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1. Introduction

Given a random variable F with an absolutely continuous density pj, the Fisher information of F (or its distribution) is defined

by
i [ 5
(= e Pp(X)

where p’F denotes a Radon-Nikodym derivative of p, and pp := p} /pr is the score function. Furthermore, the Fisher information
distance of F to the normal distribution N ~ N(u, ¢?) is defined by

F—u 2
I(F || N) 1=E[<PF(F)+ 5 )]
c

If the derivative p} does not exist then the Fisher information distance is defined to be infinite. We refer the reader to the
monograph [5] for various properties if I(F) and I(F || N). Here we note that I(F || N) is not a distance. However, it dominates
many important distances in statistical applications such as the relative entropy (or Kullback-Leibler distance) and the supremum
distance between densities. It also dominates the traditional distances such as Kolmogorov distance, total variation distance and
Wasserstein distance, etc. Thus I(F || N) provides a very strong measure of convergence to normality when studying the central
limit theorem.

The study of Fisher information convergence has a long history beginning in 1959 with the results of Linnik [9]. However,
most of the existing results are devoted to the sums of independent random variables. For such sums, the quantitative estimates for
the rate of convergence have been well studied, see [1,5-7]. Recently, Nourdin & Nualart [10] used the techniques of Malliavin
calculus to obtain quantitative Fisher information bounds for the multiple Wiener-It6 integrals. This is a remarkable contribution

2

dx = E[p}.(F)],
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to the literature because, for the first time, the quantitative estimates for I(F || N) were obtained for the random variables F not
to be a sum of independent random variables.

In the present paper, our first purpose is to extend the method developed in [10] to a general class of Malliavin differentiable
random variables. We provide two explicit estimates for the Fisher information distance in Theorems 3.1 and 3.2. Our second purpose
is to investigate the rate of Fisher information convergence in the central limit theorem for the solution of stochastic differential
equations (SDEs) with small noise:

t

t
XE,,=X0+/ b(s,ngs)ds+£/ o(s, X, )dB,, 1€[0,T], .1
0 0

where the initial condition X, is a real number, b,c : [0,T]X R — R are deterministic functions, (B,),or; is a standard Brownian
motion and € € (0, 1) is a small parameter. Let us consider the ordinary differential equation

1
x, =X +/O b(s,xg)ds, t €[0,T]. (1.2)

It is well known that, in theory of stochastic differential equations with small noise, one of the fundamental problems is to study
the convergence of X, to x, as ¢ tends zero. The convergence can be described via large deviation principle, central limit theorem
and moderate deviation principle, etc. (see two monographs [4,8] for more details). In particular, the central limit theorem results
have been discussed by various authors. Under suitable assumptions, for example, it follows from [14,16] that, as € — 0,

X et — Xt . . . .
:= ——— converges in distribution to N,
&€

£,

for every t € [0, T], where N, is a centered normal random variable with appropriate variance. Naturally, one may wonder whether
the convergence also holds in the Fisher information distance (i.e. convergence holds in a stronger sense). Our Theorem 4.1 below
not only gives an affirmative answer, but also provides a convergence rate of order O(¢?). In addition, in Theorem 4.2, we show
that the rate O(¢?) is optimal as ¢ — 0. In Theorem 4.3, as a further illustration, we also obtain the optimal rate O(£2) of Fisher
information convergence for the additive functional of the form

t
Yg,t=/ f(s, X 5)ds, 1 €[0,T]. (1.3)
0

The rest of the paper is organized as follows. In Section 2, we recall some fundamental concepts of Malliavin calculus. Section 3
contains the abstract results of this paper, two upper bounds on the Fisher information distance are given in Theorems 3.1 and 3.2.
Section 4 is devoted to the study of Fisher information convergence for the solution of (1.1) and its additive functional (1.3). The
main results of this section is formulated and proved in Theorems 4.1, 4.2 and 4.3. An useful estimate for the negative moment of
Volterra functionals is given in Appendix.

2. Preliminaries

As we have said in the introduction, this paper is concerned with the Fisher information distance via the techniques of Malliavin
calculus. For the reader’s convenience, let us recall some elements of Malliavin calculus (for more details see [12]). We suppose
that (B,),¢[o 7| is defined on a complete probability space (2, F,F, P), where F = (J,),¢(or is a natural filtration generated by the
Brownian motion B. For h € L?[0,T], we denote by B(h) the Wiener integral

T
B(h) = / h(t)d B,.
0
Let 8 denote a dense subset of L2(£2, F, P) that consists of smooth random variables of the form
F = f(B(hy), B(hy), ..., B(h,)), 2.1

where n € N, f € C(@R™) and hy,h,,...,h, € L*[0,T). If F has the form (2.1), we define its Malliavin derivative as the process
DF := D,F,t €[0,T] given by

n
7]
DF =Y —f(B(hl), B(hy), ..., B(h)h, (D).
e
More generally, for each k > 1, we can define the iterated derivative operator on a cylindrical random variable by setting

For any 1 < p, k < o0, we denote by D¥” the closure of § with respect to the norm

»

T £ T T ) £
||F||Z,p ‘= E|FIP+E (/0 |DuF|2du> ++E (/0 /O |D§‘]!___JkF| dtl...dtk> .

A random variable F is said to be Malliavin differentiable if it belongs to D'2. For any F € D'?, the Clark-Ocone formula says that

T
F—E[F] = / E[D,F|,1dB,.
0
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In particular, we have
T
E [D,FE[DF|5]| ds.

T
Var(F) = / E(E[D,F|F,])%ds = /
0 0
An important operator in the Malliavin’s calculus theory is the divergence operator §. It is the adjoint of derivative operator D. The

domain of § is the set of all functions u € L2(2 x [0, T]) such that

E|<DFsu>L2[0,TJ| < C(“)”F”LZ(Q)s
where C(u) is some positive constant depending on u. In particular, if u € Domé, then 6(u) is characterized by following duality
(2.2)
(2.3)

relationships
8(uF) = Fé(u) = (DF,u) 207,

E[(DF,u);21 7] = E[F6(w)] for any F € D',
It is known that any random variable F in L%(£2,7, P) can be expanded into an orthogonal sum of its Wiener chaos:

[

F=YJ,F,
E[F] and J, denotes the projection onto the nth Wiener chaos. From this chaos expansion one may define the

where J, =
Ornstein—Uhlenbeck operator L by

LF = i —nJ,F.

n=0

The domain of L is

DomL = {(F € LX) : 3" '’ E|J,F|* < co} =D*2,
n=1
Moreover, a random variable F belongs to DomL if and only if F € DoméD (i.e. F € D2 and DF € Domé), and in this case:

8DF = —LF. We also define the operator L~! as follows: for every F € L?*(2) with zero mean, we set
o 1
L'F=Y) —-=J F.
2
n=1
Note that, for any F € L?(2) with zero mean, we have that L~! F € DomL, and

LL'F=F.

3. General Fisher information bounds

We first construct the representation formula for the score function.
Lemma 3.1. Let F € D'? and u : Q — L?[0,T], and suppose that (DF,u);2; 7 # 0 a.s. and W belongs to the domain of 6.
200,
Then the law of F has an absolutely continuous density and its score function py. is given by
u >|F=x], X € supp pg. (3.1)

PF(xX) 1= plp(x)/pp(x) = —E [5 (—
F F F (DF, u)LZ[O,T]
Proof. This lemma is not new. For the sake of completeness, we shall give a proof here. According to Exercise 2.1.3 in [12], the
3.2)

law of F has a continuous density given by

u
=E|1 | ——— ||, xe .
pr(X) {F>x) ( (DF. 0 oom )] X € supp pp
Note that the proof of (3.2) is similar to that of Proposition 2.1.1 in [12]. Since F € D', this implies that supp p is a closed interval

of R (see Proposition 2.1.7 in [12]): supp py = [a, ] with —c0 < a < f < 0. It follows from (3.2) that

u
1ipsn) E [5 <m> )FH
u ) ‘F = y] pr(dy.
O

B
- / E [5 <—
x <DF, u>L2[O,T]
So py is absolutely continuous and the representation (3.1) is verified. The proof of the lemma is complete.

pr(x)=E

We now are ready to establish the Fisher information bounds by using suitable choices of the function u.
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Theorem 3.1. Let F € D*>* and N be a normal random variable with mean u and variance o>. Define
O .= (DF, u>L2[O,T] N

where u, := E[D,F|%,], t € [0,T]. Assume that © # 0 a.s. Then, we have

1 2 1/2
IF|N)<c (;(E[F] — 0P + AplVar(F) = *" + Cp (EIDOIY, ) > : (3.3)

where ¢ is an absolute constant and Ay, Cy. are positive constants given by

Ay =L (E®,  ElOI® v Cri=A E|lull® El|O|7'° v
r o= = (Bl E107°) T G ap (il E1617)

