝐷𝛩, 𝑢⟩
𝛩2

+
𝐸[𝐹 ] − 𝜇

𝜎2

)2

.

Using the Cauchy–Schwarz and Hölder inequalities we deduce

𝐼(𝐹 ∥ 𝑁) ≤ 3𝐸
[

(𝐹 − 𝐸[𝐹 ])2(𝛩 − 𝜎2)2

𝜎4𝛩2

]

+ 3𝐸

[

⟨𝐷𝛩, 𝑢⟩2

𝛩4

]

+ 3
𝜎4

(𝐸[𝐹 ] − 𝜇)2

≤ 3
𝜎4

(

𝐸|𝐹 − 𝐸[𝐹 ]|8𝐸|𝛩|

−8)1∕4 (𝐸|𝛩 − 𝜎2|4
)1∕2 + 3𝐸

[

‖𝐷𝛩‖

2
‖𝑢‖2

|𝛩|

4

]

+ 3
𝜎4

(𝐸[𝐹 ] − 𝜇)2

≤ 3
𝜎4

(

𝐸|𝐹 − 𝐸[𝐹 ]|8𝐸|𝛩|

−8)1∕4 (𝐸|𝛩 − 𝜎2|4
)1∕2 + 3

(

𝐸‖𝐷𝛩‖

4)1∕2 (𝐸‖𝑢‖8𝐸|𝛩|

−16)1∕4

+ 3
𝜎4

(𝐸[𝐹 ] − 𝜇)2. (3.4)

e note that 𝐸[𝛩] = Var(𝐹 ). Then, by the inequality (3.19) in [11] we have

𝐸|𝛩 − 𝜎2|4 ≤ 8|Var(𝐹 ) − 𝜎2|4 + 8𝐸|𝛩 − Var(𝐹 )|4

≤ 8|Var(𝐹 ) − 𝜎2|4 + 72𝐸
[

‖𝐷𝛩‖

4] . (3.5)

n the other hand, by the Burkholder–Davis–Gundy inequality, there exists 𝐶 > 0 such that

𝐸|𝐹 − 𝐸[𝐹 ]|8 = 𝐸

[

(

∫

𝑇

0
𝐸[𝐷𝑡𝐹 |F𝑡]𝑑𝐵𝑡

)8
]

≤ 𝐶𝐸

[

(

∫

𝑇

0
|𝐸[𝐷𝑡𝐹 |F𝑡]|2𝑑𝑡

)4
]

= 𝐶𝐸‖𝑢‖8. (3.6)

o we can get the desired estimate (3.3) by inserting (3.5) and (3.6) into (3.4). This completes the proof of the theorem. □

heorem 3.2. Let 𝐹 ∈ D2,4 and 𝑁 be a normal random variable with mean 𝜇 and variance 𝜎2. Define

𝛤 ∶=
⟨

𝐷𝐹 ,−𝐷𝐿−1𝐹
⟩

𝐿2[0,𝑇 ] .

ssume that 𝛤 ≠ 0 a.s. Then, we have

𝐼(𝐹 ∥ 𝑁) ≤ 𝑐
(

1 (𝐸[𝐹 ] − 𝜇)2 + 𝐴𝐹 |Var(𝐹 ) − 𝜎2|2 + 𝐶𝐹

(

𝐸‖𝐷𝛤‖

4
2

)1∕2
)

, (3.7)
4

𝜎4 𝐿 [0,𝑇 ]



Stochastic Processes and their Applications 178 (2024) 104468N.T. Dung and N.T. Hang

B

W

O

I

R
n
(
𝑎

R
t
s

d

w
i

4

i
k

where 𝑐 is an absolute constant and 𝐴𝐹 , 𝐶𝐹 are positive constants given by

𝐴𝐹 ∶= 1
𝜎4

(

𝐸‖𝐷𝐹‖

8
𝐿2[0,𝑇 ]

𝐸|𝛤 |

−8
)1∕4

, 𝐶𝐹 ∶= 𝐴𝐹 +
(

𝐸‖𝐷𝐹‖

8
𝐿2[0,𝑇 ]

𝐸|𝛤 |

−16
)1∕4

.

Proof. Consider the stochastic process 𝑢𝑡 ∶= −𝐷𝑡𝐿−1𝐹 , 𝑡 ∈ [0, 𝑇 ]. Note that

𝐹 − 𝐸[𝐹 ] = 𝐿𝐿−1𝐹 = −𝛿𝐷𝐿−1𝐹 = 𝛿(𝑢). (3.8)

Hence, with the exact proof of (3.4), we obtain the following.

𝐼(𝐹 ∥ 𝑁) ≤ 3
𝜎4

(

𝐸|𝐹 − 𝐸[𝐹 ]|8𝐸|𝛤 |

−8)1∕4
(

𝐸|𝛤 − 𝜎2|4
)1∕2

+ 3
(

𝐸‖𝐷𝛤‖

4
𝐿2[0,𝑇 ]

)1∕2 (
𝐸‖𝑢‖8

𝐿2[0,𝑇 ]
𝐸|𝛤 |

−16
)1∕4

+ 3
𝜎4

(𝐸[𝐹 ] − 𝜇)2. (3.9)

y (2.3) and (3.8) we have Var(𝐹 ) = 𝐸[𝐹𝛿(𝑢)] = 𝐸[𝛤 ]. Hence, by the inequality (3.19) in [11], we obtain

𝐸|𝛤 − 𝜎2|4 ≤ 8|Var(𝐹 ) − 𝜎2|4 + 8𝐸|𝛤 − Var(𝐹 )|4

≤ 8|Var(𝐹 ) − 𝜎2|4 + 72𝐸
[

‖𝐷𝛤‖

4
𝐿2[0,𝑇 ]

]

. (3.10)

e also have

𝐸|𝐹 − 𝐸[𝐹 ]|8 ≤ 74𝐸‖𝐷𝐹‖

8
𝐿2[0,𝑇 ]

. (3.11)

n the other hand, by the inequality (3.17) in [11], we have

𝐸‖𝑢‖8
𝐿2[0,𝑇 ]

≤ 𝐸‖𝐷𝐹‖

8
𝐿2[0,𝑇 ]

. (3.12)

nserting (3.10), (3.11) and (3.12) into (3.9) yields the desired bound (3.7). So the proof of the theorem is complete. □

emark 3.1. (i) We have implicitly assumed that the bounds (3.3) and (3.7) both involve finite quantities, as otherwise there is
othing to prove.
ii) In general, the random variables 𝛩 and 𝛤 are different from each other. However, they satisfy the relationship: 𝐸[𝛩|𝐹 ] = 𝐸[𝛤 |𝐹 ]
.𝑠. (see Proposition 2.3 in [2]).

emark 3.2. (i) Theorem 3.1 is of interest for the readers who are not used to working with the Ornstein–Uhlenbeck operator. On
he other hand, comparing with Theorem 3.1, the advantage of Theorem 3.2 lies in the fact that it can be extended to a more general
etting: Suppose that H is a real separable Hilbert space with scalar product denoted by ⟨., .⟩H. We denote by 𝑊 = {𝑊 (ℎ) ∶ ℎ ∈ H}

an isonormal Gaussian process defined in a complete probability space (𝛺,F, 𝑃 ), F is the 𝜎-field generated by 𝑊 . Now Malliavin
erivative operator is with respect to 𝑊 . Then, we have

𝐼(𝐹 ∥ 𝑁) ≤ 𝑐
(

1
𝜎4

(𝐸[𝐹 ] − 𝜇)2 + 𝐴𝐹 |Var(𝐹 ) − 𝜎2|2 + 𝐶𝐹
(

𝐸‖𝐷𝛤‖

4
H

)1∕2
)

, (3.13)

where 𝛤 ∶=
⟨

𝐷𝐹 ,−𝐷𝐿−1𝐹
⟩

H
and

𝐴𝐹 ∶= 1
𝜎4

(

𝐸‖𝐷𝐹‖

8
H
𝐸|𝛤 |

−8
)1∕4

, 𝐶𝐹 ∶= 𝐴𝐹 +
(

𝐸‖𝐷𝐹‖

8
H
𝐸|𝛤 |

−16
)1∕4

.

The bound (3.13) thus provides us a potential tool to study the Fisher information distance for stochastic differential equations
driven by fractional Brownian motion, or stochastic partial differential equations.
(ii) Let 𝐹 = 𝐼𝑞(𝑓 ) be a multiple Wiener-Itô integral of order 𝑞 ≥ 2. We have −𝐷𝐿−1𝐹 = 1

𝑞𝐷𝐹 and hence, 𝛤 = 1
𝑞 ‖𝐷𝐹‖

2
H

. We now use
the moment estimates for 𝐷2𝐹 ⊗1 𝐷𝐹 provided in [10] and we obtain

(

𝐸‖𝐷𝛤‖

4
H

)1∕2 ≤ 𝑐(𝐸|𝐹 |

4 − 3),

here 𝑐 is a positive constant. So our bound (3.13) recovers the fourth moment bound established in [10] for the multiple Wiener-Itô
ntegrals.

. Optimal Fisher information bounds for small noise SDEs

In this Section, we apply Theorem 3.1 to investigate the rate of Fisher information convergence for the solution to Eq. (1.1) and
ts additive functional (1.3). Although theory of stochastic differential equations with small noise is very rich, to the best of our
nowledge, the results of this section are new. Given a function ℎ(𝑡, 𝑥), we use the notations

ℎ′(𝑡, 𝑥) =
𝜕ℎ(𝑡, 𝑥)
𝜕𝑥

and ℎ′′(𝑡, 𝑥) =
𝜕2ℎ(𝑡, 𝑥)
𝜕𝑥2

.

We make the use of the following assumptions:
5
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(𝐴1) The coefficients 𝑏, 𝜎 ∶ [0, 𝑇 ] × R → R are measurable functions having linear growth, that is, there exists 𝐿 > 0 such that

|𝑏(𝑡, 𝑥)| + |𝜎(𝑡, 𝑥)| ≤ 𝐿(1 + |𝑥|) ∀𝑥 ∈ R, 𝑡 ∈ [0, 𝑇 ].

(𝐴2) 𝜎(𝑡, 𝑥) and 𝑏(𝑡, 𝑥) are twice continuously differentiable in 𝑥 with the derivatives bounded by 𝐿.
(𝐴3) 𝑓 (𝑡, 𝑥) is twice differentiable in 𝑥, 𝑓 (𝑡, 𝑥) together with its derivatives have polynomial growth and ‖𝑓 ′

‖0 ∶= inf (𝑡,𝑥)∈[0,𝑇 ]×R
𝑓 ′(𝑡, 𝑥) > 0.

The main results of this section are stated in the following theorems.

Theorem 4.1. Let (𝑋𝜀,𝑡)𝑡∈[0,𝑇 ] and (𝑥𝑡)𝑡∈[0,𝑇 ] be the solutions to the Eqs. (1.1) and (1.2), respectively. Define

𝑋̃𝜀,𝑡 ∶=
𝑋𝜀,𝑡 − 𝑥𝑡

𝜀
, 𝛽2𝑡 ∶= ∫

𝑡

0
𝜎2(𝑟, 𝑥𝑟) exp

(

2∫

𝑡

𝑟
𝑏′(𝑢, 𝑥𝑢)𝑑𝑢

)

𝑑𝑟, 𝑡 ∈ [0, 𝑇 ].

Suppose the assumptions (𝐴1)-(𝐴2) and that, for some 𝑝0 > 16,

𝐸
[(

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

)−𝑝0]

< ∞ ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ (0, 𝑇 ]. (4.1)

Then, for all 𝜀 ∈ (0, 1) and 𝑡 ∈ (0, 𝑇 ], we have

𝐼(𝑋̃𝜀,𝑡 ∥ 𝑁𝑡) ≤ 𝐶
(

𝑡4

𝛽4𝑡
+ 𝑡4

𝛽4𝑡

(

𝐸
|

|

|

|

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

2
𝑝0

+𝑡4
(

𝐸
|

|

|

|

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

4
𝑝0
)

𝜀2, (4.2)

here 𝑁𝑡 denotes a normal random variable with mean zero and variance 𝛽2𝑡 and 𝐶 is a positive constant not depending on 𝑡 and 𝜀.

We can write down 𝐶 in an explicit form (log𝐶 is a polynomial in 𝑇 and 𝐿), but it is not our goal here. The non-degeneracy
ondition (4.1) make Theorem 4.1 not easy to use in practical applications. Hence, it is necessary to obtain the sufficient conditions
hich are easy to check. We have the following.

orollary 4.1. Suppose the assumptions (𝐴1)-(𝐴2). We assume, in addition, that 𝜎(0, 𝑋0) ≠ 0 and |𝜎(𝑡, 𝑥) − 𝜎(𝑠, 𝑥)| ≤ 𝐿|𝑡 − 𝑠|𝛿1 for all
∈ R and 𝑠, 𝑡 ∈ [0, 𝑇 ], where 𝐿, 𝛿1 are positive real numbers. Then, we have

𝐼(𝑋̃𝜀,𝑡 ∥ 𝑁𝑡) ≤ 𝐶

(

𝑡4

𝛽4𝑡
+ 𝑡2

𝛽4𝑡
+ 1

)

𝜀2 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ (0, 𝑇 ], (4.3)

here 𝐶 is a positive constant not depending on 𝑡 and 𝜀.

roof. It is easy to see that 𝐸|𝑋𝜀,𝑡 −𝑋0|
𝑝 ≤ 𝐶𝑡

𝑝
2 for all 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ], where 𝐶 is a positive constant not depending on 𝑡 and

𝜀. On the other hand, the function 𝜎 satisfies

|𝜎(𝑡, 𝑥) − 𝜎(𝑠, 𝑦)| ≤ 𝐿(|𝑡 − 𝑠|𝛿1 + |𝑥 − 𝑦|) ∀𝑥, 𝑦 ∈ R, 𝑠, 𝑡 ∈ [0, 𝑇 ].

Hence, we can apply Lemma A (given in Appendix) to 𝑌𝑡 = 𝑋𝜀,𝑡, ℎ(𝑡, 𝑥) = 𝜎(𝑡, 𝑥) and 𝑘(𝑡, 𝑠) = 1 and we obtain

𝐸
[(

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

)−𝑝0]

≤ 𝐶𝑡−𝑝0 , 𝑡 ∈ (0, 𝑇 ]

for all 𝑝0 > 0. So the bound (4.3) follows directly from (4.2). □

Remark 4.1. Generally, the Berry–Esseen bounds for the rate of convergence are more informative in practice. As an application
of Corollary 4.1, we obtain the following

sup
𝑥∈R

|

|

𝑃 (𝑋̃𝜀,𝑡 ≤ 𝑥) − 𝑃 (𝑁𝑡 ≤ 𝑥)|
|

≤
√

𝐼(𝑋̃𝜀,𝑡 ∥ 𝑁𝑡) ≤ 𝐶

(

𝑡2

𝛽2𝑡
+ 𝑡

𝛽2𝑡
+ 1

)

𝜀 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ (0, 𝑇 ].

The bound (4.1) provides us the convergence rate of order 𝑂(𝜀2) as 𝜀 → 0. One may wonder whether this rate is optimal.
Interestingly, the answer is affirmative as in the next theorem.

