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In this paper, we propose an efficient analytical approach based on fractional calculus and singularity
value theory to designing the finite-time H., controller for linear singular fractional differential equations
with time-varying delay. By introducing new fractional-order H.. norm, the state feedback controller is
designed to guarantee that the closed-loop system is singular, impulse-free and finite-time stable with
prescribed H., performance. New sufficient conditions for designing the H.. finite-time controller are
presented. The results of this paper improve the corresponding ones of integer-order singular systems
with time-varying delay. Finally, a numerical example demonstrates the validity and effectiveness of the
proposed theoretical results.

Keywords: Fractional derivative, Finite-time control, Singular systems, Mittag-Lefller functions, Laplace
transform, time-varying delays.

1. Introduction

During the past decades, the research on fractional differential equations (FDEs) has attracted increas-
ing interest and has numerous applications in science and engineering. There has been a significant
theoretical development in FDEs (Podlubny, 1999; Kilbas et al., 2006; Lakshmikantham and Vatsala,
2007; Kamal et al., 2015; Buslowicz, 2016; Wu and Baleanu, 2018). So far, there has been a growing
research interest on the H.. control problem of dynamical systems (Francis, 1987; Petersen et al., 2000).
The research activities for the problem have been developed for integer-order systems (Fridman and
Shaked, 2003; Haidi and Mohamad, 2020, Zhang et al., 2018). For fractional-order systems, there are
some results about H.., control for FDEs. In (Boukal et al., 2017) the authors studied H,, observer-based
control of FDEs with gain parametrization. The authors of (Shen and Lam, 2014) designed state feed-
back H.. controllers of commensurate FDEs, meanwhile the paper (N’Doye et al, 2015) designed output
feedback H.. controllers of Glucose-insulin FDEs without delays.

In practice, one concerns the boundedness of solutions during a prescribed time interval, which is
called finite-time stability (FTS) (Donato, 1961; Amato et al., 2014). FTS involves dynamical systems
whose solutions are bounded over finite time. Many significant results on the finite-time stability and
control have been obtained in the last decade. For integer-order systems, paper (Guo et al. 2013) pro-
posed significant criteria for designing finite-time H.. controllers of linear systems without delay by
using Lyapunov function method and linear matrix inequality techniques. In (Zong et al., 2015, Sun and
Zhao, 2021), the authors studied finite-time H., control for switched nonlinear discrete systems with
delays by applying Lyapunov-Krasovskii method. For fractional-order systems, the authors of (Liu et
al., 2018, Thuan et al., 2020) investigated finite-time H., control for FDEs without delays. On the other
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hand, the singular (or differential-algebraic, implicit, descriptor) systems have received substantial in-
terest from researchers due to their widespread practical applications in control engineering (Dai, 1989;
Wu et al. 2013, Fridman, 2002). When studying stability and control of singular systems, an aspect
to be considered is ensuring the admissibility (stability, impulse-free and regularity) of the system. By
employing the singular value decomposition and Lyapunov function method, there are various signifi-
cant results on the stability and control problem proposed in (Mahmoud, 2009; Osorio-Gordillo, 2018;
Phat et al., 2020, Chen et al., 2021; Du et al., 2021) for integer-order singular systems with delays. For
singular FDEs with delays, the authors of (Pang and Jiang, 2014, Zhang et al., 2014, Liu et al., 2017,
Thanh et al., 2020) proposed delay-dependent conditions for the asymptotic and finite-time stability. It
is worth noting that there are no results on finite-time H., control of singular FDEs with delays, since
the classical solutions and methodology of singular FDEs cannot be applied for these systems.

In this paper, we study the problem of finite-time H., control for linear singular FDEs with interval
time-varying delay. The contributions of our paper are summarized as follows.

(i) The singular FDEs under consideration deals with interval nondifferentiable time-varying delay and
normed bounded perturbations.

(ii) A novel approach based on the fractional calculus (Caputo derivative, Laplace transform, the Mittag-
Lefler function) and the singularity value theory is proposed to solve the finite-time H.. control problem.
(iii) By introducing a new fractional-order H., norm, the delay-dependent conditions are derived and
presented in the form of tractable matrix inequalities.

(iv) Comparing with the existing works, the proposed results can be applied to more general FDEs with
delays including the works of (Zhang et al., 2014, Shen & Lam, 2014, Mathiyalgan and Balakchandran,
2016, Liu et al., 2018, Osorio-Gordillo et al., 2018, Thuan et al., 2020).

The paper is organized as follows. Section 2 introduces basic definitions of Captupo derivative
with its properties and the control problem to be considered. Mail result on the design of finite-time
H.. controllers is presented in Section 3 with a numerical example and simulations. Finally, Section 4
summarizes the conclusions.

2. Preliminaries

The following notations are used throughout this paper. C denotes the complex spaces; R” denotes the
n—dimensional Euclidean space: R"*™ stands for the space of all (n x m)- matrices; A(A) denotes the
set of all eigenvalues of A; Ayin(A) = min{Red : A € A(A)}; Apax(A) = max{Red : A € A(A)}; A is
positive definite (A > 0) if (Ay,y) > 0 for all y # 0; L'[0,b] denotes the space of integrable functions on
[0,D]; AV denotes the gradient of vector function V (.), [a] denotes the integer part of a.

In order to describe the problem, we will recall some basic definitions about fractional calculus and
several useful lemmas of (Podlubny, 1999; Kilbas et al., 2006). For o € (0,1) and x € L'[0,T], the
Riemann-Liouville integral and the Riemann-Liouville derivative are respectively defined by

I%x(t) = ﬁ /Ol(t — )% x(s)ds,

d
DRx(t) = — (51 7%(r)),
dt
where I'(s) = [e~'t*"1dt, Re(s) > 0 is the gamma function. The Caputo derivative is then defined as
0

DEx(t) = IR (x(1) —x(0)).
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Recall the Mittag-Lefler function E,, g(z) and the Laplace transform Z’[x()](s) defined respectively by

nZOF na+B g[x(fﬂ(s) :b/€Stx(t)dt

For ﬁ = 17 denote Ea (Z) = Ea,l (Z)

LEMMA 2.1 (Kilbas et al., 2006). For o > 0,z > 0, the Mittag-Lefler function Ey(z) is an increasing
function and E¢(z) > 1.

LEMMA 2.2 (Kilbas et al., 2006) Let x,y € L'[0,T], & € (0,1),h > 0, we have

(@) Z[Z¢x(1)](§) = E*Lx(1)](§) — £%'x(0).

() L[ EX ()] (&) = m k=1,2,..., Re(E) > h'/o.

© Zxxy@)](§) = ZLK)](E) - L&),

t
where the convolution of x(¢) and y(z) is defined by xxy(¢) = [x(r — 7)y(7)d7.
0

LEMMA 2.3 (Trinh & Tuan, 2018) Let x(¢) be a continuous function, V(.) : R" — R be a convex and
differentiable function such that V(0) = 0. We have

IEV (x(1)) <AV (x(1)), ZEx(1))), 1 20.

Consider the following singular FDEs with time-varying delay:

EZZx(t) =Ax(t)+Dx(t—1(t)) +Bu(t) + Waol(r),
Z(t) = Cx(t) + Hx(r — t(1)), 2.1)
x(s) =0(s), s € [-n,0],

where 0 < a < 1;x(r) € R”" is the state, u(t) € R™ is the control, @(¢) € R? is the disturbance, E is a
singular matrix: rank E = r <n; A,D,C,H € R"™" B € R"™"™ W € R"™P are given constant matrices,
¢(.) is the continuous initial function, the delay function 7(¢) satisfies

I, >0 0<17<1(t)<T, 120
the disturbance o(r) satisfies

3d>0: supllo@)|*<d, t>0. (2.2)
120

As in (Dai, 1989) we recall that system (2.1) is regular if det(sE — A) is not identically zero and is
impulse-free if deg(det(sE —A)) = rank E, for some ¢ € C.

