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Аннотация. Точная трансформация эллипсоидальных высот, полученных с помощью ГНСС, в физи-
ческие высоты остаётся фундаментальным требованием в геодезических и инженерных приложе-
ниях. Во Вьетнаме традиционные подходы опираются на плотные гравиметрические наблюдения и 
создание локальных квазигеоидов, что является дорогостоящим и трудоёмким процессом. В данном 
исследовании предлагается альтернативная, простая в использовании и практичная методика опре-
деления высот на основе ГНСС, основанная на интеграции глобальных моделей гравитационного 
поля (GGM) с существующими данными ГНСС/нивелирования посредством подхода корректирую-
щей поверхности. В работе оцениваются несколько современных высокостепенных глобальных мо-
делей, включая EGM2008, EIGEN-6C4, SGG-UGM-2 и XGM2019e, с использованием 816 совмещённых 
пунктов ГНСС/нивелирования, равномерно распределённых по территории Вьетнама. Результаты 
показывают, что модель XGM2019e обеспечивает наилучшее качество по сравнению с другими мо-
делями, особенно при высоких степенях сферических гармоник. Систематические смещения и дол-
говолновые расхождения между глобальной моделью и национальной системой высот устраняются 
с помощью четырёхпараметрического детерминированного преобразования Гельмерта, тогда как 
средне- и коротковолновые остатки моделируются методом коллокации наименьших квадратов. Про-
верка результатов по данным ГНСС/нивелирования показывает, что предложенная корректирующая 
поверхность уменьшает среднеквадратическое отклонение различий аномалий высот с ±0.153 м до 
±0.083 м. Затем формируется корректирующая поверхность с разрешением 5 угловых минут, что 
позволяет эффективно преобразовывать эллипсоидальные высоты ГНСС в нивелирные высоты, со-
гласованные с национальной системой высот Вьетнама. Предлагаемая методика представляет собой 
экономичную, масштабируемую и легко обновляемую альтернативу локальным гравиметрическим 
квазигеоидам, особенно в районах с ограниченным покрытием гравиметрическими данными.
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Introduction
The heights of points on the Earth surface can be 

observed by the traditional spirit leveling, which is 
one of the most accurate methods. In this way, the 

height diff erences between points are measured using 
levels and leveling staff s or rods. The accuracy of the 
leveled heights depends on the distances between 
observed points, the number of station setups, and 
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the observation time duration [1]. In a more strict 
sense of physical geodesy, geodetic leveling can be 
adopted combining spirit leveling with gravimetric 
observations by which a gravity potential diff erence 
can be computed [2].

However, spirit or geodetic leveling is time-
consuming and cost ineffi  cient. Spirit leveling is 
benefi cial over short distances due to its small random 
errors; However, over long distances, systematic 
errors dominate random errors [2], leading to lower 
accuracy compared to the GNSS-based method. 
To reduce the infl uence of systematic errors in 
leveling, a network of leveling loops combined with 
multiple coastal tide gauges are usually adopted. 
This approach was carried out to establish national 
leveling networks in many countries, which are split 
into diff erent orders, such as fi rst-, second-, and third-
order [1, 3]. Additionally, strict leveling observation 
standards are used in high-order networks, such as 
limiting the diff erence in distances from the station to 
the forward and backward leveling staff s.

With the advent of GNSS systems, the positioning 
of points on the Earth surface is more convenient, 
which provides the positions in both horizontal and 
vertical directions. In using GNSS, the geometrical 
height of a point with respect to a reference ellipsoid, 
i.e., ellipsoidal height, is determined. This can be 
observed directly between two GNSS receiver 
locations without measuring height increments along 
a leveling route. However, physical height, e.g., 
orthometric or normal height with respect to geoid or 
quasigeoid, is still needed in practical applications. In 
this case, the separation between ellipsoid and geoid/
quasigeoid is needed, which are known as geoid 
undulation or height anomaly.

Recently, many geospatial data incorporating 
ellipsoidal heights are utilized, e.g., airborne or 
spaceborne light detection and ranging (LiDAR) 
[4], satellite altimetry [5], Interferometric Synthetic 
Aperture Radar (InSAR) [6]. In these data, the 
ellipsoidal heights of an airborne or spaceborne 
platform, while moving on its trajectory or orbit, 
are determined relying on onboard GNSS receivers. 
These are subsequently subtracted by the platform’s 
altitudes or ranges measured with respect to the 
Earth surface to derive the ellipsoidal heights of the 
Earth. This geometric ellipsoidal height needs to be 
transformed to physical orthometric or normal height 
for practical use.

Geoid or quasigeoid models are useful in 
determining GNSS-based heights by transforming 

ellipsoid heights to physical heights. Multiple 
Global Geopotential Models (GGMs) were made 
by combining data of diff erent types, e.g., satellite 
altimetry, surface and airborne/satellite gravimetry, 
GNSS, leveling. In using these models, geoid 
undulations or height anomalies can be computed for 
any point with known coordinates latitude, longitude 
by either interpolation from predefi ned grids or 
harmonic coeffi  cients with fully associated Legendre 
function. These GGMs best fi t on a global scale [3], 
and are good in areas where available data were used 
in constructing the models [7–9].