Theorem 4.2. Suppose the assumptions (𝐴1)-(𝐴2). Then, for each 𝑡 ∈ (0, 𝑇 ], we have

lim
𝜀→0

1
𝜀2

𝐼(𝑋̃𝜀,𝑡 ∥ 𝑁𝑡) ≥
1
4𝛽4𝑡

(

𝐸 |

|

|

𝐸
[

𝛿
(

𝑉𝑡𝐷𝑈𝑡
)

|𝑈𝑡
]

|

|

|

)2
, (4.4)

where 𝛽2𝑡 is as in Theorem 4.1, (𝑈𝑡)𝑡∈[0,𝑇 ] and (𝑉𝑡)𝑡∈[0,𝑇 ] are stochastic processes defined by

𝑈𝑡 =
𝑡
𝑏′(𝑠, 𝑥𝑠)𝑈𝑠𝑑𝑠 +

𝑡
𝜎(𝑠, 𝑥𝑠)𝑑𝐵𝑠, 0 ≤ 𝑡 ≤ 𝑇 , (4.5)
6
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𝑘

f

𝑉𝑡 = ∫

𝑡

0

( 1
2
𝑏′′(𝑠, 𝑥𝑠)𝑈2

𝑠 + 𝑏′(𝑠, 𝑥𝑠)𝑉𝑠
)

𝑑𝑠 + ∫

𝑡

0
𝜎′(𝑠, 𝑥𝑠)𝑈𝑠𝑑𝐵𝑠, 0 ≤ 𝑡 ≤ 𝑇 . (4.6)

Remark 4.2. The stochastic differential equations (4.5) and (4.6) can be solved explicitly. We have

𝑈𝑡 = ∫

𝑡

0
𝜎(𝑠, 𝑥𝑠)𝑒∫

𝑡
𝑠 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑑𝐵𝑠, 0 ≤ 𝑡 ≤ 𝑇

and

𝑉𝑡 = ∫

𝑡

0

1
2
𝑏′′(𝑠, 𝑥𝑠)𝑈2

𝑠 𝑒
∫ 𝑡
𝑠 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑑𝑠 + ∫

𝑡

0
𝜎′(𝑠, 𝑥𝑠)𝑈𝑠𝑒

∫ 𝑡
𝑠 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑑𝐵𝑠, 0 ≤ 𝑡 ≤ 𝑇 .

Furthermore, the random variables 𝑈𝑡 and 𝑉𝑡 are Malliavin differentiable and their derivatives are given by

𝐷𝑟𝑈𝑡 = 𝜎(𝑟, 𝑥𝑟)𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢, 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 ,

𝐷𝑟𝑉𝑡 = 𝜎′(𝑟, 𝑥𝑟)𝑈𝑟𝑒
∫ 𝑡
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢

+∫

𝑡

𝑟
𝑏′′(𝑠, 𝑥𝑠)𝑈𝑠𝐷𝑟𝑈𝑠𝑒

∫ 𝑡
𝑠 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑑𝑠 + ∫

𝑡

𝑟
𝜎′(𝑠, 𝑥𝑠)𝐷𝑟𝑈𝑠𝑒

∫ 𝑡
𝑠 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑑𝐵𝑠, 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 .

It is also easy to see that 𝑈𝑡, 𝑉𝑡 ∈ D𝑘,𝑝 for all 𝑘 ≥ 1, 𝑝 ≥ 2.

In the next theorem, for the additive functional of solutions, we also obtain the convergence rate of optimal order 𝑂(𝜀2).

Theorem 4.3. Consider the stochastic process (𝑌𝜀,𝑡)𝑡∈[0,𝑇 ] defined by (1.3). Define 𝑦𝑡 ∶= ∫ 𝑡
0 𝑓 (𝑠, 𝑥𝑠)𝑑𝑠 and

𝑌𝜀,𝑡 ∶=
𝑌𝜀,𝑡 − 𝑦𝑡

𝜀
, 𝛾2𝑡 ∶= ∫

𝑡

0

(

∫

𝑡

𝑟
𝑓 ′(𝑠, 𝑥𝑠)𝜎(𝑟, 𝑥𝑟)𝑒∫

𝑠
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑑𝑠

)2

𝑑𝑟, 0 ≤ 𝑡 ≤ 𝑇 .

Suppose the assumptions (𝐴1)-(𝐴3) and that, for some 𝑝0 > 16,

𝐸
[(

∫

𝑡

0
(𝑡 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

)−𝑝0]

< ∞ ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ (0, 𝑇 ]. (4.7)

Then, for all 𝜀 ∈ (0, 1) and 𝑡 ∈ (0, 𝑇 ], we have

𝐼(𝑌𝜀,𝑡 ∥ 𝑍𝑡) ≤ 𝐶
(

𝑡4

𝛾4𝑡
+ 𝑡10

𝛾4𝑡

(

𝐸
|

|

|

|

∫

𝑡

0
(𝑡 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

2
𝑝0

+𝑡10
(

𝐸
|

|

|

|

∫

𝑡

0
(𝑡 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

4
𝑝0
)

𝜀2, (4.8)

where 𝑍𝑡 denotes a normal random variable with mean zero and variance 𝛾2𝑡 and 𝐶 is a positive constant not depending on 𝑡 and 𝜀.

Corollary 4.2. Suppose the assumptions (𝐴1)-(𝐴3). We assume, in addition, that 𝜎(0, 𝑋0) ≠ 0 and |𝜎(𝑡, 𝑥) − 𝜎(𝑠, 𝑥)| ≤ 𝐿|𝑡 − 𝑠|𝛿1 for all
𝑥 ∈ R and 𝑠, 𝑡 ∈ [0, 𝑇 ], where 𝐿, 𝛿1 are positive real numbers. Then, we have

𝐼(𝑌𝜀,𝑡 ∥ 𝑍𝑡) ≤ 𝐶

(

𝑡4

𝛾4𝑡
+ 1

𝑡2

)

𝜀2 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ (0, 𝑇 ], (4.9)

where 𝐶 is a positive constant not depending on 𝑡 and 𝜀.

Proof. For every 𝑡0 ∈ (0, 𝑇 ], we have

∫

𝑡0

0
(𝑡0 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟 = 𝑡30 ∫

1

0
(1 − 𝑟)2𝜎2(𝑡0𝑟,𝑋𝜀,𝑡0𝑟)𝑑𝑟.

We consider the stochastic process 𝑌𝑡 ∶= 𝑋𝜀,𝑡0𝑡, 0 ≤ 𝑡 ≤ 1. Then, 𝑌0 = 𝑋0 is deterministic and 𝐸|𝑌𝑡 −𝑋0|
𝑝 = 𝐸|𝑋𝜀,𝑡0𝑡 −𝑋0|

𝑝 ≤ 𝐶𝑡
𝑝
2 for

all 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 1], where 𝐶 is a positive constant not depending on 𝑡0, 𝑡 and 𝜀. In addition, the functions ℎ(𝑡, 𝑥) = 𝜎(𝑡0𝑡, 𝑥) and
(𝑡, 𝑠) = (𝑡 − 𝑠)2 satisfy

|ℎ(𝑡, 𝑥) − ℎ(𝑠, 𝑦)| ≤ 𝐿(|𝑡 − 𝑠|𝛿1 + |𝑥 − 𝑦|) ∀𝑥, 𝑦 ∈ R, 𝑠, 𝑡 ∈ [0, 1],

|𝑘(𝑡, 𝑠) − 𝑘(𝑡, 0)| ≤ 𝐿|𝑡 − 𝑠| ∀𝑠, 𝑡 ∈ [0, 1]

or some positive constant 𝐿 not depending on 𝑡0. Thus, for all 𝑝0 > 0, we can use Lemma A to get

𝐸

[

(

∫

1
(1 − 𝑟)2𝜎2(𝑡0𝑟,𝑋𝜀,𝑡0𝑟)𝑑𝑟

)−𝑝0
]

≤ 𝐶 < ∞,
7
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(

where 𝐶 is a positive constant not depending on 𝑡0 and 𝜀. Consequently,

𝐸
[(

∫

𝑡0

0
(𝑡0 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

)−𝑝0]

≤ 𝐶𝑡−3𝑝00 ∀ 𝑡0 ∈ (0, 𝑇 ],

and hence, the bound (4.9) follows directly from (4.8). □

Remark 4.3. (i) In the assumption (𝐴3), the condition ‖𝑓 ′
‖0 ∶= inf (𝑡,𝑥) 𝑓 ′(𝑡, 𝑥) > 0 can be replaced by ‖𝑓 ′

‖0 ∶= sup(𝑡,𝑥)∈[0,𝑇 ]×R 𝑓 ′(𝑡, 𝑥) <
0.
(ii) Consider the stochastic processes

𝑈 𝑡 = ∫

𝑡

0
𝑓 ′(𝑠, 𝑥𝑠)𝑈𝑠𝑑𝑠, 0 ≤ 𝑡 ≤ 𝑇 ,

𝑉 𝑡 =
1
2 ∫

𝑡

0
(𝑓 ′′(𝑠, 𝑥𝑠)𝑈2

𝑠 + 2𝑓 ′(𝑠, 𝑥𝑠)𝑉𝑠)𝑑𝑠, 0 ≤ 𝑡 ≤ 𝑇 ,

where (𝑈𝑡)𝑡∈[0,𝑇 ] and (𝑉𝑡)𝑡∈[0,𝑇 ] are as in Theorem 4.2. The reader can verify that

lim
𝜀→0

1
𝜀2

𝐼(𝑌𝜀,𝑡 ∥ 𝑍𝑡) ≥
1
4𝛾4𝑡

(

𝐸
|

|

|

|

𝐸
[

𝛿
(

𝑉 𝑡𝐷𝑈 𝑡

)

|𝑈 𝑡

]

|

|

|

|

)2
, 𝑡 ∈ (0, 𝑇 ].

The proof is similar to that of (4.4). So we omit it.

4.1. Estimates for Malliavin derivatives

Hereafter, we denote by 𝐶 a generic constant which may vary at each appearance. Let us collect some fundamental results about
the Malliavin differentiability of solutions to Eq. (1.1).

Proposition 4.1. Suppose the assumptions (𝐴1) and (𝐴2). Then, Eq. (1.1) has a unique solution (𝑋𝜀,𝑡)𝑡∈[0,𝑇 ] satisfying, for each 𝑝 ≥ 2,

sup
𝑡∈[0,𝑇 ]

𝐸|𝑋𝜀,𝑡|
𝑝 ≤ 𝐶, ∀ 𝜀 ∈ (0, 1), (4.10)

here 𝐶 is a positive constant not depending on 𝜀. Moreover, for each 𝑡 ∈ [0, 𝑇 ], the random variable 𝑋𝜀,𝑡 is twice Malliavin differentiable
nd the derivatives satisfy the following linear equations, for all 0 ≤ 𝑟, 𝜃 ≤ 𝑡 ≤ 𝑇 ,

𝐷𝑟𝑋𝜀,𝑡 = 𝜀𝜎(𝑟,𝑋𝜀,𝑟) + ∫

𝑡

𝑟
𝑏′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠𝑑𝑠 + 𝜀∫

𝑡

𝑟
𝜎′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠𝑑𝐵𝑠 (4.11)

and

𝐷𝜃𝐷𝑟𝑋𝜀,𝑡 = 𝜀𝜎′(𝑟,𝑋𝜀,𝑟)𝐷𝜃𝑋𝜀,𝑟 + ∫

𝑡

𝑟∨𝜃

[

𝑏′′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝑋𝜀,𝑠𝐷𝑟𝑋𝜀,𝑠 + 𝑏′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝐷𝑟𝑋𝜀,𝑠
]

𝑑𝑠

+ 𝜀𝜎′(𝜃,𝑋𝜀,𝜃)𝐷𝑟𝑋𝜀,𝜃 + 𝜀∫

𝑡

𝑟∨𝜃

[

𝜎′′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝑋𝜀,𝑠𝐷𝑟𝑋𝜀,𝑠 + 𝜎′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝐷𝑟𝑋𝜀,𝑠
]

𝑑𝐵𝑠. (4.12)

roof. See Theorems 2.2.1 and 2.2.2 in [12]. □

roposition 4.2. Suppose the assumptions (𝐴1) and (𝐴2). Then, for each 𝑝 ≥ 2, we have

sup
0≤𝑟≤𝑡≤𝑇

𝐸|𝐷𝑟𝑋𝜀,𝑡|
𝑝 ≤ 𝐶𝜀𝑝 ∀ 𝜀 ∈ (0, 1), (4.13)

nd

sup
0≤𝑟,𝜃≤𝑡≤𝑇

𝐸|𝐷𝜃𝐷𝑟𝑋𝜀,𝑡|
𝑝 ≤ 𝐶𝜀2𝑝 ∀ 𝜀 ∈ (0, 1), (4.14)

here 𝐶 is a positive constant not depending on 𝜀.

roof. The proof is similar to that of Theorems 2.2.1 and 2.2.2 in [12]. For each 𝑝 ≥ 2, by the fundamental inequality
|𝑎1| + |𝑎2| + |𝑎3|)𝑝 ≤ 3𝑝−1(|𝑎1|

𝑝 + |𝑎2|
𝑝 + |𝑎3|

𝑝), we obtain from (4.11) that

|𝐷𝑟𝑋𝜀,𝑡|
𝑝 ≤ 3𝑝−1 |

|

𝜀𝜎(𝑟,𝑋𝜀,𝑟)||
𝑝 + 3𝑝−1

|

|

|

|

|

∫

𝑡

𝑟
𝑏′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠𝑑𝑠

|

|

|

|

|

𝑝

+3𝑝−1
|

|

|

|

|

𝜀∫

𝑡

𝑟
𝜎′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠𝑑𝐵𝑠

|

|

|

|

|

𝑝

for all 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 . From the linear growth property of 𝜎 and the estimate (4.10), we have

sup 𝐸 |

|

𝜎(𝑟,𝑋𝜀,𝑟)||
𝑝 ≤ 𝐶 ∀ 𝜀 ∈ (0, 1), (4.15)
8
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4

f

L

where 𝐶 is a positive constant not depending on 𝜀. Furthermore, by using the Hölder and Burkholder–Davis–Gundy inequalities, we
deduce

𝐸
|

|

|

|

|

∫

𝑡

𝑟
𝑏′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠𝑑𝑠

|

|

|

|

|

𝑝

≤ 𝐿𝑝(𝑡 − 𝑟)𝑝−1 ∫

𝑡

𝑟
𝐸|𝐷𝑟𝑋𝜀,𝑠|

𝑝𝑑𝑠

≤ 𝐿𝑝𝑇 𝑝−1
∫

𝑡

𝑟
𝐸|𝐷𝑟𝑋𝜀,𝑠|

𝑝𝑑𝑠, 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇

and, for some 𝐶𝑝 > 0,

𝐸
|

|

|

|

|

𝜀∫

𝑡

𝑟
𝜎′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠𝑑𝐵𝑠

|

|

|

|

|

𝑝

≤ 𝐶𝑝𝜀
𝑝𝐸

(

∫

𝑡

𝑟
|

|

𝜎′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠
|

|

2 𝑑𝑠
)

𝑝
2

≤ 𝐶𝑝(𝑡 − 𝑟)
𝑝
2−1𝜀𝑝𝐿𝑝

∫

𝑡

𝑟
𝐸|𝐷𝑟𝑋𝜀,𝑠|

𝑝𝑑𝑠

≤ 𝐶𝑝𝑇
𝑝
2−1𝐿𝑝𝜀𝑝 ∫

𝑡

𝑟
𝐸|𝐷𝑟𝑋𝜀,𝑠|

𝑝𝑑𝑠, 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 .