DEFINITION 2.1 For scalars ¢; > 0,¢; > 0,T > 0, system (2.1) is FTS w.r.t. (¢1,c2,7) if it is regular,
impulse-free and the following relation holds:

sup [lo(s)[> <er = [x(n)|* <2, 1€10,7].
SE[—Tz,O]
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Let us introduce the fractional-order norm of f(¢) defined by

1flle = { sup_ %[ f ()]},
s€[0,T]

It is notable that || f||¢ defines a norm in L'[0, 7], and for a = 1 this norm is reduced to the L, norm of
f(¢) because of

s T
sup 72 £5)|P= sup_[ILf(IPar= [Iif(o)Pax.
s€(0,T] s€[0,T] 0 0

DEFINITION 2.2 For scalars ¢y > 0,¢; > 0,7 > 0,7 > 0, the finite-time H. control problem for system
(2.1) is solvable if there exist a number co > 0 and a control u(r) = Lx(¢) such that the resulting closed-
loop system is FTS w.r.t.(c1,c2,T) and

[HOIIF
coll @[l + | (s)|

sup T < 2.3)
o

where the supremum is taken over all non-zero initial conditions @(.) and disturbances ®(¢) satisfying
(2.2).

3. Finite-time H., control design

This section presents delay-dependent criteria for designing the finite-time H., controllers. Consider
singular system (2.1), where the singular matrix E is, without of generality as in (Fridman, 2002),
assumed that E = [16 8} . By using the feedback controller u(z) = Lx(¢), where the matrix L € R™*"
will be designed, the closed-loop system of (2.1) has the form

3.1)

EZ&x(t) = Ax(t)+Dx(r—1(t)) +Wo(r),
x(t) @), t€[-m,0]
where A = A+ BL. Setting

An Ap Dy Dip o (t)
A= ; D= ;o Wo(r) = ,
(AZI Ay Dy Dy ®) (1)
under the state transformation x(¢) = [x;(7), x2(7)], x1(¢) € R", x2(¢) € R""", the closed loop system
(3.1) has the form of fractional differential-algebraic equations
ngl (1) =Aux1(®)+Apx(t) +Dixi(t—t(t)) + Dipxa(t — T(t)) + 01 (2),
0 = Ag1x1 (1) + Appxp (1) + Dogxy (£ — T(8)) + Dapxa(t — T(2)) + w2 (2), (3.2)
x(1) =¢@), 1 €[-n,0].

For given matrices E,A,B,W and matrices Agzl ,Y, non-singular matrix P € R"*" to be defined, we
introduce the following notations.

_ (0 0\ v
b= (o 1,,r>’7° 7/ e
1+20E(nT?) L (Ea(nT®) 1)/~

j=0
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B = max{||A%) Aai [, [1A2; Do | | A3, Doz},

[T/n]+1 .
Bi = Amax(P~'E) _):0 (Ea(02T%) —1)Eq(12T),
j=
[T/7]+1 T
B2 = WEa (02 T*) .ZO (Eo(n2T%) — 1)/~ ~d,
=

B B2 i .
B3 i lmirz (Pl) ’ ﬁ4 )Lmin (Pl) ’ ﬁS i:O,lg}.(C.l.).g[T/T]] kE’OB ’ ﬁﬁ i:0~lvrzr}flﬁT/Tl] ‘B ’

Br=lARIWlvd, ¢= 2ﬁm+g7,
Eyy =AP' +PAT +BY +(BY)' —nEP' + ?WWT +EAPT +P(EA)T
0

_ _ 4 __
+EBY +(EBY) " + ?EW(EW)T,
0
Ei,=DP" +EDP" +P(EA)" +(EBY)",E;3=PA" + (BY)T,

4 — — 4_ 4
Ey = —nEP'+—WW' +EDP" +P(ED)" + —EW(EW)",E33 = —P' —P+—WW'.
1o Y Y
THEOREM 3.1 For scalars ¥ > 0,c; > 0,¢p > 0,T > 0, problem of finite-time H., control for system
(2.1) is solvable if there exist a non-singular matrix P and a matrix Y such that the following conditions
hold:

EP" =PET >0, (3.3)

E;y Enp Eiz  PCT 0
E» PDT 0 PH'

*
« % Es; 0 0o |<o, (3.4)
* * * —0.51 0
* * * * —0.51
c1+
BB | (¢ps+ poer) <on 6:5)
)vmin(Pl)
The state feedback control is defined by u(t) =Y (P~')"x(t), t€[0,T].

Proof.
P Pp
Py Py

(L 0\ (P 0
PrE=P <00P210>0’

Step 1. Regularity and impulse-free. Setting P~! = ( ) and using condition (3.3), we have

0 0
and hence
_ P 0 _ P P
_ —_pT > 1 _ (11 1_ (0 12
Py=0,P=P 20,PE (0 0 , P 0 Pn) 3.6)
P P

Since matrix P is nonsingular and P! =

Moreover, by the Schur complement lemma, the LMI condition (3.4) gives

AP" +PA" +BY +(BY)" —nEP" +EAP" +P(EA)" +EBY + (EBY)' <0,

) , from (3.6) it follows that det(P;) # 0, P, > 0.
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and hence
PlA+BY(P Y+ A+BY(P YT (P —nP'E
+P 'EA+EAT(P YT +PEBY(P )Y +[P'EBY(P )] <O0.
Letting L=Y (P~ )T gives
PIA+AT(P Y —nP 'E+P'EA+(PT'EA)T <O. (3.7

Besides, we describe the matrices P_IA, PE , P~ 'EA as follows

Pl — (Pl P12> (An Au) _ <P1A11 +PAy PlAR +P12A22>

0 Pn)\Au Axp P Ao PyAg ’
re=(3 )
= 110 0 P P 0 0 Ay A PAy PioA
piEa=ptly 0 Ja= (0 B0 o) (o an)= (R 7an):
Then, combining with the derived inequality (3.7) we obtain that
(P2)Ags+ Ay (P2) " <0,

which gives det(Ay;) # 0 and then the system is regular and impulse-free.

Step 2. Finite-time stability. Consider the functional V(x(t)) = x(t) " P~1Ex(t). Since V(.) is a non-
negative convex function satisfying condition of Lemma 2.3, we then can estimate the Caputo derivative
of V(x(z)) as

28(V(x(1)) < 2x(t) "PTEZ&(x(1)), t=0.

Therefore, we have

P8V (x(1))) <2x(t) P! (Ax(t) +Dx(t — T(t)) + BLx(t) +Wco(t))
<2x(r)T P! (Ax(t) +Dx(t — t(t)) + BLx(1) + W(u(t))

—oox(t —2()) TP Ex(t — (1)) + 1V (x(t — 7(1)) (3.3)
— oox(t) TPV Ex(t) + w2V (x(2)) + 2| Cx(0) |

+2||Hx(t = o(1))||* = 2/[Cx(1) > = 2| Hx( — (1)) |*
Multiplying left both sides of (2.1) by 2(EZZx(t))"P~!, 2x(t)) "P~'E, 2x(t — t(t)) "P~'E, we get

0=—2EZZx(t)) ' PYEDZx(t) + 2(EZZx(t)) " P~ [Ax(r) + Dx(r — ©(1)) + BLx(t) + W (1)),
0=—2x(t)) TP "EEZ2x(t) +2x(t) " P~ E[Ax(t) + Dx(t — (t)) + BLx(t) + W (1)],

0=—2x(t—1(t)) ' PYEEDZx(t) + 2x(t — t(t)) " P~ VE[Ax(r) + Dx(t — ©()) + BLx(t) + W (1)).
(3.9)
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Using the following inequalities