Proof. For simplicity, we write (.,.) instead of (.,.);2o7; and ||.|| instead of ||.||;2(o)- In Lemma 3.1, we use u, := E[D,F|J,],t €
[0, T]. Note that, by the Clark-Ocone formula, we have

T
F — E[F] = / E[D,F|F,1dB, = 6(u).
0

Hence, by the integration-by-part formula (2.2), we get the following representation for the score function

F - E[F] . (DO,u)
— "o ‘F]

pp(F) = —E[

As a consequence, we obtain

F—-u 2
I(F||N)=E<pF<F>+ 2)
c

2
(o2

@] o2
> 2
SE(_(F—E[F])(U —@)_<D@,“>+E[F]—ﬂ> .
c20 62 o2

Using the Cauchy-Schwarz and Hoélder inequalities we deduce

_ 200 2\2 2
I(F||N)§3E[(F ELF)© ”)]+3E[—<D@’">

3
e > ] + S (ELF] =’

3 8 _g\1/4 21411/2 1DO|? |u||? 3 2
< — (E|F - E[F]|°E|O® E|O6 - +3E | ——— | + =(E[F] -
2 (e1F - miriEler®) ! (E10 - o21F) o+ S -
3 _g\1/4 1/2 1/2 _16\1/4
< = (EIF - EFIFEl0[™) " (E10-624)"* +3 (EIDOIY) " (ElluI® ElOI7'6)"
3
+ = (E[F]-p). (3.4)
(o2

We note that E[O] = Var(F). Then, by the inequality (3.19) in [11] we have
E0 - 2" < 8Var(F) — 62| + 8E|© — Var(F)|*
< 8|Var(F) - o*|* + 12E [IDoI*]. (3.5)

On the other hand, by the Burkholder-Davis-Gundy inequality, there exists C > 0 such that

T 8
E|F-E[F]®=E [(/ E[D,F|3,]dB,> ]
0
T 4
<CE [(/ |E[D,F|S",]|2dt> ]
0

= CE||ul®. (3.6
So we can get the desired estimate (3.3) by inserting (3.5) and (3.6) into (3.4). This completes the proof of the theorem. []
Theorem 3.2. Let F € D>* and N be a normal random variable with mean u and variance ¢>. Define
o -1
I':=(DF,~DL™'F) 5.
Assume that I' # 0 a.s. Then, we have

1 1/2
I(FI|N)<ec (;(E[F] = 0P + Ap[Var(F) = * 2+ Cp (EIDT I g ) ) , 3.7)

4



N.T. Dung and N.T. Hang Stochastic Processes and their Applications 178 (2024) 104468

where ¢ is an absolute constant and Ay, Cy. are positive constants given by

1

g\I/4 L6\ 4
Ap = (E||DF|| E|T| ) , Cp :=AF+(E||DF|| E|T| ) .

L2[0,T] L2[0,T]

Proof. Consider the stochastic process u, := —D,L*IF, t € [0,T]. Note that

F—E[F]=LL'F=-8DL'F = (u). (3.8)

Hence, with the exact proof of (3.4), we obtain the following.
3 g 1/4 4\1/2
IF | N < = (EIF = ELFIFET) P (E1r - o))
1/ CN1/4 3
+3(BIDTI ) (BN B1E) o 2= (39)
By (2.3) and (3.8) we have Var(F) = E[F5(u)] = E[I']. Hence, by the inequality (3.19) in [11], we obtain

EIl =" < 8|Var(F) = 62|" + 8E|I" = Var(F)|*

< 8|Var(F) - 2| + 12E [||D1"||L2[OT]] (3.10)
We also have
8 . 4
E|F - E[FI* < 7*E||DF|%, - (3.11)
On the other hand, by the inequality (3.17) in [11], we have
Ellully 0 < ENDFIS, o (3.12)

Inserting (3.10), (3.11) and (3.12) into (3.9) yields the desired bound (3.7). So the proof of the theorem is complete. []

Remark 3.1. (i) We have implicitly assumed that the bounds (3.3) and (3.7) both involve finite quantities, as otherwise there is
nothing to prove.

(ii) In general, the random variables © and I are different from each other. However, they satisfy the relationship: E[O|F] = E[I'|F]
a.s. (see Proposition 2.3 in [2]).

Remark 3.2. (i) Theorem 3.1 is of interest for the readers who are not used to working with the Ornstein—-Uhlenbeck operator. On
the other hand, comparing with Theorem 3.1, the advantage of Theorem 3.2 lies in the fact that it can be extended to a more general
setting: Suppose that $) is a real separable Hilbert space with scalar product denoted by (.,.)s. We denote by W = {W(h) : h € §}
an isonormal Gaussian process defined in a complete probability space (2, F, P), F is the o-field generated by W. Now Malliavin
derivative operator is with respect to W. Then, we have

IFIN)<c (ﬁ(E[F] — W+ Ap|Var(F) = o** + Cy (E||DF||;)1/2> : (3.13)

where I' := (DF,—DL‘1F>$3 and

1 8 g\ /4 8 —16) /4
Ap = — (E||DF||3.JE|I"| ) ,Cp = Ap + (E||DF||ﬁE|I"| ) .
o
The bound (3.13) thus provides us a potential tool to study the Fisher information distance for stochastic differential equations
driven by fractional Brownian motion, or stochastic partial differential equations.
(ii) Let F = I,(f) be a multiple Wiener-1t6 integral of order ¢ > 2. We have —-DL7'F = éDF and hence, I' = %llDF”%. We now use
the moment estimates for D>F ®; DF provided in [10] and we obtain

1/2
)

(EIDTIE) " < e(EIFI* -

where c is a positive constant. So our bound (3.13) recovers the fourth moment bound established in [10] for the multiple Wiener-Itd
integrals.

4. Optimal Fisher information bounds for small noise SDEs

In this Section, we apply Theorem 3.1 to investigate the rate of Fisher information convergence for the solution to Eq. (1.1) and
its additive functional (1.3). Although theory of stochastic differential equations with small noise is very rich, to the best of our
knowledge, the results of this section are new. Given a function A(t, x), we use the notations

Ha, )_ah(t 0 and W (1x) = 2D
’ ox2

We make the use of the following assumptions:
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(A)) The coefficients b,o : [0,T] X R —» R are measurable functions having linear growth, that is, there exists L > 0 such that
|b(t, x)| + |o(t,x)| < L(1 + |x]) Vx € Rt € [0,T].

(A,) o(t,x) and b(t, x) are twice continuously differentiable in x with the derivatives bounded by L.
(A3) f(t,x) is twice differentiable in x, f(s,x) together with its derivatives have polynomial growth and | f’|ly := inf, v\ei0.7ixr
[, x)>0.

The main results of this section are stated in the following theorems.

Theorem 4.1. Let (X, );cpor) and (x,),c0.1) be the solutions to the Egs. (1.1) and (1.2), respectively. Define

X, —x ! !

. &t ! 2 . 2 /

Xy i= ———, ﬂt = A o°(r,x,)exp | 2 b (u,x,)du | dr, t €[0,T].
r

&

Suppose the assumptions (A,)-(A,) and that, for some p, > 16,

t =P
E [</ o‘z(r,XE’,)dr> O] < oo Ve e (0,1),1€(0,T). (4.1)
0

0\ 7
A >

4
4 ~Po\ po
+t <E‘ /0 62(r, X, )dr > 0 )ez, 4.2)

where N, denotes a normal random variable with mean zero and variance p? and C is a positive constant not depending on t and «.

Then, for all € € (0,1) and t € (0,T], we have

t
/ a*(r, X, )dr

0

- o
1K, 1N < c(—4 o2 <E

We can write down C in an explicit form (log C is a polynomial in T and L), but it is not our goal here. The non-degeneracy
condition (4.1) make Theorem 4.1 not easy to use in practical applications. Hence, it is necessary to obtain the sufficient conditions
which are easy to check. We have the following.

Corollary 4.1. Suppose the assumptions (A,)-(A,). We assume, in addition, that ¢(0, X)) # 0 and |6(t,x) — o(s,x)| < L|t — s|% for all
x € R and s,t € [0,T], where L,§, are positive real numbers. Then, we have

4 2
IX, IN)<C (;—4 + # + 1) & Vee (0,1).1 € (0.T), (4.3)
t

t

where C is a positive constant not depending on t and «.

Proof. It is easy to see that E|X,, — X,|” < Ct% for all £ € (0,1),t € [0, T], where C is a positive constant not depending on ¢ and
£. On the other hand, the function ¢ satisfies

lo(t,x) —o(s,y)| < L(|]t — sl‘sl +|x=y) Vx,yeR,s,t€[0,T].