We therefore obtain, for all 𝜀 ∈ (0, 1),

𝐸|𝐷𝑟𝑋𝜀,𝑡|
𝑝 ≤ 𝐶𝜀𝑝 + 𝐶 ∫

𝑡

𝑟
𝐸|𝐷𝑟𝑋𝜀,𝑠|

𝑝𝑑𝑠, 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 ,

where 𝐶 is a positive constant not depending on 𝑟, 𝑡 and 𝜀. Using Gronwall’s lemma, we get

𝐸|𝐷𝑟𝑋𝜀,𝑡|
𝑝 ≤ 𝐶𝜀𝑝𝑒𝐶(𝑡−𝑟) ≤ 𝐶𝜀𝑝 ∀ 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 .

This finishes the proof of (4.13). The proof of (4.14) can be done similarly. Indeed, we obtain from Eq. (4.12) that

𝐸|𝐷𝜃𝐷𝑟𝑋𝜀,𝑡|
𝑝 ≤ 4𝑝−1𝐸 |

|

𝜀𝜎′(𝑟,𝑋𝜀,𝑟)𝐷𝜃𝑋𝜀,𝑟
|

|

𝑝 + 4𝑝−1𝐸 |

|

𝜀𝜎′(𝜃,𝑋𝜃)𝐷𝑟𝑋𝜀,𝜃
|

|

𝑝

+ 4𝑝−1𝐸
|

|

|

|

|

∫

𝑡

𝑟∨𝜃

[

𝑏′′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝑋𝜀,𝑠𝐷𝑟𝑋𝜀,𝑠 + 𝑏′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝐷𝑟𝑋𝜀,𝑠
]

𝑑𝑠
|

|

|

|

|

𝑝

+ 4𝑝−1𝐸
|

|

|

|

|

𝜀∫

𝑡

𝑟∨𝜃

[

𝜎′′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝑋𝜀,𝑠𝐷𝑟𝑋𝜀,𝑠 + 𝜎′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝐷𝑟𝑋𝜀,𝑠
]

𝑑𝐵𝑠

|

|

|

|

|

𝑝

for all 0 ≤ 𝜃, 𝑟 ≤ 𝑡 ≤ 𝑇 . By using the estimate (4.13) and the boundedness of 𝑏′, 𝑏′′, 𝜎′, 𝜎′′ we obtain

𝐸 |

|

𝜀𝜎′(𝑟,𝑋𝜀,𝑟)𝐷𝜃𝑋𝜀,𝑟
|

|

𝑝 + 𝐸 |

|

𝜀𝜎′(𝜃,𝑋𝜃)𝐷𝑟𝑋𝜀,𝜃
|

|

𝑝 ≤ 𝐶𝜀2𝑝,

𝐸
|

|

|

|

∫

𝑡

𝑟∨𝜃

[

𝑏′′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝑋𝜀,𝑠𝐷𝑟𝑋𝜀,𝑠 + 𝑏′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝐷𝑟𝑋𝜀,𝑠
]

𝑑𝑠
|

|

|

|

𝑝

≤ 𝐶𝜀2𝑝 + 𝐶 ∫

𝑡

𝑟∨𝜃
𝐸 |

|

𝐷𝜃𝐷𝑟𝑋𝜀,𝑠
|

|

𝑝 𝑑𝑠,

and

𝐸
|

|

|

|

|

𝜀∫

𝑡

𝑟∨𝜃

[

𝜎′′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝑋𝜀,𝑠𝐷𝑟𝑋𝜀,𝑠 + 𝜎′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝐷𝑟𝑋𝜀,𝑠
]

𝑑𝐵𝑠

|

|

|

|

|

𝑝

= 𝜀𝑝𝐸
|

|

|

|

|

∫

𝑡

𝑟∨𝜃

[

𝜎′′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝑋𝜀,𝑠𝐷𝑟𝑋𝜀,𝑠 + 𝜎′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝐷𝑟𝑋𝜀,𝑠
]2 𝑑𝑠

|

|

|

|

|

𝑝
2

≤ 𝐶𝜀3𝑝 + 𝐶𝜀𝑝 ∫

𝑡

𝑟∨𝜃
𝐸 |

|

𝐷𝜃𝐷𝑟𝑋𝜀,𝑠
|

|

𝑝 𝑑𝑠.

s a consequence, for all 𝜀 ∈ (0, 1),

𝐸|𝐷𝜃𝐷𝑟𝑋𝜀,𝑡|
𝑝 ≤ 𝐶𝜀2𝑝 + 𝐶 ∫

𝑡

𝑟∨𝜃
𝐸 |

|

𝐷𝜃𝐷𝑟𝑋𝜀,𝑠
|

|

𝑝 𝑑𝑠, 0 ≤ 𝜃, 𝑟 ≤ 𝑡 ≤ 𝑇

nd we obtain (4.14) by using Gronwall’s lemma again.
The proof the proposition is complete. □

.2. Proof of Theorem 4.1

The proof of Theorem 4.1 will be given at the end of this subsection. In order to be able to apply Theorem 3.1, we need the
ollowing technical results.

emma 4.1. Suppose the assumptions (𝐴1)-(𝐴2). Then, for each 𝑝 ≥ 2, we have

𝐸|𝑋 − 𝑥 |

𝑝 ≤ 𝐶𝑡
𝑝
2 𝜀𝑝 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ], (4.16)
9
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where 𝐶 is a positive constant not depending on 𝑡 and 𝜀. Moreover, if ℎ(𝑡, 𝑥) is a differentiable function in 𝑥 and its derivative has polynomial
rowth, we also have

𝐸|ℎ(𝑡, 𝑋𝜀,𝑡) − ℎ(𝑡, 𝑥𝑡)|
𝑝 ≤ 𝐶𝑡

𝑝
2 𝜀𝑝 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ]. (4.17)

Proof. We have

𝑋𝜀,𝑡 − 𝑥𝑡 = ∫

𝑡

0
(𝑏(𝑠,𝑋𝜀,𝑠) − 𝑏(𝑠, 𝑥𝑠))𝑑𝑠 + 𝜀∫

𝑡

0
𝜎(𝑠,𝑋𝜀,𝑠)𝑑𝐵𝑠, 𝑡 ∈ [0, 𝑇 ].

ence, by Hölder and Burkholder–Davis–Gundy inequalities, we deduce

𝐸|𝑋𝜀,𝑡 − 𝑥𝑡|
𝑝 = 𝐸

|

|

|

|

|

∫

𝑡

0
(𝑏(𝑠,𝑋𝜀,𝑠) − 𝑏(𝑠, 𝑥𝑠))𝑑𝑠 + 𝜀∫

𝑡

0
𝜎(𝑠,𝑋𝜀,𝑠)𝑑𝐵𝑠

|

|

|

|

|

𝑝

≤ 2𝑝−1𝐸
|

|

|

|

|

∫

𝑡

0
(𝑏(𝑠,𝑋𝜀,𝑠) − 𝑏(𝑠, 𝑥𝑠))𝑑𝑠

|

|

|

|

|

𝑝

+ 2𝑝−1𝜀𝑝𝐸
|

|

|

|

|

∫

𝑡

0
𝜎(𝑠,𝑋𝜀,𝑠)𝑑𝐵𝑠

|

|

|

|

|

𝑝

≤ 𝐶𝑡𝑝−1 ∫

𝑡

0
𝐸|𝑏(𝑠,𝑋𝜀,𝑠) − 𝑏(𝑠, 𝑥𝑠)|

𝑝𝑑𝑠 + 𝐶𝑡
𝑝
2−1𝜀𝑝 ∫

𝑡

0
𝐸|𝜎(𝑠,𝑋𝜀,𝑠)|

𝑝𝑑𝑠, 𝑡 ∈ [0, 𝑇 ],

here 𝐶 is a positive constant not depending on 𝑡 and 𝜀. So by the boundedness of 𝑏′ and the estimate (4.15) we obtain

𝐸|𝑋𝜀,𝑡 − 𝑥𝑡|
𝑝 ≤ 𝐶 ∫

𝑡

0
𝐸|𝑋𝜀,𝑠 − 𝑥𝑠|

𝑝𝑑𝑠 + 𝐶𝑡
𝑝
2 𝜀𝑝, 𝑡 ∈ [0, 𝑇 ],

hich, together with Gronwall’s lemma, yields

𝐸|𝑋𝜀,𝑡 − 𝑥𝑡|
𝑝 ≤ 𝐶𝑡

𝑝
2 𝜀𝑝𝑒𝐶𝑡 ≤ 𝐶𝑡

𝑝
2 𝜀𝑝, 𝑡 ∈ [0, 𝑇 ].

t remains to prove (4.17). For each 𝑡 ∈ [0, 𝑇 ], using the Taylor’s expansion, we have

ℎ(𝑡, 𝑋𝜀,𝑡) − ℎ(𝑡, 𝑥𝑡) = ℎ′(𝑡, 𝑥𝑡 + 𝜂𝑡(𝑋𝜀,𝑡 − 𝑥𝑡))(𝑋𝜀,𝑡 − 𝑥𝑡),

where 𝜂𝑡 is a random variable lying between 0 and 1. By the polynomial growth property of ℎ′ and the estimate (4.10), we have
sup𝑡∈[0,𝑇 ] 𝐸|ℎ′(𝑡, 𝑥𝑡 + 𝜂𝑡(𝑋𝜀,𝑡 − 𝑥𝑡))|

𝑝 ≤ 𝐶 for all 𝜀 ∈ (0, 1), where 𝐶 is a positive constant not depending on 𝜀. We now use the
Cauchy–Schwarz inequality and the estimate (4.16) to get

𝐸|ℎ(𝑡, 𝑋𝜀,𝑡) − ℎ(𝑡, 𝑥𝑡)|
𝑝 ≤

√

𝐸|ℎ′(𝑡, 𝑥𝑡 + 𝜂𝑡(𝑋𝜀,𝑡 − 𝑥𝑡))|
2𝑝𝐸|𝑋𝜀,𝑡 − 𝑥𝑡|

2𝑝 ≤ 𝐶𝑡
𝑝
2 𝜀𝑝.

This finishes the proof of the proposition. □

Proposition 4.3. Suppose the assumptions (𝐴1)-(𝐴2). Let (𝑋̃𝜀,𝑡)𝑡∈[0,𝑇 ] be as in Theorem 4.1. Then, we have

|𝐸[𝑋̃𝜀,𝑡]| ≤ 𝐶𝑡2𝜀 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ], (4.18)

|Var(𝑋̃𝜀,𝑡) − 𝛽2𝑡 | ≤ 𝐶𝑡3∕2𝜀 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ], (4.19)

where 𝐶 is a positive constant not depending on 𝑡 and 𝜀.

Proof. We first verify the estimate (4.18). By using the Taylor’s expansion, we obtain

𝑋̃𝜀,𝑡 =
1
𝜀 ∫

𝑡

0
(𝑏(𝑠,𝑋𝜀,𝑠) − 𝑏(𝑠, 𝑥𝑠))𝑑𝑠 + ∫

𝑡

0
𝜎(𝑠,𝑋𝜀,𝑠)𝑑𝐵𝑠

= ∫

𝑡

0
𝑏′(𝑠, 𝑥𝑠)𝑋̃𝜀,𝑠𝑑𝑠 +

1
2𝜀 ∫

𝑡

0
𝑏′′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))(𝑋𝜀,𝑠 − 𝑥𝑠)2𝑑𝑠 + ∫

𝑡

0
𝜎(𝑠,𝑋𝜀,𝑠)𝑑𝐵𝑠, (4.20)

here, for each 0 ≤ 𝑠 ≤ 𝑡, 𝜃𝑠 is a random variable lying between 0 and 1. Taking the expectation of 𝑋̃𝜀,𝑡 gives us

𝐸[𝑋̃𝜀,𝑡] = ∫

𝑡

0
𝑏′(𝑠, 𝑥𝑠)𝐸[𝑋̃𝜀,𝑠]𝑑𝑠 +

1
2𝜀 ∫

𝑡

0
𝐸[𝑏′′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))(𝑋𝜀,𝑠 − 𝑥𝑠)2]𝑑𝑠

This is a linear differential equation and its solution is given by

𝐸[𝑋̃𝜀,𝑡] =
1
2𝜀 ∫

𝑡

0
𝑒∫

𝑡
𝑠 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝐸[𝑏′′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))(𝑋𝜀,𝑠 − 𝑥𝑠)2]𝑑𝑠.

onsequently, we can use the boundedness of the derivatives 𝑏′, 𝑏′′ and the estimate (4.16) to get

|𝐸[𝑋̃𝜀,𝑡]| ≤
𝐿𝑒𝐿𝑇

2𝜀 ∫

𝑡

0
𝐸|𝑋𝜀,𝑠 − 𝑥𝑠|

2𝑑𝑠

≤ 𝐶𝑡2𝜀, 𝑡 ∈ [0, 𝑇 ].
10
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So the estimate (4.18) holds. It remains to prove the estimate (4.19). Solving Eq. (4.11) we obtain

𝐷𝑟𝑋𝜀,𝑡 = 𝜀𝜎(𝑟,𝑋𝜀,𝑟) exp
(

∫

𝑡

𝑟

(

𝑏′(𝑢,𝑋𝜀,𝑢) −
1
2
𝜀2𝜎′2(𝑢,𝑋𝜀,𝑢)

)

𝑑𝑢 + 𝜀∫

𝑡

𝑟
𝜎′(𝑢,𝑋𝜀,𝑢)𝑑𝐵𝑢

)

= 𝜀𝜎(𝑟,𝑋𝜀,𝑟) exp
(

∫

𝑡

𝑟
𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢

)

𝑍𝑟,𝑡, 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 . (4.21)

here 𝑍𝑟,𝑡 is given by

𝑍𝑟,𝑡 ∶= exp
(

𝜀∫

𝑡

𝑟
𝜎′(𝑢,𝑋𝜀,𝑢)𝑑𝐵𝑢 −

1
2
𝜀2 ∫

𝑡

𝑟
𝜎′2(𝑢,𝑋𝜀,𝑢)𝑑𝑢

)

, 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 . (4.22)

Note that, by the Itô differential formula, 𝑍𝑟,𝑡 satisfies

𝑍𝑟,𝑡 = 1 + ∫

𝑡

𝑟
𝜀𝜎′(𝑠,𝑋𝜀,𝑠)𝑍𝑟,𝑠𝑑𝐵𝑠, 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 . (4.23)

o 𝐸[𝑍𝑟,𝑡|F𝑟] = 1. Furthermore, for each 𝑝 ≥ 2, it is easy to see that

sup
0≤𝑟≤𝑡≤𝑇

𝐸|𝑍𝑟,𝑡|
𝑝 ≤ 𝐶 (4.24)

or some 𝐶 > 0 not depending on 𝜀 ∈ (0, 1). By the Clark–Ocone formula, the Itô isometry and (4.21), we have