Alternatively, several local geoid models were also 
generated, most of them relying on local gravimetry 
data by either the least-squares Collocation (LSC) 
method or the Fast Fourier Transform (FFT) method 
relying on Stokes’ integral [e.g., 10], which best fi t 
on a local or regional scale. Recently, there has been 
a demand for unifying the heigh system on the global 
scale via the so-called International Height Reference 
System (IHRS), which is based on geopotential 
numbers rather than conventional height [9]. 
Similarly, a related quantity of geopotential value and 
its variations in time were also studied on a national 
scale utilizing the geodetic boundary value problem 
in line with global gravity fi eld model and surface 
gravity data [e.g., 3].

The approaches to derive geoid models, via geoid 
undulation or geopotential numbers mentioned above, 
are rigorous but require gravimetric observations and 
sophisticated physical and mathematical models. 
This paper aims to apply an easy-to-use approach to 
derive GNSS-based normal heights in Vietnam as an 
alternative to the use of local gravimetric or GNSS/
leveling quasigeoid models. The objectives of this 
paper are three-fold, including i) choosing the global 
high degree and order (d/o) GGM model closest to 
the Vietnam normal height system, ii) creating a four-
parameter model refl ecting geoid/GNSS/leveling 
diff erences to account for the biases and tilts between 
global and local GNSS/leveling geoid models, iii) 
creating a corrector surface using the statistical 
interpolation method Collocation applied to the 
remaining GGM/GNSS/leveling residuals.

This approach is benefi cial in that it not only 
provides an easy-to-use way to derive GNSS-based 
normal heights, but is also easy to be updated 
once a new global GGM model is released with 
improvements, e.g., improved data resolution and 
amount, more advanced data processing approaches 
and standards [9], or additional local GNSS/leveling 
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data are added. A new GGM model could also be 
released to refl ect the change in potential in time of a 
global geoid model due to mean sea level rise and the 
mass redistribution [3]. Even though GNSS/leveling 
data have been used in validating several global 
GGMs in Vietnam [e.g., 7], this only compared those 
models to indicate how good they are by comparing 
to leveling heights. However, a model still needs to 
be developed for conveniently determining normal 
heights in engineering applications. The results in 
this study are validated by comparing the corrector 
surface-based heights with the leveling derived 
normal heights.

Datasets
Global Geopotential Models
Diff  erent GGMs are used in this study to select 

the best fi t model in Vietnam. These tested models 
include the most widely used Earth Gravitational 
Model 2008 (EGM2008) [11], and the most recent 
models of European Improved Gravity model of 
the Earth by New techniques (EIGEN-6C4) [12], 
SGG-Unifi ed Gravity Model second version (SGG-
UGM-2) [13], and Experimental Gravity Field Model 
2019 (XGM2019e) [14] (table 1). In this study, we use 
the fully normalized spherical harmonic coeffi  cients 
of the Earth’s gravitational potential provided for 
each model to estimate height anomalies with respect 
to the World Geodetic System 1984 (WGS84) in the 
tide free system [10].

EGM2008 is a global model developed and 
published by the National Geospatial-Intelligence 
Agency (NGA, U.S.) in 2008. It is provided with 
fully normalized spherical harmonic coeffi  cients 
up to d/o 2190 and off ers grids of ~5 arcminutes. 
EGM2008 was developed based on combined 
satellite altimetry, ground and satellite data [11]. 
EIGEN-6C4 is another high degree model developed 
and published in 2014 by the GeoForschungsZentrum 
(GFZ) German Research Center for Geosciences and 
the French Space Agency (CNES). Like EGM2008, 
EIGEN-6C4 was provided with spherical coeffi  cients 
up to d/o 2190 corresponding to a spatial resolution 
of ~5 arcminutes. EIGEN-6C4 was developed 
using combined data of satellite altimetry, satellite 
gravimetry (Gravity Field and Steady-State Ocean 
Circulation Explorer – GOCE, Gravity Recovery 
and Climate Experiment – GRACE), satellite laser 
ranging (SLR) (Laser Geodynamics Satellites – 
LAGEOS), and terrestrial data  [12].

SGG-UGM-2 is a high degree gravitational 
model published in 2020 by the School of Geodesy 
and Geomatics (SGG) (Wuhan University, China) 
following its predecessor SGG-UGM-1. It was 
completed to d/o 2190. Like EIGEN-6C4, SGG-
UGM-2 was developed by using combined data of 
satellite altimetry, satellite gravimetry (GRACE, 
GOCE), SLR, and terrestrial data [13]. Notably, 
both EIGEN-6C4 and SGG-UGM-2 were based 
on EGM2008 as a reference or for generating 
complementary data. XGM2019 is a combined global 
gravitational model at ultra-high degree (spheroidal 
harmonics up to d/o 5399 corresponding to a spatial 
resolution of 2 arcminutes) developed by the GFZ 
and the Technical University of Munich (TUM), 
which was published in 2019. It was developed 
based on the satellite model GOCO06s, terrestrial 
data supported by NGA, topographic gravity data 
over the land and satellite altimetry derived gravity 
anomalies over the oceans [14]. Unlike EIGEN-
6C4 or SGG-UGM-2, XGM2019 was not based on 
the commonly used model EGM2008. Although the 
error of XGM2019 was reported to be larger than that 
of other existing high-degree models over the well-
surveyed areas because of the sole use of topographic 
forward modeling, it is considered to be globally more 
homogeneous over the global scale and independent 
of existing models [14]. XGM2019 is provided with 
three products with spherical harmonics up to d/o 
760, 2190, and 5540 of which the two products at the 
highest d/o XGM2019e2159 and XGM2019e5540 
are used in this study (table 1).