4 _ _ _
X PEW (P EW) T ?Hw(r)”z >% P IEW (),
0

;x(t)TP”W(P*lW)Tx(t) + ?Hw(l)”z >2x(1) ' P 'Wa(r),
0

;(E-@gX(t))TP_IW(P_IW)T(E@gX(t)) + ?Ilw(t)ll2 >2(EZ¢x(1)) P W),
0

gx(t — (1)) TPEW(PTUEW) x(t — 7(1)) + ?Hw(r)”z >2x(t — 7(1)) TP 'EW (1),
0

and from (3.8)-(3.9) it follows that
ZEV(x(1))) <C(1) QL)+ 1V (x(t —1(1))) + 2V (x(1))
—2[Cx(1)|1* = 2[|Hx(t — 7(2))|I* + Wl (1) |1,
where §(t) = [x(1),x(t — (1)), EZZx(1)], Q = [Qij]3x3,
Q=P '"A+(P'A)"+P'BL+(P7'BL)" — P 'E4+2C"C+ ;P‘lw(P‘IW)T
0

(3.10)

+P'EA+ (P'EA)" + P 'EBL+ (P 'EBL)" + iP*IFW(P*IEW)T,
Q=P 'D+P'ED+(P'EA)" + (P7'EBL)", Q3 = (PY*UIA)T +(P7'BL)T,
Qp=-—1P 'E+2HTH+ %P’IW(P*]W)T +P'ED+ (P7'ED)" + %P*'FW(P*'EW)T,
Q=[P 'D]", Qus=—P ' (P )T+ iP*IW(P*IW)T.
Moreover, note that o
Q <0< diag[P,P,P|Q diag[P,P,P]" <0< Q = [Q;]3x3 <0, (3.11)
where
Qi =APT +PAT + BY 4+ (BY)" — EP" +2PCTCPT + %WWT,
+EAPT +P(EA)" +EBY + (EBY)" + iEW(EW)T,
Q1 =DP" +EDP" +P(EA)" +(EBY)", Q3 :7;?'14T +(BY)T,

_ 4 — — 4_
0y =-nEP" +2PH HP' + ?WWT +EDP" +P(ED)" + ?EW(EW)T,
0 0

- - 4
Q3 =PD", Q33=—-P" —P+ ?WWT.
0

We now use the Schur complement lemma and see that the condition (3.4) is equivalent to the condition
Q < 0, hence from (3.10), (3.11) it follows that

Z¢(V(x(1))) = nV(x(1)) SuV(x(r - 7(2)))

(3.12)

=2||Cx(0)|[* = 2| Hx(r — () [I* + 1ol (1) |-

Taking (2.2), (3.12) and —2||Cx(¢)||* — 2||Hx(t — ©(¢))||> < 0 into account, we obtain that
ZE(V(x(1))) = V(x(1)) < 2V(x(t — (1)) + wlle()|*. (3.13)
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Setting Mi(¢) := 2&(V(x(¢))) — 72V (x(t)) and using the Laplace transform and Lemma 2.2, we get from
(3.13) that

V(x(t)) = V(x(0)) Eq (t2t%) + / M(s)(f — 5)% Eq (12 (t — 5)%)ds

< V(x(0))Eq(m2” +/ (t—5)* oV (x(s— 1) + Wl @) ||} Ea(t2(t — 5)%)ds
0

< V(x(0)Ea(tat®) + (Eq(12*) 1) sup  V(x(s)) + WEa(nT ) ()7 *|o(1)|.

—T<SI—T)
Since, by Lemma 2.1, the Mittag-Lefler function E(.) is non-decreasing and Eq(1,T%) > 1, we have

sup V(x(s)) < sup V(x(5)Eq(T%) + (Eq(aT*)—1) sup  V(x(s))
— Ty <<t —1<s<0 —T<SE—T)
+WEq (0TI (o) sup I%||o(s)|%.
s€[0,T]

By induction and since the function sup V(x(s)) is non-decreasing with respect to 7, we obtain that

— Ty St
sup V(x(s) < sup V(x(8))Awax(PT'E) + B3 < Bill@l* + B, 1€[0,T]. (3.14)
— Ty St —ngsgo
(7/7] .
where 5 = WE(12T%) ¥ (Eq(nT%) —1)/I'(a) sup Z%||(s)||* due to
Jj=0 s€[0,T]
sup V(x(s)) < Anax (P~ 'E)|||*. (3.15)
—Tr <s<0
Consequently,

x(1) PEx(1) < sup V(x(s) <BillolP+B5, 1€[0,T).

— Ty <<t

Besides, since
x(t)TPTUEx(1) 2 Auin(P) 1 (17, 1 €0, T,
which shows that if || @||> < ¢; then

< Bici+ B3

2
[lx1(6) ]| < T () €[0,7]. (3.16)

To get the estimation of ||x(¢)||?, we need to estimate the second state ||x,(¢||. For this, we describe the

second equation of (3.2) as

0(t) = —(Axp)™! [Azm (1) +Darxy (t — 7(t)) + Dasa (1 — T(1)) + a)z(t)} .
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Taking the estimation (3.16) into account, we get

Bici+B5 .
)“min(Pl) - ﬁgC] +ﬁ45

1= (A2) e ()] <[1(A22) " [[[IW (0[] < [I(A22) " [IIW[IVd = B,

B3
lmin (Pl )

b (= 2(0)1* <er +

where B = . Hence,

(D) <&+ Bllalt =), 7 €[0,T],

where (¥ =28/B3ci + B + B7. On the other hand, using the inequality (3.17) for # € [0, 7], we have
[[x2(#)|| < &*+ B/c1, because of t — T, <t —7(t) <t — 71 <0, and [[x2 (¢ — 7(¢))||> < ¢1. By induction,

fort € [ity, i+ 1)7]N[0,T], ity < T, we get ||x2(t)]| < &* Xl‘, B+ Bi*!,/c1, and hence
k=0

lx2(0)]| < &7Bs + Bsv/c1, 1 €0,T].

Finally, combining conditions (3.16), (3.18) with (3.5) and noting B; < f»,{* < £, we obtain that

Bic1+Bs

()1 =1 ()17 + e (1) < T ) (§*Bs+ Bsv/c1)*
gm +(EBs+Psv/c1)* <o, 1€[0,T].

Step 3. The y-optimal level condition. From (3.12) and (3.14) it follows that
2() 1% < 2[ICx(0) | + 2| Hx(r — 7(2)) ||
< wllo®)>+2nBillol* +B5) — ZE(V(x(r))).
Hence, we have

Tz0)|? < wI¥lo@)* + 7 2npillo]* +20B;) — S *LE(V(x(1)))

=070+ Cnbilo|*+28) & [V (x(0) + V((0))]

Tla+l)
* ta
<0+ Cubillel® +208)

V(0

+V(x(0))

ot
<ws o) epilel’ +208) Fro

* re -
<o)+ 2npille)* + ZTZﬁz)m + Anax (P~ E) |||

o o

_ « T
+ Anar(P'E) ) @] + 27285 =

= YojaHa’(t)”z + (272[31 T L m

(a+1)

— o 2 2 x« L
= 1 TO0IP + o)+ 20285 o

b
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o

(272[31 r +me(P*1E))

(aa+1)
b

where ¢y = . Moreover, for all t € [0,T] we have

T(X
sup Lz < sup 2w (t)|*+¢ H42mpff———,
s I < s 7001+ ollo) + 205

which leads to

o
sup 7 %|z(r)])* 205
1€[0,T] <+ el (a+1)
X /0
coll @[>+ sup S*|w(1)]]? coll@l*+ sup S*(r)|?
t€[0,7] t€[0,T]
T(X
0B —
<t b (+1)
SVt ———arnTan
sup . [|o(r)|]*
t€[0,T]
o [T/Tl] o . TOC
= 2 NE T Eq(0T*) - 1) T () =——
'}/O+ (2¥(0} O(,Ot(fz ) j;()( 05(12 ) ) (a)r(a+])
(T/7] T
:y0(1+2r2Ea7a(72T°‘) y (Ea(rgT"‘)—l)f—) — 7.
j=0 *
Therefore, we finally obtain that
sup 5%||z(1)]?
lz@lla <o) <y
collel? +lo@l5  clll*+ sup o> =~
t€[0,T]
which completes the proof of the theorem. d

REMARK 3.1 In Theorem 3.1, we assume that cy,c3,¥,d are given positive parameters. Therefore, to
check the conditions of the theorem, we have to prescribe these parameters firstly. Since the matrix
relation (3.3) is not a linear matrix inequality, but we can reduce it into a single strict LMI by some
matrix transformation. Also, since the scalars ¢y, ¢y are not involved in the LMI condition (3.4) we first
find the unknowns of LMI (3.4) by using LMI Tollbox algorithm (Gahinet et al., 1985) and then verify
the inequality (3.5).

