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1. MO PAU

Bai toan dém gitt mot vi tri didc biét trong toan hoc rdi rac vi nd vira gan giii voi
truc gidc, vira doi hoi su chinh xac cao trong viéc mo ta dbi twong. Mot 1oi giai dém
dung khong chi dua ra mot con sd; nd phai chi rd mdi cau tric ciia timg cau hinh. Chinh
yéu cau d6 1am cho bai toan dém tré thanh moi trudng tdt dé rén luyén tu duy 1ap luan,
kha nang t6 chuc chirng minh va nang lyc chuyén d6i gitra nhiéu mé hinh toan hoc.

Trong cac ki thi Olympic Toan hoc danh cho sinh vién, bai toan dém xuét hién
du6i nhiéu hinh thtre. C6 bai toan dugce trinh bay truc tiép bang ngdn ngit t6 hop nhu
chon vi tri, phan phdi d6 vat, t6 mau hay dém dudng di. C6 bai lai an trong dai sd tuyén
tinh, chéng han dém céc ma tran thoéa min mot diéu kién cau tric; hodc 4n trong bai toan
da thuc, dd thi va truy hoi. Mot sb dé yéu cau tim s lugng chinh xac, trong khi mot )
dé dung tu twong dém dé chirg minh sy ton tai bang nguyén 1y Dirichlet hodc bang cach
dém cung mot tap hop theo hai cach.

Bio cdo nay dugc xay dung tir cac ky yéu Ky thi Olympic Toan hoc Sinh vién -
Hoc sinh toan qudc; dong thoi sir dung cac dé Olympic Pai s6 ctia Truong Dai hoc M6
- Dia, 101 giai duoc bién soan lai theo hudng chi tiét, théng nhat ky hiéu va lam rd ¥

tudng trung tam.



2.COSOLY THUYET

2.1. Nguyén Iy dém va ciac mé hinh co ban

Mot bai toan dém yéu cau xéac dinh s6 phén tor cua mot tap hitu han hodc s6 ciu
hinh théa méan mot hé diéu kién. Trudc khi 4p dung cong thirc, can xac dinh rd hai cau
hinh duoc xem 13 khac nhau khi ndo. Pay 1a budc quyét dinh, boi cing mét tinh huéng
c6 thé dan dén cac dap s6 khac nhau néu cac dbi tugng duoc coi 1a phan biét hodc khong
phan biét.
Nguyén ly cong. Néu tdp S duoc phin hoach thanh cic tip con doi mét roi nhau
S1,S2, ..., Sk, thi s6 phan tir cia S bang tong s6 phan tir ciia cac phan.

IS| = |S1] + 1Sz + - + [Skl.

Khi str dung nguyén 1y cong, hai yéu cau phai dugc kiém tra: moi cau hinh phai
roi vao it nhit mot truong hop va khong ciu hinh nao roi vao hai trudng hop.
Nguyén Iy nhan. Néu mot cau hinh duoc xay dung qua k budc va ¢ budc thi i ludn co
n; lya chon sau khi cac buée trude da duoc 4n dinh, thi sd ciu hinh bﬁng tich cac sd lua
chon.

N = nin, - ny.

Nguyén Iy nhan dic biét hiru ich khi cac d6i twong c6 nhan.

Ho4n vi, chinh hop va té hop. S6 hoan vi ctia n phan tir phan biét 1a n!. S6 cach chon

c6 thir tu k phan tir tir n phan tir 13 A(n, k), con sb cach chon khéng tht ty 13 C(n, k).

n!
A(n, k) = m’

n!
C0R = G —on

Khi moét tap dugc chia thanh cdc nhom c6 kich thudce ny, ..., ny, s6 cdch gan n doi

turgng phan biét vao cac nhom da dit tén 1a hé sb da thuc.



n!
—_—, N+ +n.=n
ny!ny! - nyl

Phwong phap vich ngin. S6 nghiém nguyén khong 4m cia x; +-+ +x, = n bang
C(n+r—1,r — 1). S6 nghiém nguyén duong bang C(n — 1,7 — 1).

Céach ching minh quen thudc 13 biéu dién n vat gidng nhau boi n ddu chdm va
dung r — 1 vach ngin. Phuong phap nay ciing giai quyét viéc dém don thuc: don thirc
x*y°z° bac d twong tmg voéi nghiém khong &m a + b + ¢ = d.

Chon vi tri khong ké nhau. Sb cach chon k vi tri trong mot hang n vi tri sao cho khong
c6 hai vi tri duoc chon lién tiép 1a C(n — k + 1, k).