Table 1. Global Geopotential Models tested in  this study. 
GFZ – GeoForschungsZentrum, NGA – the National 
Geospatial-Intelligence Agency, TUM – the Technical 

University of Munich

Model Published 
year

Published 
agency

Maximum 
degree

EGM2008 2008 NGA (U.S.) 2190

EIGEN-6C4 2014
GFZ 

Potsdam 
(Germany)

2190

SGG-UGM-2 2020
Wuhan 

University 
(China)

2190

XGM2019e2159 2019 TUM 
(Germany) 2190

XGM2019e5540 2019 TUM 
(Germany) 5540
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GNSS/leveling Data
In this study, we use 816 co-located GNSS/

leveling points distributed relatively regularly in the 
Vietnam’s mainland to generate a corrector surface 
(fi g. 1). They belong to the Vietnam national leveling 
networks with 235 fi rst-order, 197 second-order, 
and 384 third-order. The leveling observations were 
measured by high precision spirit levels during the 
years 2001–2003. They were measured by the double-
run method, i.e., forward and backward runs were 
made in each leveling route, and the same distance to 
foresight and backsight staff  at each station setup was 
designed. The closed loop or closed link misclosure 
limits applied to the Vietnam fi rst-, second-, and 
third-order leveling networks are 2 ( 3 ),L L± ±   

4 ( 5 ),L L± ±  and 10 ( 12 ),L L± ±  respectively, 
for fl at (mountainous) areas, with L being the total 
distance of the loop in km [7. 15]. The networks were 
adjusted using the 1950–2005 local mean sea level 
at the Hon Dau tide gauge station (fi g. 1), by which 
normal heights (H*) were estimated [3].

Fig. 1. Co-located GNSS/leveling points forming fi rst-
order (red), second-order (green), and third-order (black) 

leveling networks

GNSS observations were then made over the 
co-located points by the Vietnam Department of 
Surveying, Mapping and Geographic Information 
during the years 2009–2010, using dual-frequency 
GNSS receivers with the static relative method and a 
minimum observation duration of 6 hours per session 

[3, 7]. The GNSS observations were processed and 
adjusted by the Bernese software package [16], by 
which ellipsoidal heights (h) with respect to WGS84 
were derived. Finally, height anomalies (ζGNSS/lev) were 
computed for the entire 816 co-located points [10]:

ζGNSS/lev = h – H*.                       (1)

The maximum, minimum, mean, and standard 
deviation of computed height anomalies are 5.601 m, 
–33.168 m, –14.685 m, and ±12.298 m, respectively.

Methods
This study applies the workfl ow in fi g. 2 to 

generate a GGM/GNSS/leveling corrector surface 
to derive GNSS-based normal heights in Vietnam. 
With the GNSS/leveling points shown in Section 
2.2, GNSS/leveling height anomalies (ζGNSS/lev) are 
computed using Equation (1). 

Fig. 2. Workfl ow of corrector surface generation

At the same time, GGM-based height anomalies 
(ζGGM) are computed using spherical harmonic 
coeffi  cients provided with the tested models shown 
in table 1 (Section 3.1). The GGM/GNSS/leveling 
diff erences are then computed for all co-located 
points, which are the diff erence between ζGNSS/

lev and. These diff erences are then modeled using 
the four-parameter Helmert mathematical model 
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(Section 3.2). The residuals of the least-squares 
fi t model are subsequently interpolated using the 
statistical collocation method (Section 3.3). Finally, at 
a point without leveled height, GNSS can be applied 
in line with the generated corrector surface to derive 
corrector surface based normal height (Hcor).

Computation of GGM-based Height 
Anomalies
With the fully-normalized spherical harmonic co-

effi  cients provided for each GGM, the height anoma-
ly (ζGGM) of a point with spherical coordinates latitude 
(ϕ) longitude (λ), and geocentric radius (ρ) can be 
computed from the disturbing potential [17–19]:

( )
max
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where GM is the product of the Newtonian gravita-
tional constant and the mass of the geopotential mod-
el, γ is the normal gravity at the estimated point with 
an ellipsoidal height h, a is the equatorial radius of the 
geopotential model, C

nm
 and S

nm
 are the fully-normal-

ized spherical harmonic coeffi  cients of degree n and 
order m, Nmax is the maximum degree of the geopo-
tential model, P

nm is the fully normalized associated 
Legendre's function (ALF) that is computed by the 
recursive method [17, 18, 20, 21]: 
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and the initial values of the fully normalized ALF are 
[17, 18, 20]:
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=          (5)

Here, heigh anomalies are computed between 
WGS84 ellipsoid and GGMs with the scaling fac-
tors GM = 3,986,004.415‧108 m3/s2, a = 6,378,137 m. 