REMARK 3.2 It is noted that in the fractional-order system context, the H. finite-time controller are
designed in (Zhang et al., 2014; Mathiyalagan and Balachandran, 2016; Liu et a;, 2018, Osorio-Gorllio
et al., 2018, Thuan et al., 2020) for the systems with or without delays. In this paper, the design method
is proposed for the singular FDEs with nondifferentiable time-varying delay, which can not be applicable
in the mentioned papers. Theorem 3.1 provides an analytical approach to the design of finite-time He
controllers for singular FDEs time-delay systems and the obtained result can be considered as extensions
of those in the mentioned papers to time-varying delay systems.

EXAMPLE 3.2 Consider the singular FDEs (2.1), where & = 0.1,d =2 and

10 01 0 01 0 1o
E(o o)’A<o —0.1>’D<o —o.1>’B(o —1>’

Page 10 of 28
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1 1 1 1 1 0
_ 15 _ 15 _ 15

7(t) =0.140.1|sint|,
We have d = 2,71 = 0.1. For y=0.5,¢; = 0.5,¢c; = 4,T = 20, the solutions of LMI (3.4) can be

determined as
p_ 1979.3 0 vy — 631.4239 11.2376
B 0 112.4 )’ ~\11.2376 11.2376)°

4 T T T T T T T T T

co= Ix(®)Z
3.5 c1=0.5 1

c,=4

1r c,=0.5

(o} 2 4 6 8 10 12 14 16 18 20
Time(sec)

FIG. 1. The time history of ||x(¢)||>

Hence,

0.3190 0.1000
0.0057 0.1000

—0.4133  —0.0000

—0.0057 —0.2000| A22=—0.2000.

L:Y(P‘)T:[ },A:A+BL:

Moreover, we have
Y% =0.1707, =0.5,5, =0.0012, 3, = 1.6462, B3 = 1,
Bs =0.0008,85 =2,Bs =0.5,; = 1.4142¢ — 14,£ = 0.7077,
for verifying the condition (3.5):

(ﬁzc 1+B3
)Lmin (P 1 )
Then, by Theorem 3.1 the finite-time H. control of the system is solvable with the following state
feedback controller

+[CBs +ﬁ6\/c_1]2) =3.1301 < ¢, = 4.

0.3190 0.1000
u(t) = (0.0057 0.1000> Xt), 1 €020

Figure 1 and Figure 2 show the time history of ||x()||

initial condition @(¢) = [0.5,0.5]7, respectively.

and the state response of the system with the
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0.4 L L L L L L L L L
(0] 2 4 6 8 10 12 14 16 18 20

Time(sec)

FIG. 2. The state response of the solutions

4. Conclusion

In summary, we have studied finite-time H., control of linear singular FDEs with interval time-varying
delay. Based on the fractional calculus and singular value decomposition approach, a set of new suffi-
cient conditions are established for solving the problem that provides the designing the state feedback
controllers and guaranteeing the resulting closed-loop system to be regular, impulse-free and finite-time
stable with a given H., performance index. The obtained results can be considered as extensions of those
in various existing papers to time-varying delay systems.
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In this paper, we propose an efficient analytical approach based on fractional calculus and singularity
value theory to designing the finite-time H., controller for linear singular fractional differential equations
with time-varying delay. By introducing new fractional-order H.. norm, the state feedback controller is
designed to guarantee that the closed-loop system is singular, impulse-free and finite-time stable with
prescribed H., performance. New sufficient conditions for designing the H.. finite-time controller are
presented. The results of this paper improve the corresponding ones of integer-order singular systems
with time-varying delay. Finally, a numerical example demonstrates the validity and effectiveness of the
proposed theoretical results.

Keywords: Fractional derivative, Finite-time control, Singular systems, Mittag-Lefller functions, Laplace
transform, time-varying delays.

1. Introduction

During the past decades, the research on fractional differential equations (FDEs) has attracted increas-
ing interest and has numerous applications in science and engineering. There has been a significant
theoretical development in FDEs (Podlubny, 1999; Kilbas et al., 2006; Lakshmikantham and Vatsala,
2007; Kamal et al., 2015; Buslowicz, 2016; Wu and Baleanu, 2018). So far, there has been a growing
research interest on the H. control problem of dynamical systems (Francis, 1987; Petersen et al., 2000).
The research activities for the problem have been developed for integer-order systems (Fridman and
Shaked, 2003; Haidi and Mohamad, 2020, Zhang et al., 2018). For fractional-order systems, there are
some results about H., control for FDEs. In (Boukal et al., 2017) the authors studied H,, observer-based
control of FDEs with gain parametrization. The authors of (Shen and Lam, 2014) designed state feed-
back H.. controllers of commensurate FDEs, meanwhile the paper (N’Doye et al, 2015) designed output
feedback H.. controllers of Glucose-insulin FDEs without delays.

In practice, one concerns the boundedness of solutions during a prescribed time interval, which is
called finite-time stability (FTS) (Donato, 1961; Amato et al., 2014). FTS involves dynamical systems
whose solutions are bounded over finite time. Many significant results on the finite-time stability and
control have been obtained in the last decade. For integer-order systems, paper (Guo et al. 2013) pro-
posed significant criteria for designing finite-time H. controllers of linear systems without delay by
using Lyapunov function method and linear matrix inequality techniques. In (Zong et al., 2015, Sun and
Zhao, 2021), the authors studied finite-time H., control for switched nonlinear discrete systems with
delays by applying Lyapunov-Krasovskii method. For fractional-order systems, the authors of (Liu et
al., 2018, Thuan et al., 2020) investigated finite-time H., control for FDEs without delays. On the other

The author 2008. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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hand, the singular (or differential-algebraic, implicit, descriptor) systems have received substantial in-
terest from researchers due to their widespread practical applications in control engineering (Dai, 1989;
Wu et al. 2013, Fridman, 2002). When studying stability and control of singular systems, an aspect
to be considered is ensuring the admissibility (stability, impulse-free and regularity) of the system. By
employing the singular value decomposition and Lyapunov function method, there are various signifi-
cant results on the stability and control problem proposed in (Mahmoud, 2009; Osorio-Gordillo, 2018;
Phat et al., 2020, Chen et al., 2021; Du et al., 2021) for integer-order singular systems with delays. For
singular FDEs with delays, the authors of (Pang and Jiang, 2014, Zhang et al., 2014, Liu et al., 2017,
Thanh et al., 2020) proposed delay-dependent conditions for the asymptotic and finite-time stability. It
is worth noting that there are no results on finite-time H., control of singular FDEs with delays, since
the classical solutions and methodology of singular FDEs cannot be applied for these systems.

In this paper, we study the problem of finite-time H. control for linear singular FDEs with interval
time-varying delay. The contributions of our paper are summarized as follows.