Hence, we can apply Lemma A (given in Appendix) to Y, = X,

£l
t =Po
< / o*(r, X”)dr> ] <cr ™, te(0,T)
0

for all p, > 0. So the bound (4.3) follows directly from (4.2). [

h(t,x) = o(t,x) and k(t,s) = 1 and we obtain

E

Remark 4.1. Generally, the Berry—Esseen bounds for the rate of convergence are more informative in practice. As an application
of Corollary 4.1, we obtain the following

~ = 2
§1€1£|P(XE,, <x) = P(N, <x)| £4/IX,, I N) < C<; + # + l>5 Ve e (0,1),r € (0,T].

t t

The bound (4.1) provides us the convergence rate of order O(?) as € —» 0. One may wonder whether this rate is optimal.
Interestingly, the answer is affirmative as in the next theorem.

Theorem 4.2. Suppose the assumptions (A,)-(A,). Then, for each t € (0, T], we have

1

W (e[l (vou) i) .4

.1 5
ll—rf(l)g_Zl(X” Il N) =
where 2 is as in Theorem 4.1, (U,),cjo.r) and (V;),epo.) are stochastic processes defined by

1 1
U, = / b (s, x,)U,ds +/ o(s,x,)dBg, 0<t<T, (4.5)
0 0
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t 1
K=A(%annf+wxnm)“+A”“JﬂhwyoysT- (4.6)

Remark 4.2. The stochastic differential equations (4.5) and (4.6) can be solved explicitly. We have

t
U, = / a(s,xs)e/sl b’(”"‘“)d“dBS, 0<t<T
0

and

t t
v, = /0 %b/’(s, x U2l ¥ xdug +/0 o (s.x,)U,els Y @xdugB 0 <1 <T.
Furthermore, the random variables U, and V, are Malliavin differentiable and their derivatives are given by

t
D,U, = o(r,x,)elr V@xdu 0 < r <1 < T,

1
DV, = o'(r.x,)U,e/r ¥ s

t t
"B (u,x,)d " (u,x,)d
+/ b (s, x,)U,D,U,els ¥ @x ”ds+/ o'(s,x,)D,Uels '@xdugp 0 <r<t<T.
r

r

It is also easy to see that U,,V, € Dk? for all k > 1,p > 2.

In the next theorem, for the additive functional of solutions, we also obtain the convergence rate of optimal order O(£?).

Theorem 4.3. Consider the stochastic process (Y, ,),ci0.r) defined by (1.3). Define y, := /0' f(s,x,)ds and

- Y, —-» ! ! Sy :
T = S, y2 :=/ </ f(s,x)0(r, x,)eh ”<”~Xu>d“ds> dr, 0<t<T.
0 r

Suppose the assumptions (A,)-(A3) and that, for some p, > 16,

Then, for all e € (0,1) and t € (0,T], we have

3o

t —Po
E [(/ (t—r)zoz(r,XEY,)dr> ] < oo Ve e (0,1),te(0,T]. 4.7)
0
5 “ £10 t .-
1Y, Il Z) < C<—4 +— (E‘/ (t=r)yo(r, X, )dr
AN 0

) >
4
Hm(E ”)”)é, “4.8)

where Z, denotes a normal random variable with mean zero and variance y? and C is a positive constant not depending on t and «.

'
/ (t = 263, X, )dr
0

Corollary 4.2. Suppose the assumptions (A,)-(A;). We assume, in addition, that ¢(0, X)) # 0 and |6(t,x) — o(s,x)| < L|t — 5|8 for all
x € Rand s,t € [0,T], where L,§, are positive real numbers. Then, we have
. 4
1Y, 1 Z)<C ('—4 + t%) e? Ve e (0,1),t € (0,T], (4.9
Y,

t

where C is a positive constant not depending on t and «.
Proof. For every ¢, € (0,T], we have
10 1
/0 (to — o> (r. X, )dr =1, /0 (1= r)?6>(tor, Xy, dr

»
We consider the stochastic process Y; := X, ,,0 <7 < 1. Then, ¥; = X, is deterministic and E|Y, - X, |” = E|X,,, — X,|” < Ct2 for
all € € (0,1),7 € [0, 1], where C is a positive constant not depending on ¢, and ¢. In addition, the functions A(t, x) = o(fyt, x) and
k(t,s) = (t — 5)° satisfy

|h(t, x) — h(s,y)| < L(|t — s|‘sl +|x=y) Yx,y e R,s,t €[0,1],
|k(t,s) — k(£,0)] < L|t —s| Vs,t € [0,1]

for some positive constant L not depending on #,. Thus, for all p, > 0, we can use Lemma A to get

1 —P
E [(/ 1- 7)252(f0r7Xe,10r)dr> 0:| <C< oo,
0
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where C is a positive constant not depending on 7, and ¢. Consequently,

to —po
E [< / (to — r)?a>(r, x”)dr>
0

and hence, the bound (4.9) follows directly from (4.8). [J

-3
<Ci,;™ Vi € (0,T],

Remark 4.3. (i) In the assumption (4;), the condition || f'||y := inf, ) f'(t,x) > 0 can be replaced by || f'llg := supg xejorixr St %) <
0.
(ii) Consider the stochastic processes

1
U,=/ fl(s,x)Uyds, 0<t<T,
0

t
V,= % /0 (" (s, x)U2 +2f"(s,x)V,)ds, 0<t < T,

where (Uy)eor1 and (V;),epo.r) are as in Theorem 4.2. The reader can verify that

2
lim izf(fg, I z)> L4 <E'E [5 (V,Dﬁ,) |5,] > 1€ (0.7).
-0 g 4]/)‘

The proof is similar to that of (4.4). So we omit it.
4.1. Estimates for Malliavin derivatives

Hereafter, we denote by C a generic constant which may vary at each appearance. Let us collect some fundamental results about
the Malliavin differentiability of solutions to Eq. (1.1).

Proposition 4.1. Suppose the assumptions (A,) and (A,). Then, Eq. (1.1) has a unique solution (X, ,),ci0.r) Satisfying, for each p > 2,

sup E|X [P <C, Ve €(0,1), (4.10)
1€[0.T]

where C is a positive constant not depending on . Moreover, for each t € [0,T], the random variable X, is twice Malliavin differentiable
and the derivatives satisfy the following linear equations, for all0 < r,0 <t <T,

t t
DrXf’,=50'(r,X”)+/ b’(s,XE’S)DrXE,sds+s/ o'(s, X, s)D,X,  dB, (4.11)
r r

and

t
DyD,.X,, =ec'(r, X, )Dy X, + / [6" (s, Xo.)Dg X, D, X, +b (s, X, )DyD, X, | ds
rve
t
+ &6'(0, X, 9)D, X, g+ / [6” (s, X, )Dg X, D, X, s+ 0" (5, X, )DyD, X, | dB,. (4.12)
rve

Proof. See Theorems 2.2.1 and 2.2.2 in [12]. [

Proposition 4.2. Suppose the assumptions (A,;) and (A,). Then, for each p > 2, we have

sup E|D,.X, |’ <Ce Ve e (0,1), (4.13)
0<r<i<T ’
and
sup  E|DyD,X,,|P <Ce¥ Ye € (0,1), (4.14)
0<r9<t<T ’

where C is a positive constant not depending on .

Proof. The proof is similar to that of Theorems 2.2.1 and 2.2.2 in [12]. For each p > 2, by the fundamental inequality
(lay| + lay| + las])? <377 1(|a;|” + |a,|? + |as|”), we obtain from (4.11) that
P

t
|D, X, P <307 |ea(r, X, ,)|" + 3P / b'(s, X, ,)D, X, cds
r

p

t
+371 e / o' (s, X, )D,X, ,dB,
r

for all 0 < r <t <T. From the linear growth property of ¢ and the estimate (4.10), we have

sup E|o(r, X, )" <C Ve (0,1), (4.15)

0<r<T
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where C is a positive constant not depending on e. Furthermore, by using the Holder and Burkholder-Davis—Gundy inequalities, we
deduce
P

t
E / b (s, Xe D, X, (ds
r

t
< Lp(t—r)”_l/ E|D,X_,|"ds
r

t
< 7Pt / E|D, X, |Pds, 0<r<t<T
r

and, for some C, > 0,

P 4

t 2
E < Ce’E (/ |6 (5. Xe D, X, | dS)
r

'
5/ o' (s, X )D, X, (d B
r

t
p_
<C(t-1)? IEI’L"/ E|D,X, |"ds

r

t
21
<C,T2 L"e/’/ E|D.X,|Pds, 0<r<t<T.

r

We therefore obtain, for all € € (0, 1),
1
E|D,X,,|" < Ce? + c/ E|D, X, |Pds, 0<r<t<T,
r

where C is a positive constant not depending on r,¢ and . Using Gronwall’s lemma, we get
E|D, X, |’ <CePe®™ <CeP VOLr<t<T.
This finishes the proof of (4.13). The proof of (4.14) can be done similarly. Indeed, we obtain from Eq. (4.12) that