The zonal coeffi  cients C20, C40, and C60  are correct-
ed for the diff erences between actual coeffi  cients and 
those of the reference equipotential ellipsoid follow-
ing Rapp [22], and the normal gravity γ is computed 
following Moritz [23].

Deterministic Transformation Model Fitting
Once the GNSS/leveling height anomalies ζGNSS/lev 

and GGM-based height anomalies ζGGM are computed 
for all co-located points applying Equations (1) and 
(2), the diff erences between them can be generated:

ΔζGNSS/lev–ζGGM.                         (6)

The diff erences Δζ are theoretically zero if all 
components GNSS/leveling observations and the 
GGM model were made perfectly. In practice, dif-
ferent noise and errors existing in the GNSS/leveling 
observations, datum inconsistencies between the two 
systems of GNSS/leveling and GGM models, geody-
namic eff ects, and theoretical approximations, result 
in nonzero misclosures ζ0 [24, 25]. 

In order to deal with the datum inconsistencies 
and systematic eff ects, the nonzero misclosures can 
then be modeled using a deterministic transformation 
model for fi tting the diff erences between GNSS/
leveling and GGM-based height anomalies for the 
entire network of co-located points [24]:

Δζ = ax + r,                              (7)

where Δζ is the vector of GGM/GNSS/leveling diff er-
ences of n co-located points [Δζ1, Δζ2, …, Δζ

n
]T, x is 

the vector of m unknown parameters [x1, x2, …, x
m
]T, 

r is the vector of n residuals [r1, r2, …, r
m
]T, a is the 

array of known coeffi  cients of the size n  m:

11 12 1

21 22 2

1 2

.

m

m

n n nm

a a a

a a a

a a a

…⎡ ⎤
⎢ ⎥…⎢ ⎥=
⎢ ⎥
⎢ ⎥…⎣ ⎦

� � � �
a

                 

(8)

Diff erent deterministic models have been applied 
in the literature of which the most widely used four-
parameter (m = 4) Helmert similarity transformation 
model is applied in this study [7, 24–26]:

Δz=a
i
x+r

i
=x+cosφ

i
cosλ

i
x2+cosφ

i
sinλx3+sinφ

i
x4+r

i
, (9)

where φ
i
 and λ

i are the geodetic latitude and longitude 
of the considered point i, x

j
(j = 1, …, 4), is the unknown 

coeffi  cients, r
i
 is the residual. The unknown vector x 

is solved by applying the least-squares principle to 
minimize the sum of the squared residuals r2.
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Least-squares Collocation Interpolation
After applying the deterministic transformation 

model in Section 3.2, a vector of 816 residuals (r
q
), 

incorporating random errors from GNSS/leveling 
observations and the GGM, is derived for the co-
located points. These residuals are subsequently 
modeled by the statistical least-squares collocation 
method from which the residual of a new point j(r

j
int) 

can be computed [27]:
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(10)

where q is the number of co-located GGM/GNSS/
leveling points that are used (sample points), C

jq
 is 

the vector of covariances between the interpolated 
point j and q co-located points, C

qq
 is the array of the 

q  q size of covariances between co-located sample 
points, r

q
 is the vector of q residuals derived after 

fi tting the deterministic transformation model.
Empirical covariances are fi rst computed relying on 

q residuals of the co-located points then a covariance 
model is fi t to derive the covariance parameters. In 
this study, we use a simple collocation function [28]:

C = C0e
–d/L,                             (11)

where C0 is the function variance, d is the distance 
between points, L is the characteristic length. The 
function parameters C0 and L are estimated using the 
least-squares method.

Results and Discussions
Selection of Best-fit GGM
In this section, high degree GGMs shown in ta-

ble 1  are validated relying on GNSS/leveling height 
anomalies to select the best-fi t model over the Viet-
nam mainland for use in subsequent steps shown 
in fi g. 2. GGM-based anomalies are fi rst comput-
ed for each model following Section 3.1, which are 
then compared with GNSS/leveling heigh anom-
alies to derive the GGM/GNSS/leveling diff er-
ences Δζ. The descriptive statistical metrics of the 
diff erences, including the mean, standard deviation, 
maximum, and minimum values, are shown in 
table 2. In comparison between models at maximum 
degrees used, the EGM2008 model shows the worse 
standard deviation of ±0.296 m, while the EIGEN-
6C4 and SGG-UGM-2 models are of very close 

standard deviation values of ±0.196 and ±0.192 m. 
The XGM2019e model with diff erent products has 
the best metrics with the standard deviation values of 
±0.161 m and ±0.156 corresponding to the maximum 
degrees of 2190 and 5540 used. These results confi rm 
what have been concluded in [7].

 Table 2. Comparison of GNSS/leveling and GGM 
height anomalies. The GGMs are listed in the 

descending order of standard deviation. Unit: m

Model M
ax

 
de

gr
ee

M
ea

n

St
d 

D
ev

M
ax

M
in

EGM2008 2190 0.365 ±0.296 1.220 –0.563
EIGEN-6C4 2190 0.451 ±0.196 1.006 –0.591

SGG-UGM-2 2190 0.413 ±0.192 0.968 –0.636
XGM2019e2159 2190 0.420 ±0.161 1.039 –0.249
XGM2019e5540 5540 0.431 ±0.156 0.945 –0.110

We recall here that, except for the XGM2019e5540 
product, all other models/products are provided with 
the same degree up to 2190. Therefore, we then 
validate those models at diff erent d/o used to see 
how the standard deviation of GGM/GNSS/leveling 
diff erences progresses with the increase of d/o used. 
We test d/o from 5 to 2190 with a step of 5 with the 
results shown in fi g. 3. 