Var(𝑋̃𝜀,𝑡) = 𝐸
[

∫

𝑡

0
(𝐸[𝐷𝑟𝑋̃𝜀,𝑡|F𝑟])2𝑑𝑟

]

= 1
𝜀2

𝐸
[

∫

𝑡

0
(𝐸[𝐷𝑟𝑋𝜀,𝑡|F𝑟])2𝑑𝑟

]

= 𝐸
[

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)

(

𝐸
[

𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢𝑍𝑟,𝑡

|

|

|

F𝑟

])2
𝑑𝑟

]

,

and hence,

Var(𝑋̃𝜀,𝑡) − 𝛽2𝑡

= 𝐸
[

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)

(

𝐸
[

𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢𝑍𝑟,𝑡

|

|

|

F𝑟

])2
𝑑𝑟

]

− ∫

𝑡

0
𝜎2(𝑟, 𝑥𝑟)𝑒2 ∫

𝑡
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑑𝑟

= 𝐸
[

∫

𝑡

0

(

𝜎2(𝑟,𝑋𝜀,𝑟) − 𝜎2(𝑟, 𝑥𝑟)
)

(

𝐸
[

𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢𝑍𝑟,𝑡

|

|

|

F𝑟

])2
𝑑𝑟

]

+ 𝐸
[

∫

𝑡

0
𝜎2(𝑟, 𝑥𝑟)

(

(

𝐸
[

𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢𝑍𝑟,𝑡

|

|

|

F𝑟

])2
− 𝑒2 ∫

𝑡
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢

)

𝑑𝑟
]

. (4.25)

onsequently, since 𝑏′ is bounded by 𝐿, 𝐸[𝑍𝑟,𝑡|F𝑟] = 1 and sup0≤𝑟≤𝑇 𝜎2(𝑟, 𝑥𝑟) < ∞, we can infer from (4.25) that

|Var(𝑋̃𝜀,𝑡) − 𝛽2𝑡 |

≤ 𝐶 ∫

𝑡

0
𝐸|𝜎2(𝑟,𝑋𝜀,𝑟) − 𝜎2(𝑟, 𝑥𝑟)|𝑑𝑟 + 𝐶 ∫

𝑡

0
𝐸
|

|

|

|

𝐸
[

𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢𝑍𝑟,𝑡

|

|

|

F𝑟

]

− 𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢

|

|

|

|

𝑑𝑟

≤ 𝐶 ∫

𝑡

0
𝐸|𝜎2(𝑟,𝑋𝜀,𝑟) − 𝜎2(𝑟, 𝑥𝑟)|𝑑𝑟 + 𝐶 ∫

𝑡

0
𝐸
|

|

|

|

|

(

𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢 − 𝑒∫

𝑡
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢

)

𝑍𝑟,𝑡

|

|

|

|

|

𝑑𝑟

≤ 𝐶 ∫

𝑡

0
𝐸|𝜎2(𝑟,𝑋𝜀,𝑟) − 𝜎2(𝑟, 𝑥𝑟)|𝑑𝑟 + 𝐶 ∫

𝑡

0 ∫

𝑡

𝑟
𝐸|(𝑏′(𝑢,𝑋𝜀,𝑢) − 𝑏′(𝑢, 𝑥𝑢))𝑍𝑟,𝑡|𝑑𝑢𝑑𝑟

≤ 𝐶 ∫

𝑡

0
𝐸|𝜎2(𝑟,𝑋𝜀,𝑟) − 𝜎2(𝑟, 𝑥𝑟)|𝑑𝑟 + 𝐶 ∫

𝑡

0 ∫

𝑡

𝑟

√

𝐸|𝑏′(𝑢,𝑋𝜀,𝑢) − 𝑏′(𝑢, 𝑥𝑢)|
2𝐸|𝑍𝑟,𝑡|

2𝑑𝑢𝑑𝑟, (4.26)

here 𝐶 is a positive constant not depending on 𝑡 and 𝜀. Hence, in view of the estimates (4.17) and (4.24), we get

|Var(𝑋̃𝜀,𝑡) − 𝛽2𝑡 | ≤ 𝐶𝑡
3
2 𝜀 + 𝐶𝑡

5
2 𝜀 ≤ 𝐶𝑡

3
2 𝜀. (4.27)

o the estimate (4.19) is proved. This completes the proof of the proposition. □

roposition 4.4. Let (𝑋̃𝜀,𝑡)𝑡∈[0,𝑇 ] be as in Theorem 4.1. Define

𝛩𝑋̃𝜀,𝑡
∶= ∫

𝑡

0
𝐷𝑟𝑋̃𝜀,𝑡𝐸[𝐷𝑟𝑋̃𝜀,𝑡|F𝑟]𝑑𝑟, 𝑡 ∈ [0, 𝑇 ].

Then, under the assumption of Theorem 4.1, we have

𝐸|𝛩𝑋̃𝜀,𝑡
|

−𝑝 ≤ 𝐶
(

𝐸
|

|

|

|

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

𝑝
𝑝0

∀ 𝜀 ∈ (0, 1), 𝑡 ∈ (0, 𝑇 ], (4.28)

here 0 < 𝑝 < 𝑝 and 𝐶 > 0 is a positive constant not depending on 𝑡 and 𝜀.
11
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𝐸

i
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w

P
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Proof. Since 𝐷𝑟𝑋̃𝜀,𝑡 =
𝐷𝑟𝑋𝜀,𝑡

𝜀 , it follows from (4.21) that

𝛩𝑋̃𝜀,𝑡
= 1

𝜀2 ∫

𝑡

0
𝐷𝑟𝑋𝜀,𝑡𝐸[𝐷𝑟𝑋𝜀,𝑡|F𝑟]𝑑𝑟

= ∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑒∫

𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢𝑍𝑡,𝑟𝐸

[

𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢𝑍𝑡,𝑟

|

|

|

F𝑟

]

𝑑𝑟,

where 𝑍𝑡,𝑟 is defined by (4.22). Since 𝑏′, 𝜎′ are bounded by 𝐿, we deduce 𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢𝑍𝑡,𝑟 ≥ 𝑒−

3𝐿𝑇
2 𝑒𝜀 ∫

𝑡
𝑟 𝜎′(𝑢,𝑋𝜀,𝑢)𝑑𝐵𝑢 and

[

𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢𝑍𝑡,𝑟

|

|

|

F𝑟

]

≥ 𝑒−𝐿𝑇𝐸
[

𝑍𝑡,𝑟
|

|

|

F𝑟

]

= 𝑒−𝐿𝑇 . Then, we obtain

𝛩𝑋̃𝜀,𝑡
≥ 𝑒−

5𝐿𝑇
2

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑒𝜀 ∫

𝑡
𝑟 𝜎′(𝑢,𝑋𝜀,𝑢)𝑑𝐵𝑢𝑑𝑟

≥ 𝑒−
5𝐿𝑇
2 𝑒𝑀𝑡−max0≤𝑡≤𝑇 𝑀𝑡

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

≥ 𝑒−
5𝐿𝑇
2 𝑒−2max0≤𝑡≤𝑇 𝑀𝑡

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟,

where 𝑀𝑡 ∶= 𝜀 ∫ 𝑡
0 𝜎′(𝑢,𝑋𝜀,𝑢)𝑑𝐵𝑢, 0 ≤ 𝑡 ≤ 𝑇 . We observe that 𝑀𝑡 is a martingale with the bounded quadratic variation. Indeed,

⟨𝑀⟩𝑡 = 𝜀2 ∫ 𝑡
0 𝜎′2(𝑠,𝑋𝜀,𝑠)𝑑𝑠 ≤ 𝐿2𝑇 for all 𝜀 ∈ (0, 1) and 𝑡 ∈ [0, 𝑇 ]. By Dubin and Schwarz’s theorem, there exists a one dimensional

Brownian motion (𝑚𝑡)𝑡≥0 such that 𝑀𝑡 = 𝑚
⟨𝑀⟩𝑡

. Then we arrive at the following

|𝛩𝑋̃𝜀,𝑡
| ≥ 𝑒−

5𝐿𝑇
2 𝑒−2max0≤𝑡≤𝐿2𝑇 𝑚𝑡

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ (0, 𝑇 ].

Note that, by Fernique’s theorem, we always have 𝐸
[

𝑒4𝑞max0≤𝑡≤𝐿2𝑇 𝑚𝑡
]

< ∞ for all 𝑞 > 0. Hence, for 0 < 𝑝 < 𝑝0, we use Hölder’s
nequality to deduce the following

𝐸|𝛩𝑋̃𝜀,𝑡
|

−𝑝 ≤ 𝑒
5𝑝𝐿𝑇
2 𝐸

[

𝑒2𝑝max0≤𝑡≤𝑇 𝑚𝑡

(

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

)−𝑝]

≤ 𝐶
(

𝐸
|

|

|

|

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

𝑝
𝑝0

∀ 𝜀 ∈ (0, 1), 𝑡 ∈ (0, 𝑇 ],

here 𝐶 > 0 is a positive constant not depending on 𝑡 and 𝜀. The proof of the proposition is complete. □

roposition 4.5. Let (𝛩𝑋̃𝜀,𝑡
)𝑡∈[0,𝑇 ] be as in Proposition 4.4. Suppose the assumptions (𝐴1) and (𝐴2). Then, we have

𝐸‖𝐷𝛩𝑋̃𝜀,𝑡
‖

4
𝐿2[0,𝑇 ]

≤ 𝐶𝜀4𝑡6 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ], (4.29)

here 𝐶 is a positive constant not depending on 𝑡 and 𝜀.

roof. The Malliavin derivative of 𝛩𝑋̃𝜀,𝑡
can be computed as follows

𝐷𝜃𝛩𝑋̃𝜀,𝑡
= 1

𝜀2 ∫

𝑡

0

(

𝐷𝜃𝐷𝑟𝑋𝜀,𝑡𝐸[𝐷𝑟𝑋𝜀,𝑡|F𝑟] +𝐷𝑟𝑋𝜀,𝑡𝐸[𝐷𝜃𝐷𝑟𝑋𝜀,𝑡|F𝑟]
)

𝑑𝑟. (4.30)

Hence, we get

‖𝐷𝛩𝑋̃𝜀,𝑡
‖

4
𝐿2[0,𝑇 ]

= 1
𝜀8

(

∫

𝑡

0

(

∫

𝑡

0

(

𝐷𝜃𝐷𝑟𝑋𝜀,𝑡𝐸[𝐷𝑟𝑋𝜀,𝑡|F𝑟] +𝐷𝑟𝑋𝜀,𝑡𝐸[𝐷𝜃𝐷𝑟𝑋𝜀,𝑡|F𝑟]
)

𝑑𝑟
)2

𝑑𝜃

)2

.

Using the Hölder inequality gives us

𝐸 ∥ 𝐷𝛩𝑋̃𝜀,𝑡
∥4
𝐿2[0,𝑇 ]

≤ 𝑡
𝜀8 ∫

𝑡

0
𝐸
|

|

|

|

∫

𝑡

0

(

𝐷𝜃𝐷𝑟𝑋𝜀,𝑡𝐸[𝐷𝑟𝑋𝜀,𝑡|F𝑟] +𝐷𝑟𝑋𝜀,𝑡𝐸[𝐷𝜃𝐷𝑟𝑋𝜀,𝑡|F𝑟]
)

𝑑𝑟
|

|

|

|

4
𝑑𝜃

≤ 𝑡4

𝜀8 ∫

𝑡

0 ∫

𝑡

0
𝐸|

|

|

𝐷𝜃𝐷𝑟𝑋𝜀,𝑡𝐸[𝐷𝑟𝑋𝜀,𝑡|F𝑟] +𝐷𝑟𝑋𝜀,𝑡𝐸[𝐷𝜃𝐷𝑟𝑋𝜀,𝑡|F𝑟]
|

|

|

4
𝑑𝑟𝑑𝜃

≤ 8𝑡4

𝜀8 ∫

𝑡

0 ∫

𝑡

0

(

𝐸 |

|

𝐷𝜃𝐷𝑟𝑋𝜀,𝑡𝐸[𝐷𝑟𝑋𝜀,𝑡|F𝑟]||
4 + 𝐸 |

|

𝐷𝑟𝑋𝜀,𝑡𝐸[𝐷𝜃𝐷𝑟𝑋𝜀,𝑡|F𝑟]||
4) 𝑑𝑟𝑑𝜃

≤ 16𝑡4

𝜀8 ∫

𝑡

0 ∫

𝑡

0

√

𝐸|𝐷𝜃𝐷𝑟𝑋𝜀,𝑡|
8𝐸|𝐷𝑟𝑋𝜀,𝑡|

8𝑑𝑟𝑑𝜃.

ence, recalling the estimates (4.13) and (4.14), we get

𝐸‖𝐷𝛩𝑋̃𝜀,𝑡
‖

4
𝐿2[0,𝑇 ]

≤ 𝐶𝜀4𝑡6 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ],

here 𝐶 > 0 is a finite constant not depending on 𝑡 and 𝜀. The proof of the proposition is complete. □
12
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B

C

w
l

P

w

P

Proof of Theorem 4.1. Put 𝑢̃𝑟 = 𝐸[𝐷𝑟𝑋̃𝜀,𝑡|F𝑟] for 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 . Then, we have

‖𝑢̃‖8
𝐿2[0,𝑇 ]

=
(

∫

𝑡

0
|𝐸[𝐷𝑟𝑋̃𝜀,𝑡|F𝑟]|2𝑑𝑟

)4

= 1
𝜀8

(

∫

𝑡

0
|𝐸[𝐷𝑟𝑋𝜀,𝑡|F𝑟]|2𝑑𝑟

)4

.

Using Hölder’s inequality and the estimate (4.13) we have

𝐸‖𝑢̃‖8
𝐿2[0,𝑇 ]

≤ 𝑡3

𝜀8 ∫

𝑡

0
𝐸|

|

|

𝐸[𝐷𝑟𝑋𝜀,𝑡|F𝑟]
|

|

|

8
𝑑𝑟

≤ 𝑡3

𝜀8 ∫

𝑡

0
𝐸|𝐷𝑟𝑋𝜀,𝑡|

8𝑑𝑟

≤ 𝐶𝑡4 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ]. (4.31)

y applying Theorem 3.1 to 𝐹 = 𝑋̃𝜀,𝑡 and 𝑁 = 𝑁𝑡 we get

𝐼(𝑋̃𝜀,𝑡 ∥ 𝑁𝑡) ≤ 𝑐

(

1
𝛽4𝑡

(𝐸[𝑋̃𝜀,𝑡])2 + 𝐴𝑋̃𝜀,𝑡
|Var(𝑋̃𝜀,𝑡) − 𝛽2𝑡 |

2 + 𝐶𝑋̃𝜀,𝑡

(

𝐸‖𝐷𝛩𝑋̃𝜀,𝑡
‖

4
)1∕2

)

,

where 𝑐 is an absolute constant and

𝐴𝑋̃𝜀,𝑡
∶= 1

𝛽4𝑡

(

𝐸‖𝑢̃‖8
𝐿2[0,𝑇 ]

𝐸|𝛩𝑋̃𝜀,𝑡
|

−8
)1∕4

, 𝐶𝑋̃𝜀,𝑡
∶= 𝐴𝑋̃𝜀,𝑡

+
(

𝐸‖𝑢̃‖8
𝐿2[0,𝑇 ]

𝐸|𝛩𝑋̃𝜀,𝑡
|

−16
)1∕4

.