E|DyD,X,,|” <47 E |ec’(r, X, )Dp X, |” + 477 E |e6’ (0, Xp)D, X, o|"
p

t
+47E / [6"(s, X, )Dg X, DX, +b (5, X, )DyD, X, | ds
rve

t p
+ 4 1E e / [6" (s, X, )Dy X, D, X, +0" (s, X, )DyD, X, ] d By
rve

for all 0 < 6,r <t < T. By using the estimate (4.13) and the boundedness of #’,b”,¢’, 6" we obtain

Elec’(r, X, ) Dy X, ,|” + E |ec’ (8, Xg)D, X, 4| < Ce™,

t 14
E / [6" (s, X )Dg X, D, X, s+ (5. X, )DyD, X, | ds
r

Vo

t

<Ce? + c/ E|DyD,X, | ds,
rve

and

P

t
Ele / [6" (s, X, )Dy X, D, X, +06" (s, X, )DyD, X, ] d By
rve

4

t 2
=¢’E / [0" (s, Xes)Dg X, D, X, + (s, XE,S)DF,D,Xw]2 ds
rve

1

<Ce? + Ce"/

rv

E|DyD, X, | ds.
(4
As a consequence, for all € € (0, 1),
t
E|DyD,X,,IP < Ce? + C/ E|DyD. X, |"ds, 0<0,r<t<T
rve

and we obtain (4.14) by using Gronwall’s lemma again.
The proof the proposition is complete. []

4.2. Proof of Theorem 4.1

The proof of Theorem 4.1 will be given at the end of this subsection. In order to be able to apply Theorem 3.1, we need the
following technical results.

Lemma 4.1. Suppose the assumptions (A,)-(A,). Then, for each p > 2, we have

EIX,, - x|’ <Ci3e? Ve (0,1),1 € [0,T], (4.16)
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where C is a positive constant not depending on t and e. Moreover, if h(t, x) is a differentiable function in x and its derivative has polynomial
growth, we also have

Elh(t, X,.,) = h(t, x)|” < Ct2 e Ve € (0,1),1 € [0,T]. (4.17)

Proof. We have
t t
X=X =/(b(s,XE,S)—b(s,xS))ds+£/ o(s, X, )dB;, t €[0,T].
0 0

Hence, by Holder and Burkholder-Davis—-Gundy inequalities, we deduce
p

' 1
E\X,,— x| =E / (b(s, X 5) — b(s, x,))ds +e/ o(s, X, ;)d B
0 0

P t P
<2 'E +27 el E / o(s, X, )d By

t
/ (b(s, X 5) = b(s,x,))ds
0 0

t t
<c! / E|b(s, X, ;) — b(s, x,)|Pds + Ctg_le"/ Elo(s, X, )IPds, t € [0,T],
0 0
where C is a positive constant not depending on 7 and e. So by the boundedness of 5’ and the estimate (4.15) we obtain
t
E|X., —x|" < c/ E|X,, - x,|’ds + Ctie, t €[0,T),
0
which, together with Gronwall’s lemma, yields
I J
E|X,, —x|P < CtigPe™ < Ct1e”, t €[0,T].
It remains to prove (4.17). For each ¢ € [0, T], using the Taylor’s expansion, we have
ht, X ,) — h(t,x,) = i, X+ (X — x DXy — %),

where 7, is a random variable lying between 0 and 1. By the polynomial growth property of 4’ and the estimate (4.10), we have
sup,eqor) EIR (¢ x, + n(X., —x))|” < C for all £ € (0,1), where C is a positive constant not depending on . We now use the
Cauchy-Schwarz inequality and the estimate (4.16) to get

E|h(t, X, ) = h(t,x)I? < \/Elh’(t, X+ 0 (Xe, = x VP E|X,, —x,|% < Ciiel,

This finishes the proof of the proposition. []

Proposition 4.3. Suppose the assumptions (A,)-(A,). Let (X, ,),cjo.r) be as in Theorem 4.1. Then, we have

|E[X, ]| < CPe Ve € (0,1),1 €[0,T], (4.18)
[Var(X,,) - f?| < Cr/% Ve € (0,1),1 € [0, T, (4.19)

where C is a positive constant not depending on t and «.
Proof. We first verify the estimate (4.18). By using the Taylor’s expansion, we obtain
1 t
X, = é / (b(s, X,.,) = bs, x,))ds + / (s, X, )dB,
0 0
t N 1 t t
= A b (s,x) X, cds+ % /0 b (s, x5+ 0,( X, s — x DX, — x,)’ds +/0 o(s, X, )d By, (4.20)
where, for each 0 < s <1, 6, is a random variable lying between 0 and 1. Taking the expectation of X, gives us
t t
N . 1
E[X,.]= /0 b (s, x,)E[X, lds + % /0 E["(s,xg + 04X, — x )X, — x,)*1ds
This is a linear differential equation and its solution is given by
1
ELX, 1= o /0 e VUSIELY!(5, X, + 0,(X, . = X)Xy = x,)71ds.

Consequently, we can use the boundedness of the derivatives 5’,5” and the estimate (4.16) to get

_ LeLT t
|E[X, 1] < > /ElXéys—xslzds
0

< Ct, t€[0,T].

10
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So the estimate (4.18) holds. It remains to prove the estimate (4.19). Solving Eq. (4.11) we obtain
t 1
D,X,, = eo(r, X,,)exp ( / (Fw X - 3607w X, ) du+ e / o (u, Xm)dBu>
r r
t
=eo(r, X, ) exp (/ b (u, Xm)du> Z.,, 0<r<t<T. (4.21)
r
where Z,, is given by
t ] t
Z,, :=exp <£/ o'(u, X, ,)dB, — 552 / o (u, Xg,u)du> ,0<r<t<T. (4.22)
r r
Note that, by the It6 differential formula, Z,, satisfies
t
Z,=1 +/ €0'(s, X, )Z, ,dB,, 0<r<t<T. (4.23)
r

So E[Z,,|F,] = 1. Furthermore, for each p > 2, it is easy to see that

sup E|Z,,|P<C (4.24)

0<r<t<T

for some C > 0 not depending on ¢ € (0, 1). By the Clark-Ocone formula, the It6 isometry and (4.21), we have
t t
Var(X,,) = E [ / (E[D,X&,l?,])zdr] = le [ / (E[D,XE,,lﬁ",])zdr]
0 £ 0

: . 2
=E [ / 2 X,,) (E [ef VeXentuz 5] ) dr],

0

and hence,
Var(X,,) - p?
! T 2 ! T
=E [/ a(r. X, ) (E [e/r VuXepduz fﬂ]) dr] —/ a*(r, x,)ezfr bl )du g
0 0

=E [/0’ (6?(r, X, ) — 6%(r,x,)) (E [e/,' h’(u’XE'”)dqu,t er] )2 dr]

1 2
+E [/ O_Z(r’ Xr) <<E [e/rl b’(u,Xévu)duZm)g:r] ) _ 82/: b/(u,x“)du> dr] . (425)
0

Consequently, since 5’ is bounded by L, E[Z,,|F,] =1 and supy.,<r o2(r, x,) < oo, we can infer from (4.25) that

[Var(X, ) — B2|

t t
< C/ Elo*(r, X, ,) — 6*(r,x,)|dr + C/ E ‘E [9/’1 b’(”’xf~“)d“Zr,r|3rr] — ol ¥ wxdu| g,
0 0
t t
<cC / Elo*(r, X, ) - o*(r.x)ldr + C / E <eﬁ’ b’(que»uW-e/fb’w’xvd")Z,,, dr
0 0
t t t
< c/o E|6*(r, X, ,) — o*(r,x,)|dr + c/o / E|(¥ (u, X, ) — b, x,)Z, |dudr
r
t t t
< c/ Elo*(r, X,,) — o*(r, x,)|dr+c/ / \/Elb’(u, X, = b w,x)?E|Z,,|*dudr, (4.26)
0 0 Jr

where C is a positive constant not depending on ¢ and e. Hence, in view of the estimates (4.17) and (4.24), we get
~ 3 5 3
[Var(X,,) - f?| < Ct2e+Ctle < Ctle. (4.27)

So the estimate (4.19) is proved. This completes the proof of the proposition. []
Proposition 4.4. Let (X, )01 be as in Theorem 4.1. Define
t
Oy, = / D, X, ,E[D,X,,|F,1dr, t €[0,T].
; 0

Then, under the assumption of Theorem 4.1, we have

»
! P\ po
E|@)g“|—l’ <C <E‘ / a2 (r, X, )dr >p0 Vee (0,1),1€(0,T], (4.28)
’ 0

where 0 < p < py and C > 0 is a positive constant not depending on t and e.