Fig. 3. Comparison of GGMs in the standard deviations 
at diff erent d/o. The dashed black lines indicate the d/o 
of 120  where all four models are of the same standard 

deviation of  ~±0.46 m. The solid black lines indicate the 
d/o 195 where the models EIGEN-6C4, SGG-UGM-2, and 
XGM2019 have similar standard deviation of ~±0.29 m, 
which are signifi cantly better than the model EGM2008

The results show that at d/o up to 120 (black 
dashed line in fi g. 3), all four tested models are of 
a similar standard deviation of ~±0.46 m. After 
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this d/o and up to d/o 195, the standard deviations 
of the three models EIGEN-6C4, SGG-UGM-2, and 
XGM2019e signifi cantly reduce and are much better 
than that of EGM2008. Up to d/o 195, the standard 
deviation of those three models is ~±0.29 m, while 
that of EGM2008 is  ~±0.35 m. After d/o 195 and 
up to the maximum d/o 2019, the model XGM2019e 
is superior to the other models. Therefore, the model 
XGM2019e5540 will be adopted hereinafter for 
further steps shown in fi g. 2.

Corrector Surface Model Validation
To assess the corrector surface model's performance, 

we compare height anomalies estimated from the 
corrector surface model with GNSS/leveling height 
anomalies at co-located points (see table 3). To this end, 
GGM-based height anomalies are calculated using the 
best-fi t XGM2019e model as shown in table 2, followed 
by computing diff erences between GGM and GNSS/
leveling height anomalies (table 3, 2nd row). A four-
parameter deterministic model is fi tted to calculate both 
model-based height anomaly diff erences Δζmodel (table 3, 
3rd row) and residuals r (table 3, 4th row). 

In comparison between the 2nd and 3rd rows of 
table 5, it can be seen that the distribution of GGM/
GNSS/leveling diff erences is more dispersed than the 
modeled diff erences indicated by a larger standard 
deviation and range (i.e., the diff erence between the 
maximum and minimum values); specifi cally, the 
standard deviation of the two datasets are ±0.153 m 
and ±0.043 m, respectively, and their ranges are 
0.866 m and 0.159 m, respectively. This indicates 
that potential datum inconsistencies between the two 
systems and systematic errors and noise in the GNSS/
leveling and GGM have been modeled by the four-
parameter fi tting, but the random errors still exist. 
These inconsistencies and systematic errors may 
contain long/medium wavelength errors in the GGM, 
biases and trends in GNSS/leveling height anomalies, 
and systematic errors accumulated in the leveling 
data, particularly with points located at long distances 
from the Vietnam’s local vertical datum at the Hon 
Dau tide gauge station (fi g. 1) [25].

The collocation interpolation method, utilizing 
the leave-one-out approach, is then employed to 
estimate residuals at co-located points; for each point, 
it is temporarily excluded from the dataset, and the 
remaining points are used to interpolate its residual 
value. Application of the collocation method requires 
an empirical covariance function, which is derived 
by fi tting the residuals of the co-located points with 
a Gauss–Markov model. The empirical and fi tted 
covariance functions are presented in fi g. 4.

Fig . 4. Empirical and Gauss Markov fi tting covariances 
computed from co-located points

Using the workfl ow presented in fi g. 2, corrector 
surface-based height anomalies for co-located points 
are determined by combining the GGM-based height 
anomaly, the model-fi tting height anomaly diff erence, 
and the interpolated residual at each co-located point. 
The diff erence between these estimated values and the 
GNSS/leveling height anomalies serves as an indicator 
of the model’s accuracy. Fig. 5 shows the GNSS/leveling 
height anomalies (a), the corrector surface-based height 
anomalies (b), and their diff erences (c).

The statistics of the GNSS/leveling height anomalies, 
the corrector surface based height anomalies, and their 
diff erences are summarized in table 4, including the 
mean, standard deviation, maximum, and minimum 
values. The distribution of the height anomaly diff erences 
is illustrated in fi g. 6. The results show that applying 

Table 3. Statistical summary of components used to validate the corrector surface model at co-located points. The 
GGM-based height anomalies are computed relying on the best fi t model XGM2019e5540. Unit: m

Row Component Mean Std Dev Max Min
2nd GGM/GNSS/leveling diff erence Δζ (co-located points) 0.432 ±0.153 0.890 0.024
3rd Δζmodel model-fi tting (co-located points) 0.431 ±0.043 0.476 0.317
4th GGM/GNSS/leveling residual r 0.000 ±0.150 0.493 –0.574
5th Collocation interpolated residual rint (grid points) –0.004 ±0.135 0.466 –0.546
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the corrector surface reduces the standard deviation of 
the height anomaly diff erences to ±0.083 m, compared 
with ±0.153 m obtained without the corrector surface 
(table 3, 2nd row).