Using the estimates (4.28) and (4.31) we obtain

𝐴𝑋̃𝜀,𝑡
≤ 𝐶𝑡

𝛽4𝑡

(

𝐸
|

|

|

|

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

2
𝑝0

,

𝐶𝑋̃𝜀,𝑡
≤ 𝐶𝑡

𝛽4𝑡

(

𝐸
|

|

|

|

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

2
𝑝0

+ 𝐶𝑡
(

𝐸
|

|

|

|

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

4
𝑝0

.

Furthermore, thanks to Propositions 4.3 and 4.5, we have

|𝐸[𝑋̃𝜀,𝑡]|
2 ≤ 𝐶𝑡4𝜀2,

|Var(𝑋̃𝜀,𝑡) − 𝛽2𝑡 |
2 ≤ 𝐶𝑡3𝜀2,

(

𝐸‖𝐷𝛩𝑋̃𝜀,𝑡
‖

4
)1∕2

≤ 𝐶𝑡3𝜀2.

ombining the above computations gives us

𝐼(𝑋̃𝜀,𝑡 ∥ 𝑁𝑡) ≤ 𝐶
(

𝑡4

𝛽4𝑡
+ 𝑡4

𝛽4𝑡

(

𝐸
|

|

|

|

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

2
𝑝0

+𝑡4
(

𝐸
|

|

|

|

∫

𝑡

0
𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

4
𝑝0
)

𝜀2.

So the proof of Theorem 4.1 is complete. □

4.3. Proof of Theorem 4.2

Our idea is to use the following relation between the Fisher information and total variation distances, see [13,15]:
√

𝐼(𝑋̃𝜀,𝑡 ∥ 𝑁𝑡) ≥ 𝑑𝑇𝑉 (𝑋̃𝜀,𝑡 ∥ 𝑁𝑡) ∶=
1
2
sup
𝑔

|𝐸[𝑔(𝑋̃𝜀,𝑡)] − 𝐸[𝑔(𝑁𝑡)]|, (4.32)

here the supremum is running over all measurable functions 𝑔 bounded by 1. Thus our main task is to find a lower bound for
im𝜀→0 𝑑𝑇𝑉 (𝑋̃𝜀,𝑡 ∥ 𝑁𝑡).

roposition 4.6. Suppose the assumptions (𝐴1)-(𝐴2). Then, for each 𝑝 ≥ 2, we have

sup
𝑡∈[0,𝑇 ]

𝐸|𝑋̃𝜀,𝑡 − 𝑈𝑡|
𝑝 ≤ 𝐶𝜀𝑝 ∀ 𝜀 ∈ (0, 1), (4.33)

sup
𝑡∈[0,𝑇 ]∫

𝑡

0
𝐸|𝐷𝑟𝑋̃𝜀,𝑡 −𝐷𝑟𝑈𝑡|

2𝑑𝑟 ≤ 𝐶𝜀2 ∀ 𝜀 ∈ (0, 1), (4.34)

here 𝐶 is a positive constant not depending on 𝜀.

roof. Recalling (4.5) and (4.20) we have

𝑋̃𝜀,𝑡 − 𝑈𝑡 =
𝑡
𝑏′(𝑠, 𝑥𝑠)(𝑋̃𝜀,𝑠 − 𝑈𝑠)𝑑𝑠 +

1 𝑡
𝑏′′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))(𝑋𝜀,𝑠 − 𝑥𝑠)2𝑑𝑠
13
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H
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P
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+ ∫

𝑡

0
(𝜎(𝑠,𝑋𝜀,𝑠) − 𝜎(𝑠, 𝑥𝑠))𝑑𝐵𝑠, 𝑡 ∈ [0, 𝑇 ]. (4.35)

Hence, under the assumption (𝐴2), we can use Hölder and Burkholder–Davis–Gundy inequalities to get

𝐸|𝑋̃𝜀,𝑡 − 𝑈𝑡|
𝑝 ≤ 𝐶 ∫

𝑡

0
𝐸|𝑋̃𝜀,𝑠 − 𝑈𝑠|

𝑝𝑑𝑠 + 𝐶
𝜀𝑝 ∫

𝑡

0
𝐸|𝑋𝜀,𝑠 − 𝑥𝑠|

2𝑝𝑑𝑠

+ 𝐶 ∫

𝑡

0
𝐸|𝑋𝜀,𝑠 − 𝑥𝑠|

𝑝𝑑𝑠, 𝑡 ∈ [0, 𝑇 ]

or all 𝜀 ∈ (0, 1) and for some 𝐶 > 0. Consequently, it follows from the estimate (4.16) that

𝐸|𝑋̃𝜀,𝑡 − 𝑈𝑡|
𝑝 ≤ 𝐶𝜀𝑝 + 𝐶 ∫

𝑡

0
𝐸|𝑋̃𝜀,𝑠 − 𝑈𝑠|

𝑝𝑑𝑠, 𝑡 ∈ [0, 𝑇 ],

where 𝐶 is a positive constant not depending on 𝑡 and 𝜀. So we obtain the estimate (4.33) by using Gronwall’s lemma. Indeed, we
have

𝐸|𝑋̃𝜀,𝑡 − 𝑈𝑡|
𝑝 ≤ 𝐶𝜀𝑝𝑒𝐶𝑡 ≤ 𝐶𝜀𝑝 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ].

Let us now prove (4.34). We have, for 0 ≤ 𝑟 ≤ 𝑇 ,

𝐷𝑟𝑋̃𝜀,𝑡 −𝐷𝑟𝑈𝑡 =
1
𝜀
𝐷𝑟𝑋𝜀,𝑡 −𝐷𝑟𝑈𝑡

= 𝜎(𝑟,𝑋𝜀,𝑟)𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢𝑍𝑟,𝑡 − 𝜎(𝑟, 𝑥𝑟)𝑒∫

𝑡
𝑟 𝑏′(𝑢,𝑥𝑟)𝑑𝑢,

where 𝑍𝑟,𝑡 is defined by (4.22). We deduce

|𝐷𝑟𝑋̃𝜀,𝑡 −𝐷𝑟𝑈𝑡| ≤ |𝜎(𝑟,𝑋𝜀,𝑟) − 𝜎(𝑟, 𝑥𝑟)|𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢𝑍𝑟,𝑡

+ 𝜎(𝑟, 𝑥𝑟)
|

|

|

𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢 − 𝑒∫

𝑡
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢|

|

|

𝑍𝑟,𝑡 + 𝜎(𝑟, 𝑥𝑟)𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢

|𝑍𝑟,𝑡 − 1|

and

∫

𝑡

0
𝐸|𝐷𝑟𝑋̃𝜀,𝑡 −𝐷𝑟𝑈𝑡|

2𝑑𝑟 ≤ 3∫

𝑡

0
𝐸
[

|𝜎(𝑟,𝑋𝜀,𝑟) − 𝜎(𝑟, 𝑥𝑟)|
2𝑒2 ∫

𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢𝑍2

𝑟,𝑡

]

𝑑𝑟

+ 3∫

𝑡

0
𝜎2(𝑟, 𝑥𝑟)𝐸

[

|

|

|

𝑒∫
𝑡
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑑𝑢 − 𝑒∫

𝑡
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢|

|

|

2
𝑍2

𝑟,𝑡

]

𝑑𝑟

+ 3∫

𝑡

0
𝜎2(𝑟, 𝑥𝑟)𝑒2 ∫

𝑡
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝐸|𝑍𝑟,𝑡 − 1|2𝑑𝑟.

ence, using the same arguments as in the proof (4.26) and (4.27), we get

∫

𝑡

0
𝐸|𝐷𝑟𝑋̃𝜀,𝑡 −𝐷𝑟𝑈𝑡|

2𝑑𝑟 ≤ 𝐶𝜀2 + 3∫

𝑡

0
𝜎2(𝑟, 𝑥𝑟)𝑒2 ∫

𝑡
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝐸|𝑍𝑟,𝑡 − 1|2𝑑𝑟.

n the other hand, it follows from Eq. (4.23) that

sup
0≤𝑟≤𝑡≤𝑇

𝐸|𝑍𝑟,𝑡 − 1|2 ≤ 𝐶𝜀2 ∀ 𝜀 ∈ (0, 1).

o we obtain

∫

𝑡

0
𝐸|𝐷𝑟𝑋̃𝜀,𝑡 −𝐷𝑟𝑈𝑡|

2𝑑𝑟 ≤ 𝐶𝜀2 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ],

here 𝐶 is a positive constant not depending on 𝑡 and 𝜀. This finishes the proof of the proposition. □

roposition 4.7. Suppose the assumptions (𝐴1)-(𝐴2). Then, for each 𝑝 ≥ 2, we have

lim
𝜀→0

𝐸
|

|

|

|

𝑋̃𝜀,𝑡 − 𝑈𝑡

𝜀
− 𝑉𝑡

|

|

|

|

𝑝
= 0, 𝑡 ∈ [0, 𝑇 ]. (4.36)

roof. We rewrite (4.35) as follows

𝑋̃𝜀,𝑡 − 𝑈𝑡 = ∫

𝑡

0
𝑏′(𝑠, 𝑥𝑠)(𝑋̃𝜀,𝑠 − 𝑈𝑠)𝑑𝑠 +

1
2𝜀 ∫

𝑡

0
𝑏′′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))(𝑋𝜀,𝑠 − 𝑥𝑠)2𝑑𝑠

+ ∫

𝑡

0
𝜎′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))(𝑋𝜀,𝑠 − 𝑥𝑠)𝑑𝐵𝑠, 𝑡 ∈ [0, 𝑇 ].

here, for each 0 ≤ 𝑠 ≤ 𝑡, 𝜃𝑠, 𝜂𝑠 are random variables lying between 0 and 1. Hence, by the definition (4.6) of 𝑉𝑡, we obtain

𝑋̃𝜀,𝑡 − 𝑈𝑡 − 𝑉𝑡 = ∫

𝑡
𝑏′(𝑠, 𝑥𝑠)

(

𝑋̃𝜀,𝑠 − 𝑈𝑠 − 𝑉𝑠

)

𝑑𝑠
14

𝜀 0 𝜀
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W

T

+ 1
2 ∫

𝑡

0

(

𝑏′′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))𝑋̃2
𝜀,𝑠 − 𝑏′′(𝑠, 𝑥𝑠)𝑈2

𝑠
)

𝑑𝑠

+ ∫

𝑡

0

(

𝜎′(𝑠, 𝑥𝑠 + 𝜂𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))𝑋̃𝜀,𝑠 − 𝜎′(𝑠, 𝑥𝑠)𝑈𝑠
)

𝑑𝐵𝑠, 𝑡 ∈ [0, 𝑇 ].

As a consequence, we deduce

𝐸
|

|

|

|

𝑋̃𝜀,𝑡 − 𝑈𝑡

𝜀
− 𝑉𝑡

|

|

|

|

𝑝
≤ 𝐶 ∫

𝑡

0
𝐸
|

|

|

|

𝑋̃𝜀,𝑠 − 𝑈𝑠

𝜀
− 𝑉𝑠

|

|

|

|

𝑝
𝑑𝑠 + 𝐶𝐾𝜀, 𝑡 ∈ [0, 𝑇 ]

for some 𝐶 > 0 and for all 𝜀 ∈ (0, 1), where 𝐾𝜀 is given by

𝐾𝜀 ∶= ∫

𝑇

0
𝐸|

|

|

𝑏′′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))𝑋̃2
𝜀,𝑠 − 𝑏′′(𝑠, 𝑥𝑠)𝑈2

𝑠
|

|

|

𝑝
𝑑𝑠

+ ∫

𝑇

0
𝐸|

|

|

𝜎′(𝑠, 𝑥𝑠 + 𝜂𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))𝑋̃𝜀,𝑠 − 𝜎′(𝑠, 𝑥𝑠)𝑈𝑠
|

|

|

𝑝
𝑑𝑠.

An application of Gronwall’s lemma gives us

𝐸
|

|

|

|

𝑋̃𝜀,𝑡 − 𝑈𝑡

𝜀
− 𝑉𝑡

|

|

|

|

𝑝
≤ 𝐶𝐾𝜀𝑒

𝐶𝑡 ≤ 𝐶𝐾𝜀 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ]. (4.37)

We observe that

∫

𝑇

0
𝐸|

|

|

𝑏′′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))𝑋̃2
𝜀,𝑠 − 𝑏′′(𝑠, 𝑥𝑠)𝑈2

𝑠
|

|

|

𝑝
𝑑𝑠

≤ 2𝑝−1 ∫

𝑇

0
𝐸|

|

|

𝑏′′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))(𝑋̃2
𝜀,𝑠 − 𝑈2

𝑠 )
|

|

|

𝑝
𝑑𝑠

+ 2𝑝−1 ∫

𝑇

0
𝐸|

|

|

(𝑏′′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠)) − 𝑏′′(𝑠, 𝑥𝑠))𝑈2
𝑠
|

|

|

𝑝
𝑑𝑠

≤ 2𝑝−1𝐿𝑝
∫

𝑇

0

√

𝐸|𝑋̃𝜀,𝑠 − 𝑈𝑠|
2𝑝𝐸|𝑋̃𝜀,𝑠 + 𝑈𝑠|

2𝑝𝑑𝑠

+ 2𝑝−1 ∫

𝑇

0

√

𝐸|𝑏′′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠)) − 𝑏′′(𝑠, 𝑥𝑠)|2𝑝𝐸|𝑈𝑠|
4𝑝𝑑𝑠.

Furthermore, 𝐸|𝑈𝑠|
𝑞 < ∞ for all 𝑞 > 1. Hence, by the estimate (4.33) and the dominated convergence theorem, we get

∫

𝑇

0
𝐸|

|

|

𝑏′′(𝑠, 𝑥𝑠 + 𝜃𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))𝑋̃2
𝜀,𝑠 − 𝑏′′(𝑠, 𝑥𝑠)𝑈2

𝑠
|

|

|

𝑝
𝑑𝑠 → 0 as 𝜀 → 0.

Similarly, we also have

∫

𝑇

0
𝐸|

|

|

𝜎′(𝑠, 𝑥𝑠 + 𝜂𝑠(𝑋𝜀,𝑠 − 𝑥𝑠))𝑋̃𝜀,𝑠 − 𝜎′(𝑠, 𝑥𝑠)𝑈𝑠
|

|

|

𝑝
𝑑𝑠 → 0 as 𝜀 → 0.