11
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Proof. Since D, X, = %, it follows from (4.21) that
t

1
0y =— [ D,X.,EID,X,,|F,ldr
et £2 0

i
_ / o2(r, st,)e/rr bl(“’xf'”)duz,’,E [e/rr b/(u,xg‘u)duzt,, 3}] dr.

0

3LT
where Z,, is defined by (4.22). Since b',¢’ are bounded by L, we deduce e/rtb/(”’xs-u)d”Z,,, > e 3 et N o wXewdBy ang
E [e/rr ”/(“’X&N)d”Z,,,‘?,] > e LTE [Z,,, ’J",] = ¢ LT Then, we obtain

st 1 t
Of e 2 / a*(r, X, ,)effr o XedBy g
. :
’ 0

t

SLT

>e 2 eM'_m“XUS’STM"/ az(r,X”)dr
0

SLT !
——— ,—2max M, 2
>e 2 e 0<t<T r/ o (r’ Ye,r)drv
0

(M), = & /0’ o"%(s, X, )ds < LT for all € € (0,1) and ¢ € [0,T]. By Dubin and Schwarz’s theorem, there exists a one dimensional
Brownian motion (m,)»o such that M, = m,, . Then we arrive at the following

where M, := ¢ fot o'(u, X, ,)dB,,0 <t < T. We observe that M, is a martingale with the bounded quadratic variation. Indeed,

et T

SLT t
105 |>e 2 ¢ XM osii2r ™ / o*(r, X, )dr Ve € (0,1),1 € (0,TI.
0

Note that, by Fernique’s theorem, we always have E [e‘“’maXOSISLZT m’] < oo for all ¢ > 0. Hence, for 0 < p < p,, we use Holder’s
inequality to deduce the following

SpLT 3 pm t ) -p
E|@g, |77 <e 2 E |e®Mosi<r ™ o (r, X, )dr
: 0

t
<cC <E‘/ o’(r, X, )dr
0

where C > 0 is a positive constant not depending on 7 and e. The proof of the proposition is complete. []

-n0\ 79
> Ve € (0,1),t€(0,T],

Proposition 4.5. Let (O %, rel0.1] be as in Proposition 4.4. Suppose the assumptions (A,) and (A,). Then, we have

4 4,6
E|DOx, I}, < Ce't® Ve € 0.1).1 €[0.T), (4.29)

where C is a positive constant not depending on t and «.

Proof. The Malliavin derivative of @ can be computed as follows

1 1
DOy, = = /O (DyD,.X, EID, X, |F.]+ D.X, E[DyD,X,,|F,])dr. (4.30)

Hence, we get

2 2
1 t t
||D@XU||‘22[0,T] =3 </0 </0 (DgD, X, ,EID.X, 7] +D,Xs’,E[DgD,XE’,lfﬂ])dr> d9) .

Using the Holder inequality gives us

4

t t
t
E| Doy |*, <— [ E (DyD, X, ,EID,X,,|F,]+ DX, E[DyD,X,,|F,])dr| do
et VL2077 8 f, 0

P t ot 4
38—8/0 /O E‘DGDVXS,,E[D,XS’,|?,]+D,Xé’,E[DeD,XUKTr] drd

IA

gt [T
5_8/0 /0 (E|DyD,X,,EID,X,,|F,1|* + E|D,X,,E[DyD,X,,|F,1|*) drdo

16r* [" [
se—g/o /0 \/E|D(,D,XU|8E|Dng.,lsdrdG.

Hence, recalling the estimates (4.13) and (4.14), we get

E||D@)gu||‘22mJ <Ce*® Ve e (0,1),1€0,T],

where C > 0 is a finite constant not depending on ¢ and . The proof of the proposition is complete. []

12
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Proof of Theorem 4.1. Put i, = E[D,X,,|F,] for 0 <r <t <T. Then, we have

t 4 t 4
5 1
10, = [ 10,85 00ar) = 5 ([ e g par)

Using Holder’s inequality and the estimate (4.13) we have

8
W dr

3 t
E|al® <’—/ E‘E[D,XY
0

L2[0.T] = £8

3 ! 8
6_8,/0 ElD,.XEJI dr

<Cr* Ve e (0,1),r €[0,T]. (4.31)

<

By applying Theorem 3.1 to F = X, , and N = N, we get

~ 1 - 5 ~ 52 4 1/2
M V) S ¢ o (BIXDP + Ag, VarRep) = ) +Cx,, (ENlDog, 1) " ).

t

where c is an absolute constant and

174 174
Ax, = (E||u||L2[0TE|@XN| )7 e, = Ax, + (Bl Flog, 170)
t

et

12[0,1)

Using the estimates (4.28) and (4.31) we obtain

2
Ct ! 2 PO no
Ag, < F <E|/) o°(r, X )dr s
t

2
Ct ! P\ o !
CXUSE<E‘/O o> (r, X, )dr ) +Ct (E /0 o*(r, X, dr
t

Furthermore, thanks to Propositions 4.3 and 4.5, we have

4
—Po ) Py

|ELX,,1I° < Cre?,
Var(X, ) - p2I" < CPe2,
1/2
_ o4 3.2
<E||D9X5J|| ) < CRe.
Combining the above computations gives us

2
0>p0

I(XE,||N)<C<—+—< ‘/G(r X, )dr

I

4 o "0 2
+t E/a(rXE,)dr £
0

So the proof of Theorem 4.1 is complete. []

4.3. Proof of Theorem 4.2

Our idea is to use the following relation between the Fisher information and total variation distances, see [13,15]:

VIXe I N 2 dpy (X, TN = 5 supIE[g(Xf )1 — E[g(N)]l, (4.32)

where the supremum is running over all measurable functions g bounded by 1. Thus our main task is to find a lower bound for
1im£—>0 dTV(Xe,t ” Nt)~

Proposition 4.6. Suppose the assumptions (A;)-(A,). Then, for each p > 2, we have

sup E|X_, —U,|’ <Ce” Ve (0,1), (4.33)
t€[0,T]
t
sup / E|D,X,, - D,U,|’dr < Ce? Ve € (0, 1), (4.34)
1€[0,11J0 '

where C is a positive constant not depending on .
Proof. Recalling (4.5) and (4.20) we have
t 13
. . 1
X, -U = /0 b (s, x)(X, s —Upds + % /0 b (s, x; + 0,(X, - X N(X, 5 — xs)zds

13
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t
+ / (o(s, X, ;) —0(s,x,))d B, t €[0,T]. (4.35)
0
Hence, under the assumption (A,), we can use Holder and Burkholder-Davis-Gundy inequalities to get

EIX, -U < c/ol E|X,, —U,"ds + 8% /0’ E|X,, —x,[?ds
+ C'/Ot E|X ., —x|Pds, t €[0,T]
for all € € (0,1) and for some C > 0. Consequently, it follows from the estimate (4.16) that
E|X., - U’ <Ce” + c/ot E|X,, - U,"ds, t €[0,T],

where C is a positive constant not depending on ¢ and £. So we obtain the estimate (4.33) by using Gronwall’s lemma. Indeed, we
have

E|X,, - U,|" <CePe < CeP Ve €(0,1),t €[0,T).
Let us now prove (4.34). We have, for 0<r<T,
D.X,,- DU, = éD,X&, - D,U,
= o(r, X&,)e/rl b/(u,Xg_u)duZ” —o(r, xr)e/,’ B wx,)du
where Z,,is defined by (4.22). We deduce
ID,X,, - D,U,| < lo(r, X,,) = o(r, x,)|e} ' @Xeaduz
+ o(r,x,) ‘ ol WX ddu _ oY wx,)du Z,, +o(r, xr)e/,’ ¥ wx,)du) Z,,-1|

and

t t
/ E|D,)?£,r - DrUrlzdr < 3/ E [|o(r, X, ) —o(r, xr)|2e2/,r b/(u,xg_u)duzrzt] dr
0 0 :

t
+ 3/ O'Z(r, x,)E[
0

t
1y
+ 3/ o2(r, xr)ezfr b (”‘X")d“E|Z,J - 1|2dr.
0

1 1 2
f VWX ydu _ ] b/(u,xu)du| Zrzt] dr

Hence, using the same arguments as in the proof (4.26) and (4.27), we get
/07 E|D,X,,— D,U,|*dr < Ce* +3 /0; o2, x,)e2 ) V@i | z 1 |2dr,
On the other hand, it follows from Eq. (4.23) that
sup E|Z,,— 1> <Ce?* Ve €(0,1).
0<r<t<T

So we obtain
t
/ E|D,X,, - DU dr < Ce* Ve € (0,1),1 € [0,T],
0
where C is a positive constant not depending on ¢ and ¢. This finishes the proof of the proposition. []

Proposition 4.7. Suppose the assumptions (A;)-(A,). Then, for each p > 2, we have

. Xer - Uz ?
lim E| ——— =0, 1€[0,T]. (4.36)