Tabl e 4. Statistics of GNSS/leveling height anomalies, 
corrector surface based height anomalies, and their 

diff erences. Unit: m

Component Mean Std Dev Max Min
GNSS/leveling 
height anomaly 
ζGNSS/lev

–14.611 ±12.275 5.601 –33.168

Corrector 
surface based 
height anomaly 
ζcor

–14.686 ±12.298 5.609 –33.102

Height anomaly 
diff erence 0.001 ±0.083 0.461 –0.323

Fig. 6. Histogram of height anomaly errors

Corrector Surface Generation at Regular Grids
In this section, we create a corrector surface at 

regular grids of 5 arcminutes relying on the entire 816 
co-located GNSS/leveling points (fi g. 1), following 
the workfl ow in fi g. 2. First, GGM-based height 
anomalies are estimated for all grid points relying on 
the best fi t model XGM2019e5540 up to d/o 5540 with 
the results shown in fi g. 7, a and statistical summary, 
including mean, standard deviation, maximum, and 
minimum values, shown in table 5 (2nd row). Then, the 
four-parameter deterministic Helmert transformation 
model derived from Section 4.2 at co-located points is 
applied to estimate model diff erences at 5-arcminute 
grids shown in fi g. 7, b and table 5 (3rd row).

The statistical summaries of Δζmodel shown in table 5 
(3rd row) for 5-arcminute grid points are identical with 
those of co-located points (table 3, 3rd fow) indicating 
that the co-located GNSS/leveling points are well-
distributed throughout the Vietnam’s mainland. 
Subsequently, the collocation model developed in 
Section 4.2 is applied to interpolate residuals at the 
grids with the results shown in fi g. 7, c and table 5 
(4th row). Those three estimated components are fi nally 
sum together to get the corrector surface based height 
anomalies ζcor at the regular grids with (fi g. 7, d and the 
5th row of table5). These gridded values are then ready 
to be used for other applications in which ellipsoidal 
height can be transformed into leveling height 
according to the Vietnam national height system.

Conclusions
This study has presented an easy-to-use and 

practical approach for GNSS-based leveling height 

    
Fig.  5. Absolute height anomaly errors over the co-located GNSS/leveling points
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determination in Vietnam by integrating GGMs with 
existing GNSS/leveling data through a corrector 
surface methodology. Unlike conventional approaches 
that rely on dense local gravimetric observations or 
the development of a dedicated national quasigeoid 
model [29–31], the proposed framework combines 
a high-degree global geopotential model, a 
four-parameter deterministic Helmert transformation, 
and least-squares collocation interpolation of 
residuals. This strategy signifi cantly reduces 
complexity while maintaining a level of accuracy 
suitable for engineering and geodetic applications.

A comprehensive evaluation of several 
state-of-the-art global geopotential models 
demonstrates that the XGM2019e model provides 
the best overall performance over the Vietnamese 
mainland, particularly at high spherical harmonic 
degrees. When combined with the four-parameter 
deterministic fi tting, systematic biases and 
long-wavelength discrepancies between the global 
model and the national GNSS/leveling height system 
are eff ectively mitigated. The subsequent application 
of least-squares collocation further accounts for 
remaining medium- and short-wavelength residuals, 
capturing local variations not represented in the 

global model alone. Validation using 816 co-located 
GNSS/leveling points shows that the proposed 
corrector surface reduces the standard deviation of 
height anomaly diff erences from ±0.153 to ±0.083 m, 
confi rming a substantial improvement in accuracy.

The resulting corrector surface, generated at a regular 
grid resolution of 5 arcminutes, provides a consistent 
and effi  cient means to transform GNSS-derived 
ellipsoidal heights into leveling heights compatible 
with the Vietnam national height system. This product 
is particularly valuable for practical applications where 
rapid and reliable height determination is required. 
Moreover, the proposed methodology is fl exible 
and future-proof in that it can be readily updated as 
new global geopotential models become available or 
as additional GNSS/leveling data are incorporated, 
without the need for extensive reprocessing.

Overall, the fi ndings demonstrate that a carefully 
selected global geopotential model, when augmented 
by a simple deterministic transformation and statistical 
interpolation of residuals, can serve as a robust alternative 
to local gravimetric quasigeoid models in regions with 
limited gravity data coverage. The approach developed 
in this study off ers a cost-eff ective and scalable solution 
for GNSS-based height determination.

Table 5. Statistical summary of components used to generate a corrector surface at regular grids of 5 arcminutes. The 
GGM-based height anomalies are computed relying on the best fi t model XGM2019e5540. Unit: m

Row Component Mean Std Dev Max Min
2nd GGM-based height anomaly ζGGM –15.381 ±12.661 5.518 –34.387
3rd Δζmodel 0.431 ±0.044 0.476 0.304
4th Collocation interpolated residual rint –0.004 ±0.135 0.466 –0.546
5th Corrector surface based height anomaly ζcor –14.954 ±12.627 6.020 –33.946

      
Fig. 7. Corrector surface generation at 5-arcminute grids: (a) XGM2019e5540-based height anomalies (ζGGM), (b) 

modeled height anomaly diff erences based on the four-parameter deterministic Helmert transformation model (Δζmodel), 
(c) residuals at gridded points interpolated from co-located points by the Collocation method, (d) corrector surface at 
  gridded points computed as the combination of GGM ζ in (a),   model-fi tting Δζ in (b) and interpolated residuals rint in (c)



УСТОЙЧИВОЕ РАЗВИТИЕ ГОРНЫХ ТЕРРИТОРИЙ

Т. 18, № 2 (68), 2026 г.802

References

1. Bomford B.G. Geodesy. London: Oxford University 
Press, Amen House, 1983.

2.  Gerlach C., Rummel R. Benefi t of classical leveling 
for geoid-based vertical reference frames. Journal of 
Geodesy, 2024, vol. 98(7), p. 64.