(i) The singular FDEs under consideration deals with interval nondifferentiable time-varying delay and
normed bounded perturbations.

(ii) A novel approach based on the fractional calculus (Caputo derivative, Laplace transform, the Mittag-
Lefler function) and the singularity value theory is proposed to solve the finite-time H.. control problem.
(iii) By introducing a new fractional-order H., norm, the delay-dependent conditions are derived and
presented in the form of tractable matrix inequalities.

(iv) Comparing with the existing works, the proposed results can be applied to more general FDEs with
delays including the works of (Zhang et al., 2014, Shen & Lam, 2014, Mathiyalgan and Balakchandran,
2016, Liu et al., 2018, Osorio-Gordillo et al., 2018, Thuan et al., 2020).

The paper is organized as follows. Section 2 introduces basic definitions of Captupo derivative
with its properties and the control problem to be considered. Mail result on the design of finite-time
H.., controllers is presented in Section 3 with a numerical example and simulations. Finally, Section 4
summarizes the conclusions.

2. Preliminaries

The following notations are used throughout this paper. C denotes the complex spaces; R” denotes the
n—dimensional Euclidean space: R"*™ stands for the space of all (n x m)- matrices; A(A) denotes the
set of all eigenvalues of A; Ayin(A) = min{Red : A € A(A)}; Anax(A) = max{Red : A € A(A)}; A is
positive definite (A > 0) if (Ay,y) > 0 for all y # 0; L'[0, 5] denotes the space of integrable functions on
[0,D]; AV denotes the gradient of vector function V (.), [a] denotes the integer part of a.

In order to describe the problem, we will recall some basic definitions about fractional calculus and
several useful lemmas of (Podlubny, 1999; Kilbas et al., 2006). For o € (0,1) and x € L'[0,T], the
Riemann-Liouville integral and the Riemann-Liouville derivative are respectively defined by

I%(t) = ﬁ '/Ol (t —5)% x(s)ds,

d
DRx(t) = — (51 7%(r)),
dt
where I'(s) = [e~'t*"1dt, Re(s) > 0 is the gamma function. The Caputo derivative is then defined as
0

IEx(t) = IR (x(1) —x(0)).
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Recall the Mittag-Lefler function E,, g(z) and the Laplace transform .Z'[x(¢)](s) defined respectively by

Eas= Y Fouar gy L20N0= [ xta

0
For B = 1, denote Eq(z) := Eq.1(2)-

LEMMA 2.1 (Kilbas et al., 2006). For @ > 0,z > 0, the Mittag-Lefler function E(z) is an increasing
function and Eq(z) > 1.

LEMMA 2.2 (Kilbas et al., 2006) Let x,y € L'[0,T], & € (0,1),h > 0, we have
(@) Z[22x(1))(§) = E*L[x(1)](§) — £ 'x(0).

ahp (k) 1o kg 1/a
(b) L[t*"Eq" (ht*)](§) = (Ex gy k=12,.., Re(§) >n/*.

© ZLxxy(1)](§) = LEI(S) - Z@I(E),
where the convolution of x(¢) and y(¢) is defined by x* y(¢) = ftx(t —1)y(t)dT.
0

LEMMA 2.3 (Trinh & Tuan, 2018) Let x(¢) be a continuous function, V(.) : R" — R be a convex and
differentiable function such that V(0) = 0. We have

DEV (x(1) < AV (x(1), ZEx(1))), 120

Consider the following singular FDEs with time-varying delay:

EZZx(t) =Ax(t)+Dx(r—1(r))+Bu(t)+Wo(r),
(1) = Cx(t) +Hx(t — t(1)), 2.1
x(s) =(s), s € [-1,0],

where 0 < a < 1;x(r) € R" is the state, u(¢t) € R™ is the control, o(¢) € RP is the disturbance, E is a
singular matrix: rank E = r <n; A,D,C,H € R"™" B € R"™"™ W € R"™P are given constant matrices,
¢(.) is the continuous initial function, the delay function 7(¢) satisfies

A, >0 0<t<t@l)< ™, t=0;
the disturbance @(¢) satisfies

3d>0: supllo@)|*<d, t>0. (2.2)
120

As in (Dai, 1989) we recall that system (2.1) is regular if det(sE — A) is not identically zero and is
impulse-free if deg(det(sE — A)) = rank E, for some ¢ € C.

DEFINITION 2.1 For scalars ¢; > 0,¢, > 0,7 > 0, system (2.1) is FTS w.r.t. (c1,c2,T) if it is regular,
impulse-free and the following relation holds:

sup [l@(s)|* <cr = x(1)|> <2, 1€[0,T].

s€[=12,0]
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Let us introduce the fractional-order norm of f(¢) defined by

1flle = { sup_ %[ f ()]},
s€[0,T]

It is notable that || f||¢ defines a norm in L'[0, 7], and for a = 1 this norm is reduced to the L, norm of
f(¢) because of

s T
sup 72 £5)|P= sup [P = [Iif(o)]Pax.
s€(0,T] s€[0,T] 0 0

DEFINITION 2.2 For scalars ¢y > 0,¢3 > 0,7 > 0,7 > 0, the finite-time H. control problem for system
(2.1) is solvable if there exist a number co > 0 and a control u(r) = Lx(¢) such that the resulting closed-
loop system is FTS w.r.t.(c1,¢2,T) and

[HOIIF
coll @[>+ o(s)|

where the supremum is taken over all non-zero initial conditions @(.) and disturbances @ () satisfying
(2.2).

sup T < 2.3)
o

3. Finite-time H., control design

This section presents delay-dependent criteria for designing the finite-time H., controllers. Consider
singular system (2.1), where the singular matrix E is, without of generality as in (Fridman, 2002),
assumed that £ = [16 8} . By using the feedback controller u(z) = Lx(¢), where the matrix L € R™*"
will be designed, the closed-loop system of (2.1) has the form

3.1)

EZ¢x(t) =Ax(t)+Dx(t—1(t)) +Wol(t),
x(t) ¢(), 1€[-m,0]
where A = A+ BL. Setting

An o Ap Dy Dip i ()
A= ; D= ;o Wo(r) = ,
(Az] Azz Dy, Dy ( ) O)Z(t)
under the state transformation x(¢) = [x;(7), x2(7)], x1(¢) € R", x2(¢) € R""", the closed loop system
(3.1) has the form of fractional differential-algebraic equations
ngl (1) =Aux1(®)+Apx(t) +Dixi(t —t(t)) + Dipxa(t — T(t)) + 01 (2),
0 = Ag1x1 (1) + Appxp (1) + Dogxy (£ — T(2)) + Dapxa(t — T(2)) + o (2), (3.2)
x(1) =¢@), 1 €[-n,0].

For given matrices E,A,B,W and matrices Agzl ,Y, non-singular matrix P € R"*" to be defined, we
introduce the following notations.

—_ (0 0 B Y
b= (o I,,_r> = 7/ e
1420E4(1T%) Y (Eq(0T%)— 1)1?

j=0
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B = max{||A%) Aai [, [1A%; Dot | 1Az, D2z},

[T/n]+1 .
Bi = Amar(P7'E) _):0 (Eq(12T%) — 1) Eo(12T?),

=

[T/7]+1 T™
B2 = WEa(02T%) ,ZO (Ea(n2T%) — 1)/~ ~d,

=

B B> i .