=0

-V

£

Proof. We rewrite (4.35) as follows

' '
- 5 1
X, —U = /() b (s, x)( X —Ugds + % /0 b (s, x, + O, (X5 — X DX s — xs)zds
'
+ / o' (s,x, +0,(X, s —x )X,  —x)dB,, 1 €[0,T].
0

where, for each 0 < s <1, 6,5, are random variables lying between 0 and 1. Hence, by the definition (4.6) of V,, we obtain

X, -U, t X.,-U
£t t —V, :/ b,(s’x3)< E,5 K —Vs>ds
£ 0 &

14
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L[ 52 2
+5 /O (B (s, x5 + 0,(X, s = x DXZ = b"(s,x,)U} )ds

t
+ / (6/(s, xg + (X, s — x DX, s — 0" (5, x,)U)d By, 1 €[0,T].
0

As a consequence, we deduce

- U,
-V,

Xs,t £,8

P r X, -U, P
gc/ E ;—VS| ds+CK,., t €[0.T]
0 €

E

3

for some C > 0 and for all € € (0, 1), where K, is given by
T
K, = / E|b" (s, x, + 0,(Xe = x DX2, = "5, x)U2| ds
A :

T
+ / E‘o’(s,xs + (X — xS))XE,S —0'(s,x,)U, "ds.
0

An application of Gronwall’s lemma gives us

Xs,t -U
€
We observe that

p
< CK.e® < CK, Ve € (0,1),1 €[0,T]. (4.37)

t

T
/ E|b”(s,xs +0,(X,, —x NX2 —b(s, xS)Usz‘pds
A :

,
<! / E|b(s,x, +0,(X,., = x )N(X2, = UD) "ds
0

T
+ 201 / E|(b”(s, X, 4 0,(X,, —x,) = b"(s,x, WU ds
0

T
< 2”’1L”/ VEIXe, — UPPEIX, , +U,J?rds
0

+ 2v-1 /OT \/E|b”(s, xg+0,(X, —x) — (s, x)|?PE|U|*ds.
Furthermore, E|U,|? < o for all 4 > 1. Hence, by the estimate (4.33) and the dominated convergence theorem, we get
/OT E)b”(s, Xy +0,(X, = x DX~ b'(s. xs)U3|pds ~0ase— 0.
Similarly, we also have

T
/ E|o (5., + (X = x )Xo = 0/ (5, %,)U, "ds > 0ase—0.
0

Those imply that K, — as € — 0. So the desired relation (4.36) follows from (4.37). The proof of the proposition is complete. []

Proposition 4.8. Suppose the assumptions (A,)-(A,). Then, for any continuous and bounded function g and for each t € (0,T], we have

Elg(X, )] - Elg(U,
lim [e(X. )] — Elg(U))] _ # Ele(U)8(V, DU, (4.38)

t

=0 13

Proof. For simplicity, we write (.,.) instead of (.,.);2(o and ||.|| instead of ||.||;2o 7. Fix t € (0,T], by using the formula (3.2)
in [3], we get

) ey DU, g(X, )(DX,, - DU,, DU,)
E[g(X. )] - ElgU)] = E [/u, g(z)dZ‘s(llDU,”z)] -E [ DU, |12

We observe that || DU,||> = 7 and § ( IIL?llljrer ) =U,/p?. So we obtain

)?E,I ~ -
E[g(X, )] - E[gU)] = ?E [U, / g(z)dz] - #E [¢(X. (DX, - DU, DU)] .
f U f

Then, for £ # 0,

E[g(X )] - E[g(U))]
S - L) + ﬁ—ﬂE [8,)(DV,. DU,)|

t t

L[ (L sz swn )| - L [t - swn{ 2Py,
_ﬁ2 eUgZZgrrrﬁz 8 A ) — 8, c » DUy

t t t

15
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| DX, - DU,
- PE sU)( ———~DV,.DU, )| . 0<1<T. (4.39)
t

We observe that

1 [ e X, -U ! -
p / g(z)dz —gU)V, = — / g, +z(X,, —Updz — g(U)V,
U, 0

X, -U, ! 1
£t t ~ ~
= <— - V,) ,/o g, +z(X,, —U)dz + V,/O (gU, + z(X,, — Uy) — g(Uy)dz,

&
X, -U
( t_V’>U"
&

1
A% / (e, +z(X,, - U)) - gU,)dz
0

and hence,

1 [Xes
E’(—/ g(Z)dz—g(Ux)V,>U,
£ Ju,

t

<llglloE

+ E

Because the random variables U, and V, belong to L*(£2,) we have

. sz - Ux .
lim E || ——— -V, )U,| =0 by the estimate (4.36),

-0 £

and

1
lim E |V,U, / (gU, + z(XE’, -U,)—-gWU,)dz| =0
0

-0

by the dominated convergence theorem. So it holds that

[ Xey
lim E <é / g(z)dz — g(U,)V,)U,] =0. (4.40)
L U,

=0

On the other hand, we have

DX, -DU, >] 1, [|g(&,,> —8WIIDX,, - DU,
a7 py )| < L
£ b

E |:(g(Xg,t) - g(Ut))<

&
~ 1
1 - 1 [ E|IDX,, - DU,|I*\ 2
< —(ElgX, )~ gWU)I*)? <— :
ﬁt g2
Once again, by (4.34) and the dominated convergence theorem, we derive
. . DX, ,- DU,
llil(l)E (8(X.) —gUy) ’f,DU, =0. (4.41)
In view of Lemma 1.2.3 in [12], it follows from (4.34) and (4.36) that
) DX,, - DU,
lim E | gU){ ———— = DV,, DU, )| =0. (4.42)
£ &
Combining (4.39)—(4.42) yields
. Elg(X. )] - ElgU)] |
lim =

lny ; = 2 EsUVU] = 23 E [sU)(DV,, DU

t
Then we obtain (4.38) by using the duality relationships (2.2). This finishes the proof of the proposition. []

Proof of Theorem 4.2. We first note that, for each ¢t € (0,T], U, is also a normal random variable with mean zero and variance ﬂtz.
This means that I (ng,lth) =1 (X&,HU,). Hence, it follows from the relations (4.32) and (4.38) that

fim /1Ky I N0 2 5 [E (a0, 00| = -5 [E [ et puotv.|
t t

for any continuous function g bounded by 1. Then, by the routine approximation argument, we can choose to use g(x) =
sign <E [6 (v;pU,) |U, = x]) and we obtain (4.4).

The proof of Theorem 4.2 is complete. []
4.4. Proof of Theorem 4.3
We recall that

t
Yo, :/ f(s, X, )ds, t€[0,T].
0

16
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By the chain rule for Malliavin derivatives, we have

t
DY, = / f(s, X, oD, X, ds, (4.43)
r

t
DyD,Y,, = / [£(s. X, ODgX. DX, s+ f'(s. X, s)Dy D, X, | ds (4.44)
ovr
forall 0 <r,0 <t <T, where f'(t,x) = L&D (1, x) = %
For the proof of Theorem 4.3 we will need the following Propositions 4.9-4.12.

Proposition 4.9. Suppose the assumptions (A,)-(A3). Then, we have

sup E|D,Y,,|” < Ct’e? Ve e (0,1),1 € [0,T], (4.45)
0<r<t
sup E|DyD,Y,,|P < CtPe? Ve € (0,1),1 €[0,T], (4.46)
0<r,0<t

where C is a positive constant not depending on t and «.

Proof. We first note that, by the polynomial growth property of f’, f”” and the estimate (4.10), we have

sup Elf'(s, X, )+ sup Elf"(s, X, )" <C (4.47)
0<s<T 0<s<T
for all £ € (0, 1), where C is a positive constant not depending on ¢.
By using Holder’s inequality, it follows from (4.43) that
P

t
E|D,Y,,|P =E / (s, X, D, X, (ds
r

1
<@t —-rp! / E|f'(s,X.)D, X, |"ds
r

t
_ 2 2,
< / VEIF (. X )PP EID, X, s
r

t
—1 2
<cr /\/EID,Xm.l”ds,
r

which, together with the estimate (4.13), implies (4.45). The estimate (4.46) can be proved similarly. Indeed, we obtain from (4.44)
that

P t p

+E f'(s, X, )DyD, X, (ds )

ovr

t
f”(S, XEA,S)DHXE,SD’XEA,SdS

ovr

E|DyD,Y,,|P < 2! <E

t t
< 2r gl </9 Elf”(s,XE,S)DHXE,SDer|”ds+/9 E|f’(s,X&S)D(,D,XE’JPds)

vr vr

t
Y </ (B X PP EID X P EID, X, ,[Prds
6

vr

1
* / \/Elf’(s’ vas)lszlDeDrXe,slzpds>
0

vr

t t
sc:P”(/g {JEID X I EID, X, Jrds + \/E|D91),X5,S|2pds>.

vr ovr

So we obtain (4.46) by using the estimates (4.13) and (4.14). The proof of the proposition is complete. []

Proposition 4.10. Suppose the assumptions (A,)-(A;). Let (Y, ),cjo.r) be as in Theorem 4.3. Then, we have
|E[Y, ]| < Ct’e Ve € (0,1),t € [0,T], (4.48)
[Var(¥, ) - v?| < Ct'%e Ve € (0,1),1 € [0,T], (4.49)
where C is a positive constant not depending on t and «.
Proof. We recall that
Ys,r = é /Ot(f(s,Xm) — f(s,x,)ds, t €[0,T].
Hence, in view of the estimate (4.17), we obtain

t
|EIY, < 1 / EIf(s. X))~ f(s.x)lds
0

17
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t
< é/o VEI (5. X ) — f(s.x)Pds

< Cre.
This completes the proof of (4.48). Let us prove the estimate (4.49). By the Clark-Ocone formula and the Itd isometry we have

T 2 T
Var(YEJ)=E[ / E[D,YE,,H,JdB,] =i2E[ / (E[D,Yg’,lﬁ",])zdr]
0 3 0

t t 2
-lE [/ (E [/ f'(s, X, )D,X, ds ?,]) dr] .
€2 0 r ’ ’

Then, we obtain

Var(¥, ) - r?