3.  Vu D.T. et al. Determination of the geopotential value 
on the permanent GNSS stations in Vietnam based 
on the Geodetic Boundary Value Problem approach. 
Geophysical Journal International, 2021, vol. 226(2), 
pp. 1206–1219.

4. Albright A., Glennie C. Nearshore Bathymetry From 
Fusion of Sentinel-2 and ICESat-2 Observations. 
IEEE Geoscience and Remote Sensing Letters, 2021, 
vol. 18(5), pp. 900–904.

5. Chelton D.B. et al. Satellite Altimetry, in International 
Geophysics. Chapter 1. Ed. by L.-L. Fu, A. Cazenave. 
Academic Press, 2001, p. 1–ii.

6. Bui L.K. et al. Recent land deformation detected by 
Sentinel-1A InSAR data (2016–2020) over Hanoi, 
Vietnam, and the relationship with groundwater level 
change. GIScience & Remote Sensing, 2021, vol. 58(2), 
pp. 161–179.

7. Pham H.T. et al. Performance evaluation of high/ultra-
high-degree global geopotential models over Vietnam 
using GNSS/leveling data. Geodesy and Geodynamics, 
2023, vol. 14(5), pp. 500–512.

8. Gruber T., Willberg M. Signal and error assessment 
of GOCE-based high resolution gravity fi eld models. 
Journal of Geodetic Science, 2019, vol. 9(1), pp. 71–86.

9. Sánchez L. et al. Strategy for the realisation of the 
International Height Reference System (IHRS). 
Journal of Geodesy, 2021, vol. 95(3), p. 33.

10.  Vu D.T., Bruinsma S., Bonvalot S. A high-resolution 
gravimetric quasigeoid model for Vietnam. Earth, 
Planets and Space, 2019, vol. 71(1), p. 65.

11.  Pavlis N.K. et al. The development and evaluation of the 
Earth Gravitational Model 2008 (EGM2008). Journal of 
geophysical research: solid earth, 2012, vol. 117(B4).

12.  Foerste C. et al. EIGEN-6C4 The latest combined 
global gravity fi eld model including GOCE data up 
to degree and order 2190 of GFZ Potsdam and GRGS 
Toulouse. GFZ Data Services, 2014.

13.  Liang W. et al. A High-Resolution Earth’s Gravity 
Field Model SGG-UGM-2 from GOCE, GRACE, 
Satellite Altimetry, and EGM2008. Engineering, 2020, 
vol. 6(8), pp. 860–878.

14. Zingerle P. et al. The experimental gravity fi eld model 
XGM2019e. GFZ Data Services, 2019.

15.  MONRE, National technical regulation on establisment 
of leveling network (QCVN 11:2008/BTNMT). Vietnam 
Ministry of Natural Resources and Environment, 2008.

16.  Dach R. et al. Bernese GNSS Software Version 5.2. 
User manual. Bern: Publishing Astronomical Institude, 
University of Bern, 2015.

17.  Bui L.K. Refi ning geoidal heights computed by fully-
normalised spherical harmonics coeffi  cients of the 
earth gravitational model EGM2008 by adjustment 
of combined GPS/levelling/geoid network. Vietnam 
Journal of Earth Sciences, 2014, vol. 36(2), pp. 169–174.

18. Bui L.K., Vu D.T. Computation of height anomaly in 
Vietnam territory using fully-normalised spherical 
harmonic coeffi  cients of the Earth Gravitational Model 
EGM2008. Journal of Mining and Earth Sciences, 
2014, vol. 36, pp. 77–84.

19. Hirt C. Effi  cient and accurate high-degree spherical 
harmonic synthesis of gravity fi eld functionals at the 
Earth’s surface using the gradient approach. Journal of 
Geodesy, 2012, vol. 86(9), pp. 729–744.

20. Holmes S.A., Featherstone W.E. A unifi ed approach 
to the Clenshaw summation and the recursive 
computation of very high degree and order normalised 
associated Legendre functions. Journal of Geodesy, 
2002, vol. 76(5), pp. 279–299.

21. Fukushima, T., Recursive computation of fi nite 
diff erence of associated Legendre functions. Journal of 
Geodesy, 2012, vol. 86(9), pp. 745–754.

22. Rapp R.H. A Fortran program for the computation 
of gravimetric quantities from high degree spherical 
harmonic expansions. Ohio State University, 
Department of Geodetic Science and Surveying, 1982.

23.  Moritz H. Geodetic reference system 1980. Bulletin 
géodésique, 1980, vol. 54(3), pp. 395–405.

24. Kotsakis C., Sideris M.G. On the adjustment of 
combined GPS/levelling/geoid networks. Journal of 
Geodesy, 1999, vol. 73(8), pp. 412–421.