Ps +7me(P1)’[34 )Lmin(Pl)’ﬁs i:0,1,r21}?-ﬁT/r1]k§oB P i:0-l,r2l}flﬁT/n]ﬁ ’

Br=lAn Iwllvd, ¢ = 2ﬁ\/m+g7,
Ey =APT +PAT +BY +(BY) —REP" +_ WW' +EAP' +PEA)T
0

_ _ 4 __
+EBY +(EBY)" + ?EW(EW)T,
0
Ei,=DP" +EDP" +P(EA)" +(EBY)",E;3=PA" + (BY)T,

4 - — 4 4
Ey = —mEP" + ?WWT +EDP" +P(ED)" + ?EW(EW)T, E33 = —P' —P+ ?WWT.
0 0 0

THEOREM 3.1 For scalars ¥ > 0,c; > 0,cp > 0,T > 0, problem of finite-time H., control for system
(2.1) is solvable if there exist a non-singular matrix P and a matrix Y such that the following conditions
hold:

EP" =PET >0, (3.3)

E;y Enp Eiz  PCT 0
E» PDT 0 PH'

*
P ) 0o | <o, 3.4)
* * * —0.51 0
* * * * —0.51
c1+
BB | (£Bst Bon/er)? <ca (3.5)
}Lmin(Pl)
The state feedback control is defined by u(t) =Y (P~')"x(t), t€[0,T].

Proof.
P Pp
Py Py

(L 0\ (P 0
PE=P (00P210>0’

Step 1. Regularity and impulse-free. Setting P~! = ( ) and using condition (3.3), we have

0 0
and hence
_ P 0 _ P P
_ _pT > 1p _ (11 1_ (0 12
Py=0,P=P >20,P E (0 0 , P 0 Pn) 3.6)
P P

Since matrix P is nonsingular and P! =

Moreover, by the Schur complement lemma, the LMI condition (3.4) gives

AP" +PAT +BY +(BY)" —nEP" +EAP" +P(EA)" +EBY + (EBY)' <0,

) , from (3.6) it follows that det(P;) # 0, P, > 0.
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PYA+BY(P YY) +[A+BY(PH)TT(P ) —P 'E
1

+ P 'EA+EAT(P YT +PEBY(P )Y +[P'EBY(P )] <O0.
Letting L=Y(P~")T gives
PIA+AT(P Y —nP 'E+P'EA+(PT'EA)T <O (3.7

Besides, we describe the matrices P_IA, PE , P~ 'EA as follows

PIA:(PI P\ (A A\ _ (PlAn+PiAg P1A12+P12A22>
0 Pnj\Ay Ax PynAsy PynAx» ’

1. (P
P E_(O

0
0 )

1= 110 0 P P 0 0 A A PppAy PpA
raert ) = (6 R 6 0l G i) - (R k).
Then, combining with the derived inequality (3.7) we obtain that
(Pn)Ax +A%(Pn)" <0,
which gives det(Ay;) # 0 and then the system is regular and impulse-free.

Step 2. Finite-time stability. Consider the functional V(x(t)) = x(t) " P~1Ex(t). Since V(.) is a non-
negative convex function satisfying condition of Lemma 2.3, we then can estimate the Caputo derivative
of V(x(z)) as

28(V(x(1)) <2x(t) "PTEZE(x(1)), t=0.

Therefore, we have

FE(V(x(t))) <2x(t) P! (Ax(r) +Dx(t — T(t)) + BLx(t) + Ww(t))
<2x(1) P! (Ax(t) +Dx(r — T(t)) + BLx(t) + Ww(t))

— oox(t — () TP Ex(t — 7(1)) + 1V (x(t — (1)) (3.83)
—ox() TP Ex(t) + 1V (x(0) + 2 () 2

+2||Hax(r — o(t)) > = 2[|Cx(0) > = 2]| Hx(t — 2(0)) |-
Multiplying left both sides of (2.1) by 2(EZZx(t)) "P~!, 2x(t)) "P~'E, 2x(t — ©(t)) "P~'E, we get

0=—2(EZZx(t)) " PYEDZx(t) + 2(EZ&x(t)) " P~ [Ax(r) 4+ Dx(r — ©(r)) + BLx(t) + W (1)),
0=—2x(t)) " P YEEDZx(t) +2x(t) " P 'E[Ax(t) + Dx(t — ©(t)) + BLx(t) + W& (1)],

0=—2x(t—1(t)) ' PYEEDZx(t) + 2x(t — t(t)) " P~ VE[Ax(r) + Dx(t — ©(1)) + BLx(t) + W0 (1)].
(3.9)
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Using the following inequalities

4 _ _ _
?pr*IEW(P*IEW)TH?Hw(t)nz >0 PIEW (),
0

;x(t)TP*IW(P*W)Tx(t) —|—?||a)(t)||2 >2x(1) ' P 'Wa(r),
0

;(E-@gX(t))TP_IW(P_IW)T(EQgX(t)) +?Ilw(t)||2 >2(EZ¢x(1)) P~ W),
0

gx(t — (1)) PEW(PTVEW) x(t — o(1)) + ? lw()|? =2x(t — 2(t)) T P EW (1),
0

and from (3.8)-(3.9) it follows that
ZEV(x(1)) <C(1) QL (1) + 1V (x(t —1(1)) + 2V (x(1))
—2|[Cx(1)[|* = 2||Hx(r = 7(2))II* + Wl (1) 1%,
where §(t) = [x(1),x(t — (1)), EZZx(1)], Q = [Qij]3x3,
Q=P '"A+(P'A)"+P 'BL+(P7'BL)" — P 'E+2C"C+ ;P‘lw(P‘IW)T
0

(3.10)

+P'EA+ (P7'EA)" + P 'EBL+ (P~'EBL)" + iP‘IFW(P‘lfW)T,
Q=P 'D+P 'ED+ (P 'EA)"+(PT'EBL)", Q3 = (nyolA)T +(P~'BL)T,
Qyn=-uP 'E+2H"H+ %P"W(P*]W)T +P'ED+(P'ED)" + %P*'FW(P*'EW)T,
Qu=[P'D|", Q55=—P ' —(P1)T + iP*IW(P*IW)T.
Moreover, note that o
Q <0< diag[P,P,P]Q diag[P,P,P]" <0< Q = [Q;]3x3 <0, (3.11)
where
Qi =APT +PAT +BY +(BY)" — EP"T +2PCTCP" + %WWT,
+EAPT +P(EA)" +EBY + (EBY)" + iEW(EW)T,
Q1 =DP" +EDP" +P(EA)" +(EBY)', Q3 :7;?%T +(BY)T,

_ 4 _ — 4_
0y =-nEP" +2PH HP' + ?WWT +EDP" +P(ED)" + ?EW(EW)T,
0 0

= ~ 4
53 ZPDT, Q33 = —PT—P+ ?WWT.
0

We now use the Schur complement lemma and see that the condition (3.4) is equivalent to the condition
Q <0, hence from (3.10), (3.11) it follows that

Z¢(V(x(1)) = nV(x(1) SuV(x(t - ()

(3.12)

=2[|Cx(0) || = 2| Hx(r — <()) 1> + ol (1)1

Taking (2.2), (3.12) and —2||Cx(¢)||* — 2||Hx(t — ©(¢))||> < 0 into account, we obtain that
& (V(x(1))) = V(x(1)) < 2V(x(t — (1)) + wlle@)|*. (3.13)



IMA Journal of Mathematical Control and Information

8 of 14 P. NIAMSUP ET AL.

Setting Mi(z) := 2&(V(x(¢))) — 72V (x(t)) and using the Laplace transform and Lemma 2.2, we get from
(3.13) that

V(x(t)) = V(x(0)) Eq (t2t%) + / M(s)(t — 5)% Eq (12 (t — 5)%)ds

< V(x(0))Eq (12t +/ (t—5)* oV (x(s—1(5)) + Wl @) ||} Ea(t2(t — 5)*)ds
0

< V(x(0)Ea(tat®) + (Eq(12*) 1) sup  V(x(s)) + WEa(nT ) ()7 *|0(1)|?.