1 t t
1g / </ E[f’(s,XH)D,X”
€2 0 r ’ ’

t
/ E[H,,G,,ldr,
0

for0<r<t<T, H,, and G,, are defined by

t ¢
7] ds - / (5, x)0(r, x )l V@xdugs,
r

2 ‘ ‘ 2
5",] ds) dr] —/ </ (s, x,)a(r, xr)e/rs b,(”"‘”d“ds) dr
0 r

(4.50)

1 1
Ht,r = g/ E I:f/(S’XE,S)DrXE,S
r

t
.T,.] ds + / f’(s, xg)o(r, X,.)efr’ b/(u,xu)duds‘
r

1 t
G,, = ;/ E [f’(s,XE‘S)D,Xm
r

Recalling the representation (4.21) we have

t
H,, :=(o(r, X, ) —o(r,x,)) / E [ G, xm)e/r wu,xw)zm ?,] ds

t
+ o(r,x,) / E [<f (5, Xe) = (s x el ”’<"”‘w>d“zr,s)3"r] ds

t ¢
+o(r, xr)/ (s, x)E [(efr VWX _ oy b/(u,xu)du)zrvx ?’r:l ds
B

and hence, note that b’ is bounded by L and supy.,.<r |o(r, x,)| + supy<,<r |/'(r, x,)| < 00, we deduce

ZT,] ds

t
1,1 < Clot. X, ) = otrx)) [ E[17'6.X, 12,
r

t N
3",] ds+C/ E [/ 6w, X,.,) — b (u, x)|duZ, ?,] ds.
r r

1
v [E[lr6x- rexiz,
p
By using the Cauchy-Schwarz inequality we get

1
2
|H,,I? < Ctlo(r, X, ) — o(r, x,)|2/ E [|f’<s, X, )P 2Z2, ?,] ds
r

5",] ds

t
n Ct/ E [lf’(s,Xw)—f’(s,xx)lzZrz’s

r
t N
+c? | E [ / 16 . X, ) = b (. x,) P duZ?, :r,] ds
r r

and

3 t

E|H,,,|2§sz\/Ela(r,Xar)—a(r,xr)ﬁ/ E |11/, X, D174, | ds
r
t 5 1 N 2
" Ct/ E [lf’(s,Xw)—f'(s,xS)l Zﬁs] ds+Ct2/ / E [Ib’(u,Xs,u)—b,(u,XuN Zis] duds
r r r
3 s [ 8
< Ct214/Elo(r, X,,) - o(r, x,)| / \/Elf’(s,Xm)l E|Z, |%ds
r

t
+ Ct/ \/Elf’(s,Xm)—f’(s,xs)|4E|Z,,S|4ds
r

t N
+ cﬂ/ / VEIW WX, )~ x| Z, ,|*duds.
r r

In view of the estimates (4.17), (4.24) and (4.47), we therefore obtain

E|H,*<CP& Vee (0,),0<r<t<T, (4.51)

18
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where C is a positive constant not depending on ¢ and e. On the other hand, we have

t s 2
E|G,,|* = E|H,y, +2 / F(s,x)0(r, x, el ¥ @xdug
r

! . 2
<2E[H,, " + 8'2/ I'(s.x)0(r,x, el ¥V xodugy
r

<CP Vee(0,1)0<r<t<T.

Combining (4.50), (4.51) and (4.52) gives us

t
|Var(Y,,) - 02| = /0 E|H,,G,,|dr

t
S‘/ \/ ElHt,rleth,rlzdr
0

7
<Ct2e Ve € (0,1),t €[0,T].

This finishes the proof of (4.49). The proof of the proposition is complete.

Proposition 4.11. Let (¥, ),c(o.r; be as in Theorem 4.3. Define
t
0y = / Y. ,EID,Y,,|F,1dr, 1 €[0,T1.

£,

Then, under the assumption of Theorem 4.3, we have

t
El®; |?<C <E'/ (t = e’ (r, X, )dr
’ 0

where 0 < p < py and C > 0 is a positive constant not depending on t and e.

Proof. We have

1 t
@)7 = ZA r stE[D Ye,tlgr]dr

-n0\ 7
> Vee (0,1),t€(0,T],

t t t
(/ f’(s,Xm)D,XEVSds> </ E[f'(s. X, ,)D, X, |F,] ds>dr.
0 r r

(4.52)

(4.53)

Note that || f'||y := inf, ., f'(z,x) > 0. Hence, by using the same arguments as in the proof of Proposition 4.4, we obtain

SLT !
05 2 |If 2”2 e 2mosr Mi [ (¢ — 1)26%(r, X, )dr
et 0 0

and, for 0 < p < py, we get

1
El@y |7 <C <E / t = r*e*(r, X, )dr
’ 0

-0\ 7
> Vee (0,1),t€(0,T],

where C > 0 is a positive constant not depending on ¢ and . The proof of the proposition is complete. []

Proposition 4.12. Let (03, )0,y be as in Proposition 4.11. Suppose the assumptions (A;)-(Az). Then, we have

E| D6y, ”12[011 <Ct"e* Ve € (0,1),1 €[0,T],

where C is a positive constant not depending on t and «.

Proof. The Malliavin derivative of @y  can be computed by

1 t
Dy6y,, = 5_2/0 (DyD,Y, E[D,Y, |51+ D,Y, ,[E[DyD,Y, |F,.])dr, 0< 6 <1t.

Hence,

T
1065 sy, = [ D105, Pt

2

(4.54)

" t 2
=/0 = </0 (DG r EIE[DI‘ ell‘rf]"'Dr erE[DG r 51|§]> > de.

Using the Hoélder’s inequality, we obtain

EIDOs, It <

‘/ DyD,Y, E[D,Y, |51+ D,Y, E[DyD,Y, |%,]) dr

19
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t
< E—8/ / E|D,D,Y, EID,Y,,|3,1+ D,Y, E[DyD,Y, |5,1|* drdo
8

<= // E|DyD,Y,,E[D,Y, |F,1|* + E|D,Y,,E[DyD,Y,,|F,l| )drda

16t4
< Lot / / V/EID,D,Y, PEID,Y, Fdrdo.

This, combined with (4.45) and (4.46), gives us the estimate (4.54). The proof of the proposition is complete. []

Proof of Theorem 4.3. Set &, = E[D,Y,,|,] for 0 <r <1 <T. We have

T
”"”LzOT] [/0 ‘E[D dr] == [/ |E[D dr]

Using Holder’s inequality and the estimate (4.45) we deduce

3 t
t
Elal, , ,, < 5_8/0 E‘E[D Sar
£ 8 12
<= | EUD,Y, Pldr < Cr2. (4.55)
£ 0

We now apply Theorem 3.1 to F=Y,, and N = Z, to get

N 172
I(Ye,t N)<e (}/—(E[ t])2 + AY |Var( t) 1#) |2 + CY (E”D@Y “LZ[O TJ) > ’
t

where c is an absolute constant and

£t

. _g\ /4 . e\ /4
Ay, .=y ( “u”LZ[OTJEl@f’s,xl ) Cr, = Ay, + (E“u”LZ[OTJEleys,Il ) :
t

It follows from the estimates (4.53) and (4.55) that
3 ' 2
2 -po
Ay, < <0 <E‘/ (t = 2o, X, )dr )"“ ,
g v 0