25. Vu D.T. et al. A Quasigeoid-Derived Transformation 
Model Accounting for Land Subsidence in the Mekong 
Delta towards Height System Unifi cation in Vietnam. 
Remote Sensing, 2020, vol. 12(5), pp. 817.

26.  Iliff e J.C. et al. OSGM02: A new model for converting 
GPS-derived heights to local height datums in Great 
Britain and Ireland. Survey Review, 2003, vol. 37(290), 
pp. 276–293.

27. Moritz H. Least‐squares collocation. Reviews of 
geophysics, 1978, vol. 16(3), pp. 421–430.

28. Smith D.A., Milbert D.G. The GEOID96 high-
resolution geoid height model for the United States. 
Journal of Geodesy, 1999, vol. 73(5), pp. 219–236.

29. Didmanidze O.N., Karelina M.Yu., Klyuev R.V., 
Martyushev N.V., Serdechnyy D.V. Application of 
artifi cial intelligence and modern technologies in 
geomonitoring to improve the effi  ciency of the mining 
industry utilising the earth’s resources. News of the Na-
tional Academy of Sciences of the Republic of Kazakh-
stan, Series of Geology and Technical Sciences, 2025, 
vol. 2, pp. 84–96. https://doi.org/10.32014/2025.2518-
170X.492.

30. Sokolov I.V., Nikitin I.V. Determining the optimal 
location for a truck decline in a pit when opening pit 
reserves at kimberlite deposits. Minerals and Min-



V. 18, no. 2 (68), 2026 803

SUSTAINABLE DEVELOPMENT OF MOUNTAIN TERRITORIES

ing Engineering, 2024, vol. 2, pp. 42–50. https://doi.
org/10.21440/0536-1028-2024-2-42-50.

31. Gairabekov B.G., Taymaskhanov H.E., Saydumov M.S., 
Zaurbekov S.S., Khasaev B.M., Mintсaev M.S. 

Development of the mathematical model for analysis 
of leveling points stability of reference leveling grid. 
Journal of Theoretical and Applied Information 
Technology, 2015, vol. 81(1), pp. 18–25.

Information about the authors

Ha Nguyen – Dr., Deputy Head of the 
Department, Department of Engineering 
Surveying, Faculty of Geomatics and Land 
Administration, Hanoi University of Mining and 
Geology, 18 Vien Street, Dong Ngac Ward, Hanoi 
100000, Vietnam, nguyenha@humg.edu.vn

Luyen K. Bui – Dr., Geodesy and Environment 
Research Group,  Faculty of Geomatics and Land 
Administration, Hanoi University of Mining and 
Geology, 18, Vien street, Dong Ngac Ward, Hanoi, 
100000, Vietnam, buikhacluyen@humg.edu.vn 

Quoc Long Nguyen – Dr., Associate Professor, 
Head of Department, Department of Mine 
Surveying, Faculty of Geomatics and Land 
Administration, Innovations for Sustainable and 
Responsible Mining, Hanoi University of Mining 
and Geology, 18, Vien street, Dong Ngac Ward, 
Hanoi, 100000, Vietnam, nguyenquoclong@
humg. edu.vn

Corresponding author: Nguyen L.Q., 
nguyenquoclong@humg.edu.vn

Сведения об авторах

Ха Нгуен – доктор, заместитель заведующе-
го кафедрой инженерных изысканий факуль-
тета геоматики и землепользования, Хано-
йский университет горного дела и геологии, 
Вьетнам,100000, г. Ханой, район Донг Нга, 
ул. Вьен, 18, nguyenha@humg.edu.vn

Луен К. Буй – доктор, группа исследова-
ний геодезии и окружающей среды, факуль-
тет геоматики и землеустройства, Ханой-
ский университет горного дела и геологии, 
Вьетнам,100000, г. Ханой, район Донг Нга, 
ул. Вьен, 18, buikhacluyen@humg.edu.vn

Куок Лонг Нгуен – доктор, доцент, заведу-
ющий кафедрой маркшейдерского дела, фа-
культет геоматики и землепользования, инно-
вации для устойчивой и ответственной добычи 
полезных ископаемых, Ханойский университет 
горного дела и геологии, Вьетнам,100000, 
г. Ханой, район Донг Нга, ул. Вьен, 18, 
nguyenquoclong@humg. edu.vn

Автор-корреспондент: Нгуен Л.К., 
nguyenquoclong@humg.edu.vn

Contribution of the authors 

All authors made an equivalent contribution to the 
preparation of materials and publication of the article.

Критерий авторства

Все авторы внесли равноценный вклад в подготовку 
материалов и публикацию статьи.

Conflict of interest

The authors declare no conflict of interest.

Конфликт интересов 

Авторы заявляют об отсутствии конфликта интересов.

Received: 03.04.2026
Revised: 05.05.2026
Accepted: 29.05.2026

Получена редакцией 03.04.2026
Получена после рецензии 05.05.2026
Принята к печати 29.05.2026



УСТОЙЧИВОЕ РАЗВИТИЕ ГОРНЫХ ТЕРРИТОРИЙ

Т. 18, № 2 (68), 2026 г.574

 

Устойчивое развитие 
горных территорий

2026

Sustainable development 
of mountain territories
2026