Those imply that 𝐾𝜀 → as 𝜀 → 0. So the desired relation (4.36) follows from (4.37). The proof of the proposition is complete. □

Proposition 4.8. Suppose the assumptions (𝐴1)-(𝐴2). Then, for any continuous and bounded function 𝑔 and for each 𝑡 ∈ (0, 𝑇 ], we have

lim
𝜀→0

𝐸[𝑔(𝑋̃𝜀,𝑡)] − 𝐸[𝑔(𝑈𝑡)]
𝜀

= 1
𝛽2𝑡

𝐸[𝑔(𝑈𝑡)𝛿(𝑉𝑡𝐷𝑈𝑡)]. (4.38)

Proof. For simplicity, we write ⟨., .⟩ instead of ⟨., .⟩𝐿2[0,𝑇 ] and ‖.‖ instead of ‖.‖𝐿2[0,𝑇 ]. Fix 𝑡 ∈ (0, 𝑇 ], by using the formula (3.2)
in [3], we get

𝐸[𝑔(𝑋̃𝜀,𝑡)] − 𝐸[𝑔(𝑈𝑡)] = 𝐸

[

∫

𝑋̃𝜀,𝑡

𝑈𝑡

𝑔(𝑧)𝑑𝑧𝛿
(

𝐷𝑈𝑡

‖𝐷𝑈𝑡‖
2

)

]

− 𝐸

[

𝑔(𝑋̃𝜀,𝑡)⟨𝐷𝑋̃𝜀,𝑡 −𝐷𝑈𝑡, 𝐷𝑈𝑡⟩

‖𝐷𝑈𝑡‖
2

]

.

e observe that ‖𝐷𝑈𝑡‖
2 = 𝛽2𝑡 and 𝛿

(

𝐷𝑈𝑡
‖𝐷𝑈𝑡‖2

)

= 𝑈𝑡∕𝛽2𝑡 . So we obtain

𝐸[𝑔(𝑋̃𝜀,𝑡)] − 𝐸[𝑔(𝑈𝑡)] =
1
𝛽2𝑡

𝐸

[

𝑈𝑡 ∫

𝑋̃𝜀,𝑡

𝑈𝑡

𝑔(𝑧)𝑑𝑧

]

− 1
𝛽2𝑡

𝐸
[

𝑔(𝑋̃𝜀,𝑡)⟨𝐷𝑋̃𝜀,𝑡 −𝐷𝑈𝑡, 𝐷𝑈𝑡⟩
]

.

hen, for 𝜀 ≠ 0,
𝐸[𝑔(𝑋̃𝜀,𝑡)] − 𝐸[𝑔(𝑈𝑡)]

𝜀
− 1

𝛽2𝑡
𝐸
[

𝑔(𝑈𝑡)𝑉𝑡𝑈𝑡
]

+ 1
𝛽2𝑡

𝐸
[

𝑔(𝑈𝑡)⟨𝐷𝑉𝑡, 𝐷𝑈𝑡⟩
]

= 1
2
𝐸

[

(

1
∫

𝑋̃𝜀,𝑡
𝑔(𝑧)𝑑𝑧 − 𝑔(𝑈𝑡)𝑉𝑡

)

𝑈𝑡

]

− 1
2
𝐸

[

(𝑔(𝑋̃𝜀,𝑡) − 𝑔(𝑈𝑡))
⟨𝐷𝑋̃𝜀,𝑡 −𝐷𝑈𝑡 , 𝐷𝑈𝑡

⟩

]

15
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4

− 1
𝛽2𝑡

𝐸

[

𝑔(𝑈𝑡)
⟨𝐷𝑋̃𝜀,𝑡 −𝐷𝑈𝑡

𝜀
−𝐷𝑉𝑡, 𝐷𝑈𝑡

⟩

]

, 0 < 𝑡 ≤ 𝑇 . (4.39)

We observe that

1
𝜀 ∫

𝑋̃𝜀,𝑡

𝑈𝑡

𝑔(𝑧)𝑑𝑧 − 𝑔(𝑈𝑡)𝑉𝑡 =
𝑋̃𝜀,𝑡 − 𝑈𝑡

𝜀 ∫

1

0
𝑔(𝑈𝑡 + 𝑧(𝑋̃𝜀,𝑡 − 𝑈𝑡))𝑑𝑧 − 𝑔(𝑈𝑡)𝑉𝑡

=
( 𝑋̃𝜀,𝑡 − 𝑈𝑡

𝜀
− 𝑉𝑡

)

∫

1

0
𝑔(𝑈𝑡 + 𝑧(𝑋̃𝜀,𝑡 − 𝑈𝑡))𝑑𝑧 + 𝑉𝑡 ∫

1

0
(𝑔(𝑈𝑡 + 𝑧(𝑋̃𝜀,𝑡 − 𝑈𝑡)) − 𝑔(𝑈𝑡))𝑑𝑧,

nd hence,

𝐸
|

|

|

|

(

1
𝜀 ∫

𝑋̃𝜀,𝑡

𝑈𝑡

𝑔(𝑧)𝑑𝑧 − 𝑔(𝑈𝑡)𝑉𝑡

)

𝑈𝑡
|

|

|

|

≤ ‖𝑔‖∞𝐸
|

|

|

|

|

( 𝑋̃𝜀,𝑡 − 𝑈𝑡

𝜀
− 𝑉𝑡

)

𝑈𝑡

|

|

|

|

|

+ 𝐸
|

|

|

|

|

𝑉𝑡𝑈𝑡 ∫

1

0
(𝑔(𝑈𝑡 + 𝑧(𝑋̃𝜀,𝑡 − 𝑈𝑡)) − 𝑔(𝑈𝑡))𝑑𝑧

|

|

|

|

|

.

ecause the random variables 𝑈𝑡 and 𝑉𝑡 belong to 𝐿2(𝛺, ) we have

lim
𝜀→0

𝐸
|

|

|

|

|

( 𝑋̃𝜀,𝑡 − 𝑈𝑡

𝜀
− 𝑉𝑡

)

𝑈𝑡

|

|

|

|

|

= 0 by the estimate (4.36),

and

lim
𝜀→0

𝐸
|

|

|

|

|

𝑉𝑡𝑈𝑡 ∫

1

0
(𝑔(𝑈𝑡 + 𝑧(𝑋̃𝜀,𝑡 − 𝑈𝑡)) − 𝑔(𝑈𝑡))𝑑𝑧

|

|

|

|

|

= 0

by the dominated convergence theorem. So it holds that

lim
𝜀→0

𝐸
[(

1
𝜀 ∫

𝑋̃𝜀,𝑡

𝑈𝑡

𝑔(𝑧)𝑑𝑧 − 𝑔(𝑈𝑡)𝑉𝑡

)

𝑈𝑡

]

= 0. (4.40)

On the other hand, we have

𝐸

[

(𝑔(𝑋̃𝜀,𝑡) − 𝑔(𝑈𝑡))
⟨𝐷𝑋̃𝜀,𝑡 −𝐷𝑈𝑡

𝜀
,𝐷𝑈𝑡

⟩

]

≤ 1
𝛽𝑡
𝐸

[

|𝑔(𝑋̃𝜀,𝑡) − 𝑔(𝑈𝑡)|‖𝐷𝑋̃𝜀,𝑡 −𝐷𝑈𝑡‖

𝜀

]

≤ 1
𝛽𝑡
(𝐸|𝑔(𝑋̃𝜀,𝑡) − 𝑔(𝑈𝑡)|2)

1
2

(𝐸‖𝐷𝑋̃𝜀,𝑡 −𝐷𝑈𝑡‖
2

𝜀2

)
1
2
.

Once again, by (4.34) and the dominated convergence theorem, we derive

lim
𝜀→0

𝐸

[

(𝑔(𝑋̃𝜀,𝑡) − 𝑔(𝑈𝑡))
⟨𝐷𝑋̃𝜀,𝑡 −𝐷𝑈𝑡

𝜀
,𝐷𝑈𝑡

⟩

]

= 0. (4.41)

In view of Lemma 1.2.3 in [12], it follows from (4.34) and (4.36) that

lim
𝜀→0

𝐸

[

𝑔(𝑈𝑡)
⟨𝐷𝑋̃𝜀,𝑡 −𝐷𝑈𝑡

𝜀
−𝐷𝑉𝑡, 𝐷𝑈𝑡

⟩

]

= 0. (4.42)

ombining (4.39)–(4.42) yields

lim
𝜀→0

𝐸[𝑔(𝑋̃𝜀,𝑡)] − 𝐸[𝑔(𝑈𝑡)]
𝜀

= 1
𝛽2𝑡

𝐸
[

𝑔(𝑈𝑡)𝑉𝑡𝑈𝑡
]

− 1
𝛽2𝑡

𝐸
[

𝑔(𝑈𝑡)⟨𝐷𝑉𝑡, 𝐷𝑈𝑡⟩
]

.

hen we obtain (4.38) by using the duality relationships (2.2). This finishes the proof of the proposition. □

roof of Theorem 4.2. We first note that, for each 𝑡 ∈ (0, 𝑇 ], 𝑈𝑡 is also a normal random variable with mean zero and variance 𝛽2𝑡 .
his means that 𝐼(𝑋̃𝜀,𝑡‖𝑁𝑡) = 𝐼(𝑋̃𝜀,𝑡‖𝑈𝑡). Hence, it follows from the relations (4.32) and (4.38) that

lim
𝜀→0

√

𝐼(𝑋̃𝜀,𝑡 ∥ 𝑁𝑡) ≥
1
2𝛽2𝑡

|

|

|

𝐸
[

𝑔(𝑈𝑡)𝛿(𝑉𝑡𝐷𝑈𝑡)
]

|

|

|

= 1
2𝛽2𝑡

|

|

|

𝐸
[

𝑔(𝑈𝑡)𝐸[𝛿(𝑉𝑡𝐷𝑈𝑡)|𝑈𝑡]
]

|

|

|

or any continuous function 𝑔 bounded by 1. Then, by the routine approximation argument, we can choose to use 𝑔(𝑥) =
ign

(

𝐸
[

𝛿
(

𝑉𝑡𝐷𝑈𝑡
)

|

|

|

𝑈𝑡 = 𝑥
])

and we obtain (4.4).

The proof of Theorem 4.2 is complete. □

.4. Proof of Theorem 4.3

We recall that

𝑌𝜀,𝑡 =
𝑡
𝑓 (𝑠,𝑋𝜀,𝑠)𝑑𝑠, 𝑡 ∈ [0, 𝑇 ].
16
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f

S

P

By the chain rule for Malliavin derivatives, we have

𝐷𝑟𝑌𝜀,𝑡 =∫

𝑡

𝑟
𝑓 ′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠𝑑𝑠, (4.43)

𝐷𝜃𝐷𝑟𝑌𝜀,𝑡 =∫

𝑡

𝜃∨𝑟

[

𝑓 ′′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝑋𝜀,𝑠𝐷𝑟𝑋𝜀,𝑠 + 𝑓 ′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝐷𝑟𝑋𝜀,𝑠
]

𝑑𝑠 (4.44)

for all 0 ≤ 𝑟, 𝜃 ≤ 𝑡 ≤ 𝑇 , where 𝑓 ′(𝑡, 𝑥) = 𝜕𝑓 (𝑡,𝑥)
𝜕𝑥 , 𝑓 ′′(𝑡, 𝑥) = 𝜕2𝑓 (𝑡,𝑥)

𝜕𝑥2
.

For the proof of Theorem 4.3 we will need the following Propositions 4.9–4.12.

Proposition 4.9. Suppose the assumptions (𝐴1)-(𝐴3). Then, we have

sup
0≤𝑟≤𝑡

𝐸|𝐷𝑟𝑌𝜀,𝑡|
𝑝 ≤ 𝐶𝑡𝑝𝜀𝑝 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ], (4.45)

sup
0≤𝑟,𝜃≤𝑡

𝐸|𝐷𝜃𝐷𝑟𝑌𝜀,𝑡|
𝑝 ≤ 𝐶𝑡𝑝𝜀2𝑝 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ], (4.46)

where 𝐶 is a positive constant not depending on 𝑡 and 𝜀.

Proof. We first note that, by the polynomial growth property of 𝑓 ′, 𝑓 ′′ and the estimate (4.10), we have

sup
0≤𝑠≤𝑇

𝐸|𝑓 ′(𝑠,𝑋𝜀,𝑠)|
2𝑝 + sup

0≤𝑠≤𝑇
𝐸|𝑓 ′′(𝑠,𝑋𝜀,𝑠)|

2𝑝 ≤ 𝐶 (4.47)

or all 𝜀 ∈ (0, 1), where 𝐶 is a positive constant not depending on 𝜀.
By using Hölder’s inequality, it follows from (4.43) that

𝐸|𝐷𝑟𝑌𝜀,𝑡|
𝑝 = 𝐸

|

|

|

|

|

∫

𝑡

𝑟
𝑓 ′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠𝑑𝑠

|

|

|

|

|

𝑝

≤ (𝑡 − 𝑟)𝑝−1 ∫

𝑡

𝑟
𝐸|𝑓 ′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠|

𝑝𝑑𝑠

≤ 𝑡𝑝−1 ∫

𝑡

𝑟

√

𝐸|𝑓 ′(𝑠,𝑋𝜀,𝑠)|
2𝑝𝐸|𝐷𝑟𝑋𝜀,𝑠|

2𝑝𝑑𝑠

≤ 𝐶𝑡𝑝−1 ∫

𝑡

𝑟

√

𝐸|𝐷𝑟𝑋𝜀,𝑠|
2𝑝𝑑𝑠,

which, together with the estimate (4.13), implies (4.45). The estimate (4.46) can be proved similarly. Indeed, we obtain from (4.44)
that

𝐸|𝐷𝜃𝐷𝑟𝑌𝜀,𝑡|
𝑝 ≤ 2𝑝−1

(

𝐸
|

|

|

|

|

∫

𝑡

𝜃∨𝑟
𝑓 ′′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝑋𝜀,𝑠𝐷𝑟𝑋𝜀,𝑠𝑑𝑠

|

|

|

|

|

𝑝

+ 𝐸
|

|

|

|

|

∫

𝑡

𝜃∨𝑟
𝑓 ′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝐷𝑟𝑋𝜀,𝑠𝑑𝑠

|

|

|

|

|

𝑝)

≤ 2𝑝−1𝑡𝑝−1
(

∫

𝑡

𝜃∨𝑟
𝐸|𝑓 ′′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝑋𝜀,𝑠𝐷𝑟𝑋𝜀,𝑠|

𝑝𝑑𝑠 + ∫

𝑡

𝜃∨𝑟
𝐸|𝑓 ′(𝑠,𝑋𝜀,𝑠)𝐷𝜃𝐷𝑟𝑋𝜀,𝑠|

𝑝𝑑𝑠
)

≤ 2𝑝−1𝑡𝑝−1
(

∫

𝑡

𝜃∨𝑟

3
√

𝐸|𝑓 ′′(𝑠,𝑋𝜀,𝑠)|3𝑝𝐸|𝐷𝜃𝑋𝜀,𝑠|
3𝑝𝐸|𝐷𝑟𝑋𝜀,𝑠|

3𝑝𝑑𝑠

+ ∫

𝑡

𝜃∨𝑟

√

𝐸|𝑓 ′(𝑠,𝑋𝜀,𝑠)|2𝑝𝐸|𝐷𝜃𝐷𝑟𝑋𝜀,𝑠|
2𝑝𝑑𝑠

)

≤ 𝐶𝑡𝑝−1
(

∫

𝑡

𝜃∨𝑟

3
√

𝐸|𝐷𝜃𝑋𝜀,𝑠|
3𝑝𝐸|𝐷𝑟𝑋𝜀,𝑠|

3𝑝𝑑𝑠 + ∫

𝑡

𝜃∨𝑟

√

𝐸|𝐷𝜃𝐷𝑟𝑋𝜀,𝑠|
2𝑝𝑑𝑠

)

.

o we obtain (4.46) by using the estimates (4.13) and (4.14). The proof of the proposition is complete. □

roposition 4.10. Suppose the assumptions (𝐴1)-(𝐴3). Let (𝑌𝜀,𝑡)𝑡∈[0,𝑇 ] be as in Theorem 4.3. Then, we have

|𝐸[𝑌𝜀,𝑡]| ≤ 𝐶𝑡2𝜀 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ], (4.48)

|Var(𝑌𝜀,𝑡) − 𝛾2𝑡 | ≤ 𝐶𝑡7∕2𝜀 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ], (4.49)

where 𝐶 is a positive constant not depending on 𝑡 and 𝜀.