—T<SI—T)
Since, by Lemma 2.1, the Mittag-Lefler function E (.) is non-decreasing and Eq(1,T%) > 1, we have

sup V(x(s)) < sup V(x(s)Eq(T%) + (Eq(aT*) —1) sup  V(x(s))
— Ty St —1<s<0 — TSI —T)
LTI (@) sup 5 0(s)],
s€[0,T]

By induction and since the function sup V(x(s)) is non-decreasing with respect to 7, we obtain that

— Ty <<t
sup V(x(s)) < sup V(x(s))Awax(PT'E) + B3 < Bill@l* + B3, 1€[0,7]. (3.14)
— Ty St —12<S<0
(7/7] .
where B = WE(12T%) ¥ (Eq(T%) —1)/I'(a) sup Z%||o(s)|| due to
Jj=0 s€[0,T]
sup V(x(s)) < Anax (P~ 'E)|||*. (3.15)
7T2§S<0
Consequently,

X(0)TPTUEX() < sup V(x(s)) < BullolP+B5, 1 €[0,T].

—Ty <<t

Besides, since
x(t) "PTVEX(6) = Awin (P11 ()2, £ € (0,7,
which shows that if ||@||?> < ¢ then

HZ < ﬁlcl +ﬁ2*

[[x1 ()17 < Ton(P) €0,7]. (3.16)

To get the estimation of ||x(z)]|?

second equation of (3.2) as

, we need to estimate the second state ||x,(¢]|. For this, we describe the

0(t) = —(Agp)~! [Am (1) + Dayxi (t — (1)) + Dapea (t — 7(1)) + a)z(t)} .
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Taking the estimation (3.16) into account, we get

Bici+B5 .
)“min(Pl) - BgC] +ﬁ45

1= (A2) e ()] <[1(A22) " [[IW o (0)[| < [I(A22) ' [IW[IVd = B,

B3
lmin (Pl )

ber (= 2(0)1? <er +

where B = . Hence,

(D) <&+ Bllale =), 7 €[0,T], (3.17)

where (* =28/B3c1 + By + B7. On the other hand, using the inequality (3.17) for # € [0, 7], we have
[[x2(#)|| < &*+ B/c1, because of t — Tp <t —7(t) <t — 71 <0, and [[x2(r — 7(¢))||> < ¢1. By induction,

fort € [ity, i+ 1)7]N[0,T], i1 < T, we get ||x2(t)]| < &* i B*+ B+, /c1, and hence
k=0

lx2(t)|| < & Bs+Bsr/c1, te[0,T]. (3.18)
Finally, combining conditions (3.16), (3.18) with (3.5) and noting 35 < f»,§* < £, we obtain that
ye1+ B3 .
()1 =l () + )P < P (¢ 1 g2

2fmm(Pl)

Baci + Bs 2

<S— =+ + c1)"<c, t€]0,7T].
Tonn(PL) (EBs + Bsr/c1) 2 [0,T]

Step 3. The y-optimal level condition. From (3.12) and (3.14) it follows that
2() 1 < 2[ICx(0) | + 2| Hx(t — 7(2)) ||
< wllo®)*+2nBillol* +B5) — ZE(V(x())).
Hence, we have
Iz < wl*|0@)? +7*2npillel® +2185) — 7 * ZE(V(x(t)))

=0 00|+ Cubilo|®+2n85) & a + [=V(x()) + V(x(0))]

(a+1)

* ta
<00+ Cubillel® +208)

+V(x(0))

+V(x(0))

* ta
<0 o) Crpillol +208) F o
* T(X -
< wIN0WI+ npillol +2265) Frgy + Anac(PE) ol

o o

_ « T
+ Anar(P'E) ) @] + 27285 =

:YojaHa’(t)Hsz(szBlr L m

(a+1)

o

b

_ o 2 2 « L
=0 00) I +eollol) + 225 g
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o

(Zqﬁlr‘ -+2mm(P*1E))

(a+1)
bl

where ¢y =

. Moreover, for all t € [0,T] we have

T(X
sup Lz < sup 2 ()| +¢ H42mpf ———,
0 S <0 sup 5100 +eol o)+ 2085

which leads to

o
sup 77%||z()||? T
1€[0,7] <N+ (a+1)
X /0
coll @[>+ sup S (1)]]? coll@l*+ sup S (r)|?
t€[0,T] t€[0,T]
a
2 *
<+ O Foe)
SVt ———arTan
sup [l (r)|]*
t€[0,7]
o [T/Tl] o . TOC
=N +20WEq (T Eq(0T*) — 1) T (a) =———
’}/O 2YO a,a(Z )j;o( a(z ) ) ( )F((X+1)
(T/7] T
:yo(l—i—ZTZEaﬂ(TzT“) y (Ea(rzT“)—l)f?) — 7.
j=0
Therefore, we finally obtain that
sup 9%||z(1)]?
e} reon -,
collel? +lo@ll5  clll*+ sup o> =7
t€[0,T]
which completes the proof of the theorem. d

REMARK 3.1 In Theorem 3.1, we assume that cy,c3,¥,d are given positive parameters. Therefore, to
check the conditions of the theorem, we have to prescribe these parameters firstly. Since the matrix
relation (3.3) is not a linear matrix inequality, but we can reduce it into a single strict LMI by some
matrix transformation. Also, since the scalars ¢y, ¢y are not involved in the LMI condition (3.4) we first
find the unknowns of LMI (3.4) by using LMI Tollbox algorithm (Gahinet et al., 1985) and then verify
the inequality (3.5).

REMARK 3.2 It is noted that in the fractional-order system context, the H. finite-time controller are
designed in (Zhang et al., 2014; Mathiyalagan and Balachandran, 2016; Liu et a;, 2018, Osorio-Gorllio
et al., 2018, Thuan et al., 2020) for the systems with or without delays. In this paper, the design method
is proposed for the singular FDEs with nondifferentiable time-varying delay, which can not be applicable
in the mentioned papers. Theorem 3.1 provides an analytical approach to the design of finite-time He
controllers for singular FDEs time-delay systems and the obtained result can be considered as extensions
of those in the mentioned papers to time-varying delay systems.

EXAMPLE 3.2 Consider the singular FDEs (2.1), where & = 0.1,d = 2 and

10 01 0 01 0 1
E(o o)’A<o —0.1>’D<o —o.1>’B(o —1)’
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s (11 s (11 1s(1 0
_ 15 _ 15 _ 15
W =10 (1 1),C_lo (0 1),H_10 (1 1),

7(t) = 0.140.1]sinz|,
We have d = 2,71 = 0.1. For y =0.5,¢; = 0.5,¢c0 = 4,T = 20, the solutions of LMI (3.4) can be

determined as
p_ 1979.3 0 v — 631.4239 11.2376
o 0 1124 )’ “\ 11.2376 11.2376)°

4 T T T T T T T T T

—4 Ix(t)|?
3.5 c,=0.5| 7

c2=4

1r c,=0.5

o 2 4 6 8 10 12 14 16 18 20
Time(sec)

o

FIG. 1. The time history of ||x(z)||?

Hence,

0.3190 0.1000
0.0057 0.1000

—0.4133 —0.0000

_0.0057 —0.2000] A2 = —0.2000.

L:Y(PI)T:[ },A:A+BL:

Moreover, we have
Y% =0.1707,5 = 0.5, 5; = 0.0012,3, = 1.6462, 53 = 1,

Ba =0.0008,85 =2,Bs =0.5,; = 1.4142¢ — 14,£ = 0.7077,
for verifying the condition (3.5):

cr+

(M +[¢Bs + Bor/c1] 2) =3.1301 < ¢p = 4.
ﬂvmin (Pl)

Then, by Theorem 3.1 the finite-time H. control of the system is solvable with the following state

feedback controller
(1) = (0.3190 0.1000

0.0057 0.1000>x(t)v t € [0,20].