2
3 1 —Po\ po
cy < (E / (t — 1?63 (r. X, )dr '+ (E
et 7,4 0 5

Furthermore, thanks to Propositions 4.10 and 4.12, we have

4
=Py > PO

t
t—r?e’(r, X, )dr
0

|EIY. 1> < C*e

[Var(, t)—ﬁ,l SCl7EZ,
172

(EllD@Y“ll“) <cre

Combining the above computations gives us

2
—p0> 20

- t4 Il() t 2 2
IV, 11 Z,) < c<—4 + 5 (E‘ / (t = o>(r, X, )dr
AR AN

4
4 PO\ By
+110 <E‘ / (t— r)zaz(r, X, dr > 0 )ez.
0

So the proof of Theorem 4.3 is complete. []
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Appendix. Negative moment of Volterra functionals

Lemma A. Let (Y,),co7) be a stochastic process such that Y, is deterministic and E|Y, — Yy|” < Ct** for some C > 0,a > 0 and for all
te[0,T],p> 1. Leth : [0,TIxR > Rand k : [0,T]*> —» R, be continuous functions such that h(0, X)) # 0, k(t,0) # 0 for all t € (0, T]
and

|A(t,x) = h(s, )| < L(t — 5| + |x = y|®2) Vx,y € R, 5,1 € [0,T] (A1)
|k(t,s) — k(1,0)] < L|t — 5% Vs,t €[0,T] (A.2)

for some positive constants L, 6,5, and ;. Then, for 5, := min{6,,ad,,83} and for all p, > 0, we have

t , =Po 1 Po 1% p
E [</0 k(t, r)h=(r, Y,)dr) ] < C<_tk(t, 0)) (1 + <_k(t, 0)) > (A.3)

forallte (0,T] and p > ‘;ﬂ, where C is a positive constant not depending on t.
0

- 2 L 2
Proof. Fixed t € (0,T]. Put y, := T Then, for any y > y,, we have n, := PRI € (0,1). Hence,
L v vdrs —— [ ke rie v
1, s > — t, s
k(l,O)/O &, rh=(r,Y,)dr k(t,O)/O &, h=(r,Y,)dr

1 !
= h*(0, Yo)n,t + w0 /O (k(t, rYR2(r, Y,) — k(t,0)h%(0, Yo))dr

1
k(t,0)

Consequently, by Markov inequality, we obtain

1 t , X
P(k(t, 0) /0 k(t,r)h*(r,Y,)dr < ;>

yt
5P< L / ! k(t, YR*(r, Y,) — k(t,0)h*(0, Yy)|dr > 1)
,0) Jo y

2 iyt 2 2
>2_ / k(. (. Y,) — K(t, O)2(0. Yyl dr.
y 0

k(t
P

nyt
/Oy |k(t, Yh2(r, Y,) = k(t,0)h*(0, Yp)|dr| ¥p> 1.

<Y E
kp(t,0)

We now use Holder’s inequality to get

1 , |
P<k(t, 0) /0 k(t,nh=(r,Y,)dr < ;>

Yttt
MU E|k(t, YR (r, Y,) — k(z,0)h2(0, Yy)|"dr

- k(1,0
207y eyt
_— 4 2 _ 2 p 2 a »
k2(t,0) /0 (k (t,E|R*(r,Y,) — h*(0,Yp)|" + h*(0, Y)|k(t, r) — k(1,0)]| )dr
O e a4
A 3 ot
%7t 0) /0 (Elh rY,) — h*0, Y| +r )dr Vp> 1,

where C is a positive constant not depending on ¢. We observe that
E|R(r,Y,) = h(0, Y| < 2271 L2 (2P + E|Y, — Y, |?%2)
< C(r0 4 2P0
for all r € [0, T]. We also have
E|h(r.Y,) + h(0.Y)[*? < E|h(r.Y,) = h(0.Yp)|* + |2h(0. Yp)| < C
for all r € [0, T). So it holds that

EIRY,) = 0, Yp)" < \/EIA(,Y,) + hO, Yl EI(r, Y,) = h©, Yl
< CEr +r%°%2), r € [0,T].

Combining the above estimates yields

1 t ) 1 Cyp(”y,)(lJrSo)p Cy—P%
P k(t,r)h*(r,Y,)dr < = | < < Vp>1,
<k(t,0) /0 &k, Xdr y> k7(2,0) k0 7

Then, for all p > g—“, we obtain
0

E tk h2(r,Y,)d R . el tk WA, Y,)d o
[</0 & 1) ) ]‘kﬁo(z,m [(k(z,m/o ¢k ) ) ]
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_ 1 ® sipf 1 ! 2 1
- /0 P P(k(t,O) /0 Kt R, Y, )dr < y)dy

1 Y0 o © ) /’ 1 5 1
< — 0~ d (U ——h°(r,Y)dr< -)d
= kn0(1,0) ./o Poy* “/ Poy” o ko) Iy )y

Yo

1 C i -
<—— 0=ly=Pogy ) Vp> 1.
S v * 00 /yo poy =y P0dy ) Vp

We now choose to use p =1+ ;ﬂ. This choice gives us the following
0

So we obtain the desired estimate (A.3) because y, :=

t ) ~Po 1 po t‘SO p
| (frenmeni)”]<e(mm) (+ (@55) )

O

2
th2(0,Yy) "

References

[1]

[2]

[3]

[4]

[5]
[6]

[71
[8]

[91
[10]
[11]
[12]
[13]

[14]
[15]
[16]

S.G. Bobkov, G.P. Chistyakov, F. Gotze, Berry—esseen bounds in the entropic central limit theorem, Probab. Theory Related Fields 159 (3-4) (2014)
435-478.

N.T. Dung, N. Privault, G.L. Torrisi, Gaussian estimates for the solutions of some one-dimensional stochastic equations, Potential Anal. 43 (2) (2015)
289-311.

N.T. Dung, T.C. Son, Lipschitz continuity in the Hurst index of the solutions of fractional stochastic volterra integro-differential equations, Stoch. Anal.
Appl. 41 (4) (2023) 693-712.

M.L Freidlin, A.D. Wentzell, Random Perturbations of Dynamical Systems, Vol. 260, Springer, Heidelberg, 2012, Translated from the 1979 Russian original
by Joseph Sziics. Third edition. Grundlehren der mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences].

0. Johnson, Information Theory and the Central Limit Theorem, Imperial College Press, London, 2004.

O. Johnson, Maximal correlation and the rate of Fisher information convergence in the central limit theorem, IEEE Trans. Inform. Theory 66 (8) (2020)
4992-5002.

0. Johnson, A.R. Barron, Fisher information inequalities and the central limit theorem, Probab. Theory Related Fields 129 (3) (2004) 391-409.

Y. Kutoyants, Identification of Dynamical Systems with Small Noise, in: Mathematics and its Applications, vol. 300, Kluwer Academic Publishers Group,
Dordrecht, 1994.

J.V. Linnik, An information-theoretic proof of the central limit theorem with Lindeberg conditions. (Russian), Theor. Probab. Appl. 4 (1959) 288-299.

1. Nourdin, D. Nualart, Fisher information and the fourth moment theorem, Ann. Inst. Henri Poincaré Probab. Stat. 52 (2) (2016) 849-867.

I. Nourdin, G. Peccati, G. Reinert, Second order Poincaré inequalities and CLTs on Wiener space, J. Funct. Anal. 257 (2) (2009) 593-609.

D. Nualart, The Malliavin Calculus and Related Topics, second ed., in: Probability and its Applications, Springer-Verlag, Berlin, 2006.

M.S. Pinsker, Information and Information Stability of Random Variables and Processes, San Francisco, Calif.-London-Amsterdam, 1964, Translated and
edited by Amiel Feinstein Holden-Day, Inc..

K. Spiliopoulos, Fluctuation analysis and short time asymptotics for multiple scales diffusion processes, Stoch. Dyn. 14 (3) (2014) 1350026, 22pp.

A.J. Stam, Some inequalities satisfied by the quantities of information of Fisher and Shannon, Inf. Control 2 (1959) 101-112.

Y. Suo, J. Tao, W. Zhang, Moderate deviation and central limit theorem for stochastic differential delay equations with polynomial growth, Front. Math.
China 13 (4) (2018) 913-933.

22


http://refhub.elsevier.com/S0304-4149(24)00174-1/sb1
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb1
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb1
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb2
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb2
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb2
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb3
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb3
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb3
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb4
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb4
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb4
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb5
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb6
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb6
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb6
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb7
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb8
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb8
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb8
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb9
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb10
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb11
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb12
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb13
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb13
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb13
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb14
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb15
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb16
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb16
http://refhub.elsevier.com/S0304-4149(24)00174-1/sb16

	Fisher information bounds and applications to SDEs with small noise
	Introduction
	Preliminaries
	General Fisher information bounds
	Optimal Fisher information bounds for small noise SDEs
	Estimates for Malliavin derivatives
	Proof of Theorem 4.1
	Proof of Theorem 4.2 
	Proof of Theorem 4.3

	Declaration of competing interest
	Acknowledgments
	Appendix. Negative moment of Volterra functionals
	References