Proof. We recall that

𝑌𝜀,𝑡 =
1
𝜀 ∫

𝑡

0
(𝑓 (𝑠,𝑋𝜀,𝑠) − 𝑓 (𝑠, 𝑥𝑠))𝑑𝑠, 𝑡 ∈ [0, 𝑇 ].

Hence, in view of the estimate (4.17), we obtain

|𝐸[𝑌𝜀,𝑡]| ≤
1 𝑡

𝐸|𝑓 (𝑠,𝑋𝜀,𝑠) − 𝑓 (𝑠, 𝑥𝑠)|𝑑𝑠
17

𝜀 ∫0
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w

R

a

B

a

≤ 1
𝜀 ∫

𝑡

0

√

𝐸|𝑓 (𝑠,𝑋𝜀,𝑠) − 𝑓 (𝑠, 𝑥𝑠)|
2𝑑𝑠

≤ 𝐶𝑡2𝜀.

This completes the proof of (4.48). Let us prove the estimate (4.49). By the Clark–Ocone formula and the Itô isometry we have

Var(𝑌𝜀,𝑡) = 𝐸
[

∫

𝑇

0
𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟]𝑑𝐵𝑟

]2

= 1
𝜀2

𝐸
[

∫

𝑇

0
(𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟])2𝑑𝑟

]

= 1
𝜀2

𝐸

[

∫

𝑡

0

(

𝐸
[

∫

𝑡

𝑟
𝑓 ′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠𝑑𝑠

|

|

|

F𝑟

])2

𝑑𝑟

]

.

Then, we obtain

Var(𝑌𝜀,𝑡) − 𝛾2𝑡

= 1
𝜀2

𝐸

[

∫

𝑡

0

(

∫

𝑡

𝑟
𝐸
[

𝑓 ′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠
|

|

|

F𝑟

]

𝑑𝑠
)2

𝑑𝑟

]

− ∫

𝑡

0

(

∫

𝑡

𝑟
𝑓 ′(𝑠, 𝑥𝑠)𝜎(𝑟, 𝑥𝑟)𝑒∫

𝑠
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑑𝑠

)2

𝑑𝑟

= ∫

𝑡

0
𝐸[𝐻𝑡,𝑟𝐺𝑡,𝑟]𝑑𝑟, (4.50)

here, for 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 , 𝐻𝑡,𝑟 and 𝐺𝑡,𝑟 are defined by

𝐻𝑡,𝑟 ∶=
1
𝜀 ∫

𝑡

𝑟
𝐸
[

𝑓 ′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠
|

|

|

F𝑟

]

𝑑𝑠 − ∫

𝑡

𝑟
𝑓 ′(𝑠, 𝑥𝑠)𝜎(𝑟, 𝑥𝑟)𝑒∫

𝑠
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑑𝑠,

𝐺𝑡,𝑟 ∶=
1
𝜀 ∫

𝑡

𝑟
𝐸
[

𝑓 ′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠
|

|

|

F𝑟

]

𝑑𝑠 + ∫

𝑡

𝑟
𝑓 ′(𝑠, 𝑥𝑠)𝜎(𝑟, 𝑥𝑟)𝑒∫

𝑠
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑑𝑠.

ecalling the representation (4.21) we have

𝐻𝑡,𝑟 ∶= (𝜎(𝑟,𝑋𝜀,𝑟) − 𝜎(𝑟, 𝑥𝑟))∫

𝑡

𝑟
𝐸
[

𝑓 ′(𝑠,𝑋𝜀,𝑠)𝑒∫
𝑠
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢)𝑍𝑟,𝑠

|

|

|

F𝑟

]

𝑑𝑠

+ 𝜎(𝑟, 𝑥𝑟)∫

𝑡

𝑟
𝐸
[

(𝑓 ′(𝑠,𝑋𝜀,𝑠) − 𝑓 ′(𝑠, 𝑥𝑠))𝑒∫
𝑠
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑍𝑟,𝑠

|

|

|

F𝑟

]

𝑑𝑠

+ 𝜎(𝑟, 𝑥𝑟)∫

𝑡

𝑟
𝑓 ′(𝑠, 𝑥𝑠)𝐸

[

(

𝑒∫
𝑠
𝑟 𝑏′(𝑢,𝑋𝜀,𝑢) − 𝑒∫

𝑠
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢

)

𝑍𝑟,𝑠
|

|

|

F𝑟

]

𝑑𝑠

nd hence, note that 𝑏′ is bounded by 𝐿 and sup0≤𝑟≤𝑇 |𝜎(𝑟, 𝑥𝑟)| + sup0≤𝑟≤𝑇 |𝑓 ′(𝑟, 𝑥𝑟)| < ∞, we deduce

|𝐻𝑡,𝑟| ≤ 𝐶|𝜎(𝑟,𝑋𝜀,𝑟) − 𝜎(𝑟, 𝑥𝑟)|∫

𝑡

𝑟
𝐸
[

|𝑓 ′(𝑠,𝑋𝜀,𝑠)|𝑍𝑟,𝑠
|

|

|

F𝑟

]

𝑑𝑠

+ 𝐶 ∫

𝑡

𝑟
𝐸
[

|𝑓 ′(𝑠,𝑋𝜀,𝑠) − 𝑓 ′(𝑠, 𝑥𝑠)|𝑍𝑟,𝑠
|

|

|

F𝑟

]

𝑑𝑠 + 𝐶 ∫

𝑡

𝑟
𝐸
[

∫

𝑠

𝑟
|𝑏′(𝑢,𝑋𝜀,𝑢) − 𝑏′(𝑢, 𝑥𝑢)|𝑑𝑢𝑍𝑟,𝑠

|

|

|

F𝑟

]

𝑑𝑠.

y using the Cauchy–Schwarz inequality we get

|𝐻𝑡,𝑟|
2 ≤ 𝐶𝑡|𝜎(𝑟,𝑋𝜀,𝑟) − 𝜎(𝑟, 𝑥𝑟)|

2
∫

𝑡

𝑟
𝐸
[

|𝑓 ′(𝑠,𝑋𝜀,𝑠)|
2𝑍2

𝑟,𝑠
|

|

|

F𝑟

]

𝑑𝑠

+ 𝐶𝑡∫

𝑡

𝑟
𝐸
[

|𝑓 ′(𝑠,𝑋𝜀,𝑠) − 𝑓 ′(𝑠, 𝑥𝑠)|
2𝑍2

𝑟,𝑠
|

|

|

F𝑟

]

𝑑𝑠

+ 𝐶𝑡2 ∫

𝑡

𝑟
𝐸
[

∫

𝑠

𝑟
|𝑏′(𝑢,𝑋𝜀,𝑢) − 𝑏′(𝑢, 𝑥𝑢)|

2𝑑𝑢𝑍2
𝑟,𝑠
|

|

|

F𝑟

]

𝑑𝑠

nd

𝐸|𝐻𝑡,𝑟|
2 ≤ 𝐶𝑡

3
2

√

𝐸|𝜎(𝑟,𝑋𝜀,𝑟) − 𝜎(𝑟, 𝑥𝑟)|
4
∫

𝑡

𝑟
𝐸
[

|𝑓 ′(𝑠,𝑋𝜀,𝑠)|
4𝑍4

𝑟,𝑠

]

𝑑𝑠

+ 𝐶𝑡∫

𝑡

𝑟
𝐸
[

|𝑓 ′(𝑠,𝑋𝜀,𝑠) − 𝑓 ′(𝑠, 𝑥𝑠)|
2𝑍2

𝑟,𝑠

]

𝑑𝑠 + 𝐶𝑡2 ∫

𝑡

𝑟 ∫

𝑠

𝑟
𝐸
[

|𝑏′(𝑢,𝑋𝜀,𝑢) − 𝑏′(𝑢, 𝑥𝑢)|
2𝑍2

𝑟,𝑠

]

𝑑𝑢𝑑𝑠

≤ 𝐶𝑡
3
2

√

𝐸|𝜎(𝑟,𝑋𝜀,𝑟) − 𝜎(𝑟, 𝑥𝑟)|
4
∫

𝑡

𝑟

√

𝐸|𝑓 ′(𝑠,𝑋𝜀,𝑠)|
8𝐸|𝑍𝑟,𝑠|

8𝑑𝑠

+ 𝐶𝑡∫

𝑡

𝑟

√

𝐸|𝑓 ′(𝑠,𝑋𝜀,𝑠) − 𝑓 ′(𝑠, 𝑥𝑠)|
4𝐸|𝑍𝑟,𝑠|

4𝑑𝑠

+ 𝐶𝑡2 ∫

𝑡

𝑟 ∫

𝑠

𝑟

√

𝐸|𝑏′(𝑢,𝑋𝜀,𝑢) − 𝑏′(𝑢, 𝑥𝑢)|
4𝐸|𝑍𝑟,𝑠|

4𝑑𝑢𝑑𝑠.

In view of the estimates (4.17), (4.24) and (4.47), we therefore obtain
2 3 2
18

𝐸|𝐻𝑡,𝑟| ≤ 𝐶𝑡 𝜀 ∀ 𝜀 ∈ (0, 1), 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 , (4.51)
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where 𝐶 is a positive constant not depending on 𝑡 and 𝜀. On the other hand, we have

𝐸|𝐺𝑡,𝑟|
2 = 𝐸

|

|

|

|

𝐻𝑡,𝑟 + 2∫

𝑡

𝑟
𝑓 ′(𝑠, 𝑥𝑠)𝜎(𝑟, 𝑥𝑟)𝑒∫

𝑠
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑑𝑠

|

|

|

|

2

≤ 2𝐸|𝐻𝑡,𝑟|
2 + 8

|

|

|

|

2∫

𝑡

𝑟
𝑓 ′(𝑠, 𝑥𝑠)𝜎(𝑟, 𝑥𝑟)𝑒∫

𝑠
𝑟 𝑏′(𝑢,𝑥𝑢)𝑑𝑢𝑑𝑠

|

|

|

|

2

≤ 𝐶𝑡2 ∀ 𝜀 ∈ (0, 1), 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 . (4.52)

Combining (4.50), (4.51) and (4.52) gives us

|Var(𝑌𝜀,𝑡) − 𝜎2𝑡 | = ∫

𝑡

0
𝐸|𝐻𝑡,𝑟𝐺𝑡,𝑟|𝑑𝑟

≤ ∫

𝑡

0

√

𝐸|𝐻𝑡,𝑟|
2𝐸|𝐺𝑡,𝑟|

2𝑑𝑟

≤ 𝐶𝑡
7
2 𝜀 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ].

This finishes the proof of (4.49). The proof of the proposition is complete. □

Proposition 4.11. Let (𝑌𝜀,𝑡)𝑡∈[0,𝑇 ] be as in Theorem 4.3. Define

𝛩𝑌𝜀,𝑡 ∶= ∫

𝑡

0
𝐷𝑟𝑌𝜀,𝑡𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟]𝑑𝑟, 𝑡 ∈ [0, 𝑇 ].

Then, under the assumption of Theorem 4.3, we have

𝐸|𝛩𝑌𝜀,𝑡 |
−𝑝 ≤ 𝐶

(

𝐸
|

|

|

|

∫

𝑡

0
(𝑡 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

𝑝
𝑝0

∀ 𝜀 ∈ (0, 1), 𝑡 ∈ (0, 𝑇 ], (4.53)

here 0 < 𝑝 < 𝑝0 and 𝐶 > 0 is a positive constant not depending on 𝑡 and 𝜀.

roof. We have

𝛩𝑌𝜀,𝑡 =
1
𝜀2 ∫

𝑡

0
𝐷𝑟𝑌𝜀,𝑡𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟]𝑑𝑟

= 1
𝜀2 ∫

𝑡

0

(

∫

𝑡

𝑟
𝑓 ′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠𝑑𝑠

)(

∫

𝑡

𝑟
𝐸
[

𝑓 ′(𝑠,𝑋𝜀,𝑠)𝐷𝑟𝑋𝜀,𝑠|F𝑟
]

𝑑𝑠
)

𝑑𝑟.

ote that ‖𝑓 ′
‖0 ∶= inf (𝑡,𝑥) 𝑓 ′(𝑡, 𝑥) > 0. Hence, by using the same arguments as in the proof of Proposition 4.4, we obtain

𝛩𝑌𝜀,𝑡 ≥ ‖𝑓 ′
‖

2
0𝑒

− 5𝐿𝑇
2 𝑒−2max0≤𝑡≤𝑇 𝑀𝑡

∫

𝑡

0
(𝑡 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

and, for 0 < 𝑝 < 𝑝0, we get

𝐸|𝛩𝑌𝜀,𝑡 |
−𝑝 ≤ 𝐶

(

𝐸
|

|

|

|

∫

𝑡

0
(𝑡 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

𝑝
𝑝0

∀ 𝜀 ∈ (0, 1), 𝑡 ∈ (0, 𝑇 ],

where 𝐶 > 0 is a positive constant not depending on 𝑡 and 𝜀. The proof of the proposition is complete. □

Proposition 4.12. Let (𝛩𝑌𝜀,𝑡 )𝑡∈[0,𝑇 ] be as in Proposition 4.11. Suppose the assumptions (𝐴1)-(𝐴3). Then, we have

𝐸‖𝐷𝛩𝑌𝜀,𝑡‖
4
𝐿2[0,𝑇 ]

≤ 𝐶𝑡14𝜀4 ∀ 𝜀 ∈ (0, 1), 𝑡 ∈ [0, 𝑇 ], (4.54)

here 𝐶 is a positive constant not depending on 𝑡 and 𝜀.

roof. The Malliavin derivative of 𝛩𝑌𝜀,𝑡 can be computed by

𝐷𝜃𝛩𝑌𝜀,𝑡 =
1
𝜀2 ∫

𝑡

0

(

𝐷𝜃𝐷𝑟𝑌𝜀,𝑡𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟] +𝐷𝑟𝑌𝜀,𝑡𝐸[𝐷𝜃𝐷𝑟𝑌𝜀,𝑡|F𝑟]
)

𝑑𝑟, 0 ≤ 𝜃 ≤ 𝑡.

Hence,

‖𝐷𝛩𝑌𝜀,𝑡‖
2
𝐿2[0,𝑇 ]

= ∫

𝑇

0
|𝐷𝜃𝛩𝑌𝜀,𝑡 |

2𝑑𝜃

= ∫

𝑡

0

1
𝜀4

(

∫

𝑡

0

(

𝐷𝜃𝐷𝑟𝑌𝜀,𝑡𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟] +𝐷𝑟𝑌𝜀,𝑡𝐸[𝐷𝜃𝐷𝑟𝑌𝜀,𝑡|F𝑟]
)

𝑑𝑟
)2

𝑑𝜃.