Figure 1 and Figure 2 show the time history of ||x(¢)||?

initial condition ¢(¢) = [0.5,0.5]7, respectively.

and the state response of the system with the
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0.4 L L L L L L L L L
o 2 4 6 8 10 12 14 16 18 20

Time(sec)

FIG. 2. The state response of the solutions

4. Conclusion

In summary, we have studied finite-time H., control of linear singular FDEs with interval time-varying
delay. Based on the fractional calculus and singular value decomposition approach, a set of new suffi-
cient conditions are established for solving the problem that provides the designing the state feedback
controllers and guaranteeing the resulting closed-loop system to be regular, impulse-free and finite-time
stable with a given H.. performance index. The obtained results can be considered as extensions of those
in various existing papers to time-varying delay systems.

Acknowledgments

The research of the first author is supported by the Chiang Mai University, Thailand. The research of the
second and third authors is supported by National Foundation for Science and Technology Development,
Vietnam (NAFOSTED 101.01-2021.01). The authors are grateful to anonymous reviewers for their
valuable comments and suggestions, which allow us to improve the paper.

Conflict of interest

The authors declare that there is no conflict of interest.

REFERENCES

AMATO F., AMBROSINO R., ARIOLA M. & COSENTINO C (2014), Finite-Time Stability and Control, New York,
Springer.

BOUKAL Y., DAROUACH M., M. ZASADZINSKI & RADHY N.E. (2017), Robust H. observer-based control of
fractional-order systems with gain parametrization, /[EEE Trans. Auto. Control, 62, 5710-5723.

BusLowicz M. (2016), Stability conditions for linear continuous-time fractional-order state-delayed systems,
Bulletin Polish Acad. Sci. Tech. Sci., 64, 3-8.

Page 26 of 28

1



Page 27 of 28

1

IMA Journal of Mathematical Control and Information

H.. CONTROL OF TIME-VARYING DELAY FDEs 13 of 14

CHEN W., XU S., L1Z., L1Y. & ZHANG Z. (2021), Exponentially admissibility of neutral singular systems with
mixed interval time-varying delays , J. Franklin Inst., 358, 6723-6740.

DATI L. (1989), Singular Control Systems, Berlin, Springer.

DORATO P. (1961), Short time stability in linear time-varying systems, In: Proc. IRE Int. Conv. Record, 4, 83-87.

DuZ.,Hu S. & L1J. (2021), Event-triggered H.. stabilization for singular systems with state delay,, Asian Journal
of Control 23, 835-846.

FRANCIS B.A. (1987), A Course in H. Control Theory, Berlin, Springer.

FRIDMAN E. & SHAKED U. (2003), Delay-dependent stability and H.. control: constant and time-varying delays,
Int. J. Control 76, 48—60.

FRIDMAN (2002), Stability of linear descriptor system with delay: A Lyapunov based approach. J. Math. Analysis
Appl., 273, 24--44.

GAHINET P., NEMIROVSKII A., LAUB A.J. & CHILALI M. (1985), LMI Control Toolbox For use with Matlab,
The MathWorks, Inc., Massachusetts,

GUO Y., YAO Y., WANG S., YANG B., L1U K. & ZHAO X. (2013), Finite-time control with H., constraints of
linear time-invariant and time-varying systems, J. Control Theory Appl. 11, 165-172.

HADI G., MOHAMMAD H.S. (2020), Robust finite-time H., control of switched non-linear neutral systems in the
presence of multiple disturbances using auxiliary matrices, IMA J. Math. Control Inform., 37, 1270-1297.

KAMAL S., BANDYOPADHYAY B., SPURGEON S. (2015), Stabilization of a fractional-order chain of integrators:
a contraction-based approach, IMA J. Math. Control Inform., 32, 291-303.

KILBAS A.A., SRIVASTAVA H. & TRUJILLO J. (2006), Theory and Applications of Fractional Differential Equa-
tions, Amsterdam, Elsevier.

LAKSHMIKANTHAM V. & A. S. VATSALA A.S. (2007), Basic theory of fractional differential equations, Nonlin-
ear Analysis, 69, 2677-2682.

Liu S., ZHou X.F., L1 X. & JIANG W. (2017), Asymptotical stability of Riemann-Liouville fractional singular
systems with multiple time-varying delays. Appl. Math. Lett., 65, 32-39.

Liu L., WANG B., WANG S., CHEN Y., HAYAT T. & ALSAADI F.E. (2018) Finite-time H. control of a fractional-
order hydraulic turbine governing system, IEEE Accesss, 6, 57509-57516.

MAHMAOUD M.S. (2009), Delay-dependent dissipativity of singular time-delay systems, IMA J. Math. Contr.
Inform., 26, 45-58.

MATHIYALAGAN K. & BALACHANDRAN K., (2016), Finite-time stability of fractional- order stochastic singular
systems with time delay and white noise, Complexity, 21, 370-379.

N’DoOYE 1., Voos H., DAROUACH M. & J. G. SCHNEIDER (2015), Static output feedback H.. control for a
fractional-order Glucose-insulin system, Appl. Math. Computation, 286, 213-227.

OSORIO-GORDILLO G.L., DAROUACH M., BOUTAT-BADDAS L., ASTORGA-ZARAGOZA C.M. (2018), H con-
trol of dynamical observer-based control for descriptor systems IMA J. Math. Control Inform., 35, 7107-734.

PANG D.& JIANG W. (2014), Finite-time stability analysis of fractional singular time-delay systems, Adv Differ.
Equations,. 259, 1-11.

PETERSEN [.R., UGRINOVSKII V.A. &, SAVKIN A.V. (2000), Robust Control Design Using H.. Methods, Lon-
don, Springer.

PODLUBNY (1999), Fractional Differential Equations, San Diego, Academic Press.

PHAT V.N., NIAMSUP P. & MuoI N.H. (2020), State feedback observer-based control design for linear descriptor
systems with multiple time-varying delays, IMA J. Math. Contr. Inform., 37, 1218-1236.

SHEN J. & LAM J. (2014), State feedback H.. control of commensurate fractional-order systems, Int. J. Syst. Sci.
45, 363-372.

SUN Y. & ZHAO J. (2021), Finite-time H., control for switched nonlinear systems, Int. J. Control, 94, 793-803.

THANH N.T., PHAT V.N. & P. NTAMSUP (2020), New finite-time stability analysis of singular fractional differen-
tial equations with time-varying delay, Frac. Calcul. Anal. Appl., 23, 504-517.



IMA Journal of Mathematical Control and Information

14 of 14 P. NIAMSUP ET AL.

THUAN M.V., SAU N.H. & HUYEN N.T.T. (2020), Finite-time H. control of uncertain fractional-order neural
networks, Comput. Appl. Math., 39:59, 1-19.

TRINH H. & TUAN H.T. (2018), Stability of fractional-order nonlinear systems by Lyapunov direct method, /ET
Control Theory Appl., 12, 2417-2422.

Wu Z.G., Su H., SHI P. & CHU J. (2013), Analysis and Synthesis of Singular Systems, Berlin, Springer.

WU C. & BALEANU D. (2018), Stability analysis of impulsive fractional difference equations, Fract. Calc. Appl.
Anal., 21, 354-375.

ZHANG D., CHENG J. , PARK J.H. & CA0 J.(2018), Robust H., control for nonhomogeneous Markovian jump
systems subject to quantized feedback and probabilistic measurements, J. Franklin Inst., 55, 6992-7010.
ZHANG H., Wu D., Cao0 J. & ZHANG H. (2014), Stability analysis for fractional-order linear singular delay

differential systems, Discrete Dyn. Nature Soc., ID 850279, 1-8.
ZONG G., WANG R., ZHENG W. & Hou L. (2015), Finite-time H., control for discrete-time switched nonlinear
systems with time delay, Int. J. Robust Nonl. Control, 25, 914-936.

Page 28 of 28

1