Using the Hölder’s inequality, we obtain

𝐸‖𝐷𝛩𝑌𝜀,𝑡‖
4
2 ≤ 𝑡 𝑡

𝐸
|

|

|

𝑡
(

𝐷𝜃𝐷𝑟𝑌𝜀,𝑡𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟] +𝐷𝑟𝑌𝜀,𝑡𝐸[𝐷𝜃𝐷𝑟𝑌𝜀,𝑡|F𝑟]
)

𝑑𝑟
|

|

|

4

𝑑𝜃
19

𝐿 [0,𝑇 ] 𝜀8 ∫0 |

|

∫0 |

|
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W

C

≤ 𝑡4

𝜀8 ∫

𝑡

0 ∫

𝑡

0
𝐸 |

|

𝐷𝜃𝐷𝑟𝑌𝜀,𝑡𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟] +𝐷𝑟𝑌𝜀,𝑡𝐸[𝐷𝜃𝐷𝑟𝑌𝜀,𝑡|F𝑟]||
4 𝑑𝑟𝑑𝜃

≤ 8𝑡4

𝜀8 ∫

𝑡

0 ∫

𝑡

0

(

𝐸 |

|

𝐷𝜃𝐷𝑟𝑌𝜀,𝑡𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟]||
4 + 𝐸 |

|

𝐷𝑟𝑌𝜀,𝑡𝐸[𝐷𝜃𝐷𝑟𝑌𝜀,𝑡|F𝑟]||
4
)

𝑑𝑟𝑑𝜃

≤ 16𝑡4

𝜀8 ∫

𝑡

0 ∫

𝑡

0

√

𝐸|𝐷𝜃𝐷𝑟𝑌𝜀,𝑡|8𝐸|𝐷𝑟𝑌𝜀,𝑡|8𝑑𝑟𝑑𝜃.

This, combined with (4.45) and (4.46), gives us the estimate (4.54). The proof of the proposition is complete. □

Proof of Theorem 4.3. Set 𝑢̃𝑟 = 𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟] for 0 ≤ 𝑟 ≤ 𝑡 ≤ 𝑇 . We have

‖𝑢̃‖8
𝐿2[0,𝑇 ]

=
[

∫

𝑇

0

|

|

|

𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟]
|

|

|

2
𝑑𝑟

]4

= 1
𝜀8

[

∫

𝑡

0

|

|

|

𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟]
|

|

|

2
𝑑𝑟

]4

.

Using Hölder’s inequality and the estimate (4.45) we deduce

𝐸‖𝑢̃‖8
𝐿2[0,𝑇 ]

≤ 𝑡3

𝜀8 ∫

𝑡

0
𝐸|

|

|

𝐸[𝐷𝑟𝑌𝜀,𝑡|F𝑟]
|

|

|

8
𝑑𝑟

≤ 𝑡3

𝜀8 ∫

𝑡

0
𝐸[|𝐷𝑟𝑌𝜀,𝑡|

8]𝑑𝑟 ≤ 𝐶𝑡12. (4.55)

e now apply Theorem 3.1 to 𝐹 = 𝑌𝜀,𝑡 and 𝑁 = 𝑍𝑡 to get

𝐼(𝑌𝜀,𝑡 ∥ 𝑁𝑡) ≤ 𝑐

(

1
𝛾4𝑡

(𝐸[𝑌𝜀,𝑡])2 + 𝐴𝑌𝜀,𝑡 |Var(𝑌𝜀,𝑡) − 𝛾2𝑡 |
2 + 𝐶𝑌𝜀,𝑡

(

𝐸‖𝐷𝛩𝑌𝜀,𝑡‖
4
𝐿2[0,𝑇 ]

)1∕2
)

,

where 𝑐 is an absolute constant and

𝐴𝑌𝜀,𝑡 ∶=
1
𝛾4𝑡

(

𝐸‖𝑢̃‖8
𝐿2[0,𝑇 ]

𝐸|𝛩𝑌𝜀,𝑡 |
−8
)1∕4

, 𝐶𝑌𝜀,𝑡 ∶= 𝐴𝑌𝜀,𝑡 +
(

𝐸‖𝑢̃‖8
𝐿2[0,𝑇 ]

𝐸|𝛩𝑌𝜀,𝑡 |
−16

)1∕4
.

It follows from the estimates (4.53) and (4.55) that

𝐴𝑋̃𝜀,𝑡
≤ 𝐶𝑡3

𝛾4𝑡

(

𝐸
|

|

|

|

∫

𝑡

0
(𝑡 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

2
𝑝0

,

𝐶𝑋̃𝜀,𝑡
≤ 𝐶𝑡3

𝛾4𝑡

(

𝐸
|

|

|

|

∫

𝑡

0
(𝑡 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

2
𝑝0

+ 𝐶𝑡3
(

𝐸
|

|

|

|

∫

𝑡

0
(𝑡 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

4
𝑝0

.

Furthermore, thanks to Propositions 4.10 and 4.12, we have

|𝐸[𝑌𝜀,𝑡]|
2 ≤ 𝐶𝑡4𝜀2,

|Var(𝑌𝜀,𝑡) − 𝛽2𝑡 |
2 ≤ 𝐶𝑡7𝜀2,

(

𝐸‖𝐷𝛩𝑌𝜀,𝑡‖
4
)1∕2

≤ 𝐶𝑡7𝜀2.

ombining the above computations gives us

𝐼(𝑌𝜀,𝑡 ∥ 𝑍𝑡) ≤ 𝐶
(

𝑡4

𝛾4𝑡
+ 𝑡10

𝛾4𝑡

(

𝐸
|

|

|

|

∫

𝑡

0
(𝑡 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

2
𝑝0

+𝑡10
(

𝐸
|

|

|

|

∫

𝑡

0
(𝑡 − 𝑟)2𝜎2(𝑟,𝑋𝜀,𝑟)𝑑𝑟

|

|

|

|

−𝑝0
)

4
𝑝0
)

𝜀2.

So the proof of Theorem 4.3 is complete. □
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Appendix. Negative moment of Volterra functionals

Lemma A. Let (𝑌𝑡)𝑡∈[0,𝑇 ] be a stochastic process such that 𝑌0 is deterministic and 𝐸|𝑌𝑡 − 𝑌0|
𝑝 ≤ 𝐶𝑡𝑝𝛼 for some 𝐶 > 0, 𝛼 > 0 and for all

𝑡 ∈ [0, 𝑇 ], 𝑝 > 1. Let ℎ ∶ [0, 𝑇 ] × R → R and 𝑘 ∶ [0, 𝑇 ]2 → R+ be continuous functions such that ℎ(0, 𝑋0) ≠ 0, 𝑘(𝑡, 0) ≠ 0 for all 𝑡 ∈ (0, 𝑇 ]
and

|ℎ(𝑡, 𝑥) − ℎ(𝑠, 𝑦)| ≤ 𝐿(|𝑡 − 𝑠|𝛿1 + |𝑥 − 𝑦|𝛿2 ) ∀𝑥, 𝑦 ∈ R, 𝑠, 𝑡 ∈ [0, 𝑇 ] (A.1)

|𝑘(𝑡, 𝑠) − 𝑘(𝑡, 0)| ≤ 𝐿|𝑡 − 𝑠|𝛿3 ∀𝑠, 𝑡 ∈ [0, 𝑇 ] (A.2)

for some positive constants 𝐿, 𝛿1, 𝛿2 and 𝛿3. Then, for 𝛿0 ∶= min{𝛿1, 𝛼𝛿2, 𝛿3} and for all 𝑝0 > 0, we have

𝐸
[(

∫

𝑡

0
𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟)𝑑𝑟

)−𝑝0]

≤ 𝐶
(

1
𝑡𝑘(𝑡, 0)

)𝑝0 (

1 +
(

𝑡𝛿0
𝑘(𝑡, 0)

)𝑝)

(A.3)

for all 𝑡 ∈ (0, 𝑇 ] and 𝑝 > 𝑝0
𝛿0
, where 𝐶 is a positive constant not depending on 𝑡.

Proof. Fixed 𝑡 ∈ (0, 𝑇 ]. Put 𝑦0 ∶=
2

𝑡ℎ2(0,𝑌0)
. Then, for any 𝑦 ≥ 𝑦0, we have 𝜂𝑦 ∶=

2
𝑡𝑦ℎ2(0,𝑌0)

∈ (0, 1). Hence,

1
𝑘(𝑡, 0) ∫

𝑡

0
𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟)𝑑𝑟 ≥

1
𝑘(𝑡, 0) ∫

𝜂𝑦𝑡

0
𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟)𝑑𝑟

= ℎ2(0, 𝑌0)𝜂𝑦𝑡 +
1

𝑘(𝑡, 0) ∫

𝜂𝑦𝑡

0
(𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟) − 𝑘(𝑡, 0)ℎ2(0, 𝑌0))𝑑𝑟

≥ 2
𝑦
− 1

𝑘(𝑡, 0) ∫

𝜂𝑦𝑡

0
|𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟) − 𝑘(𝑡, 0)ℎ2(0, 𝑌0)|𝑑𝑟.

Consequently, by Markov inequality, we obtain

𝑃
(

1
𝑘(𝑡, 0) ∫

𝑡

0
𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟)𝑑𝑟 ≤

1
𝑦

)

≤ 𝑃
(

1
𝑘(𝑡, 0) ∫

𝜂𝑦𝑡

0
|𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟) − 𝑘(𝑡, 0)ℎ2(0, 𝑌0)|𝑑𝑟 ≥

1
𝑦

)

≤ 𝑦𝑝

𝑘𝑝(𝑡, 0)
𝐸
|

|

|

|

|

∫

𝜂𝑦𝑡

0
|𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟) − 𝑘(𝑡, 0)ℎ2(0, 𝑌0)|𝑑𝑟

|

|

|

|

|

𝑝

∀ 𝑝 > 1.

e now use Hölder’s inequality to get

𝑃
(

1
𝑘(𝑡, 0) ∫

𝑡

0
𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟)𝑑𝑟 ≤

1
𝑦

)

≤
𝑦𝑝(𝜂𝑦𝑡)𝑝−1

𝑘𝑝(𝑡, 0) ∫

𝜂𝑦𝑡

0
𝐸|𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟) − 𝑘(𝑡, 0)ℎ2(0, 𝑌0)|

𝑝𝑑𝑟

≤
2𝑝−1𝑦𝑝(𝜂𝑦𝑡)𝑝−1

𝑘𝑝(𝑡, 0) ∫

𝜂𝑦𝑡

0

(

𝑘𝑝(𝑡, 𝑟)𝐸|ℎ2(𝑟, 𝑌𝑟) − ℎ2(0, 𝑌0)|
𝑝 + ℎ2𝑝(0, 𝑌0)|𝑘(𝑡, 𝑟) − 𝑘(𝑡, 0)|𝑝

)

𝑑𝑟

≤
𝐶𝑦𝑝(𝜂𝑦𝑡)𝑝−1

𝑘𝑝(𝑡, 0) ∫

𝜂𝑦𝑡

0

(

𝐸|ℎ2(𝑟, 𝑌𝑟) − ℎ2(0, 𝑌0)|
𝑝 + 𝑟𝑝𝛿3

)

𝑑𝑟 ∀ 𝑝 > 1,

where 𝐶 is a positive constant not depending on 𝑡. We observe that

𝐸|ℎ(𝑟, 𝑌𝑟) − ℎ(0, 𝑌0)|
2𝑝 ≤ 22𝑝−1𝐿2𝑝(𝑟2𝑝𝛿1 + 𝐸|𝑌𝑟 − 𝑌0|

2𝑝𝛿2 )

≤ 𝐶(𝑟2𝑝𝛿1 + 𝑟2𝑝𝛼𝛿2 )

for all 𝑟 ∈ [0, 𝑇 ]. We also have

𝐸|ℎ(𝑟, 𝑌𝑟) + ℎ(0, 𝑌0)|
2𝑝 ≤ 𝐸|ℎ(𝑟, 𝑌𝑟) − ℎ(0, 𝑌0)|

2𝑝 + |2ℎ(0, 𝑌0)|
2𝑝 ≤ 𝐶

for all 𝑟 ∈ [0, 𝑇 ]. So it holds that

𝐸|ℎ2(𝑟, 𝑌𝑟) − ℎ2(0, 𝑌0)|
𝑝 ≤

√

𝐸|ℎ(𝑟, 𝑌𝑟) + ℎ(0, 𝑌0)|
2𝑝𝐸|ℎ(𝑟, 𝑌𝑟) − ℎ(0, 𝑌0)|

2𝑝

≤ 𝐶(𝑟2𝑝𝛿1 + 𝑟2𝑝𝛼𝛿2 ), 𝑟 ∈ [0, 𝑇 ].

Combining the above estimates yields

𝑃
(

1
𝑘(𝑡, 0) ∫

𝑡

0
𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟)𝑑𝑟 ≤

1
𝑦

)

≤
𝐶𝑦𝑝(𝜂𝑦𝑡)(1+𝛿0)𝑝

𝑘𝑝(𝑡, 0)
≤ 𝐶𝑦−𝑝𝛿0

𝑘𝑝(𝑡, 0)
∀ 𝑝 > 1,

hen, for all 𝑝 > 𝑝0
𝛿0

, we obtain

𝐸
[( 𝑡

𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟)𝑑𝑟
)−𝑝0]

= 1 𝐸
[(

1 𝑡
𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟)𝑑𝑟

)−𝑝0]
21
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S

= 1
𝑘𝑝0 (𝑡, 0) ∫

∞

0
𝑝0𝑦

𝑝0−1𝑃
(

1
𝑘(𝑡, 0) ∫

𝑡

0
𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟)𝑑𝑟 ≤

1
𝑦

)

𝑑𝑦

≤ 1
𝑘𝑝0 (𝑡, 0)

(

∫

𝑦0

0
𝑝0𝑦

𝑝0−1𝑑𝑦 + ∫

∞

𝑦0
𝑝0𝑦

𝑝0−1𝑃
(

∫

𝑡

0

1
𝑘(𝑡, 0)

ℎ2(𝑟, 𝑌𝑟)𝑑𝑟 ≤
1
𝑦

)

𝑑𝑦

)

≤ 1
𝑘𝑝0 (𝑡, 0)

(

𝑦𝑝00 + 𝐶
𝑘𝑝(𝑡, 0) ∫

∞

𝑦0
𝑝0𝑦

𝑝0−1𝑦−𝑝𝛿0𝑑𝑦

)

∀ 𝑝 > 1.

We now choose to use 𝑝 = 1 + 𝑝0
𝛿0

. This choice gives us the following

𝐸
[(

∫

𝑡

0
𝑘(𝑡, 𝑟)ℎ2(𝑟, 𝑌𝑟)𝑑𝑟

)−𝑝0]

≤ 𝐶
(

1
𝑡𝑘(𝑡, 0)

)𝑝0 (

1 +
(

𝑡𝛿0
𝑘(𝑡, 0)

)𝑝)

.

o we obtain the desired estimate (A.3) because 𝑦0 ∶=
2

𝑡ℎ2(0,𝑌0)
. □
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