Chitng minh. Néu 1 < iy < ip << i} S nva i =i+ 2, ddt j, = i, — (t — 1).
Khi 46 1 < j; << jx < n—k + 1. Phép d6i bién 1a mot song anh véi cac tip con k
phan tir ctia tdp c6 n — k + 1 phan tir. Tir d6 ta co két qua.

2.2. Nguyén ly bu, nguyén ly Bao ham - loai trir
Nguyén Iy bi. Néu viéc dém céc ciu hinh vi pham d& hon dém truc tiép, ta 1iy tong sb
c4u hinh trir s6 cAu hinh x4u.
|A] = |S| — [S\A].
Nguyén Iy bao ham - loai trir. Vi cac tip Ay, ..., Ay, s6 phan tir ctia hop duogc tinh bing
téng xen k& cac giao.
|UAi| = 2|4i| — Z1Ain 4| + Z|Ain AN Ax| — .

Mot tng dung dién hinh 1a s6 hoan vi khong c6 diém c dinh. Néu D, 13 sé hoan
vi ctia n phan tir ma khéng phan tir ndo ding dung vi tri, ta chon cac tip A; gdm nhitng
hoan vi ¢b dinh i. Tir bao ham - loai trir thu duoc cong thirc dudi day.

— | == -
D, n! ol .
2.3. Pém bang song anh
Thay vi dém tryc tiép tap A, ta thiét 1ap mot anh xa mot-mot va 1én gilta A voi mot tap

B d3 biét s6 phan tir.



Song anh co thé rat don gian, nhu bién céc vi tri khong ké nhau thanh mot tap con
thong thuong; ciing c6 thé mang tinh cdu trac, nhu chimg minh cac ma tran 0-1 ¢6 nghich
dao 0-1 chinh 13 cac ma tran hoan vi. Mot 10i giai song anh tot thuong giai thich dong
thoi vi sao cong thire dung va vi sao khéng c¢6 dém trung.

2.4. Truy héi va ham sinh
Truy hdi. Khi ciu hinh c6 kich thuéc n duoc tao bang cach ghép mot manh dau tién roi
dé 1ai bai toan cung loai c6 kich thudc nho hon, ta thu dugc hé thuc truy hoi.

R, = a1Ry-1 + - + axRp

Dé truy hoi co gia tri, can néu ddy du diéu kién dau va chimg minh rang cac truong
hop & budc tach dau tién 13 roi nhau va phu hét. Vi truy hdi tuyén tinh hé s hing,
nghiém tudng minh c6 thé tim qua phwong trinh dic trung. Tuy nhién, trong nhiéu bai
Olympic, ban than truy hoi cting diéu kién dau da 1a mot mo ta hoan chinh.

Ham sinh. Véi day ao, a4, ..., ham sinh thuong 1la A(x) = Ya,x". Phép nhan cac ham
sinh ma hoa viéc cong cac kich thudc doc 1ap.

A(xX)B(x) = Yh(2x axbn-x)x".



3. MOT SO BAI TOAN PEM CHON LOC

3.2. Cic bai to4n tir ky yéu Olympic toan sinh vién Toan quéc

Bai tap 1. Mot diém dd xe c6 30 chd ndi lién thanh mot hang. Ngudi quan 1y xép 22 xe
vao cac chd sao cho 8 chd con tréng khong c6 hai chd nao lién nhau. Hoi ¢6 bao nhiéu
cach xép?

Loi gii. Ta chi can chon tap 8 chd tréng; sau khi cac chd trong duoc xac dinh, 22 xe
duoc hiéu 1a chiém cac vi tri con lai. Goi vi tri cac chd tréng 13 iy < i, <-+< ig. Piéu
kién khong ké nhau twong duong ljs1 = I + 2.

Lugc bo khodng cach bat budc bang cach dat jo =i, — (t —1). Khido 1 < j; <
j2 << jg < 30— 7 = 23.Nguoc lai, tir mot tap 8 s6 j, << jg trong {1, ...,23}, dat
i = je + (t — 1) thi thu dugc 8 vi tri khong ké nhau trong 30 chd. Hai phép bién doi 1a
nghich d4o cua nhau. Pap sé1a €(23,8) = 490314.

Nhin xét. Cong thirc tong quat 1a C(n — k + 1, k) cho k vi tri khong ké nhau trén mot
hang n vi tri. Néu céc xe dugc xem 1a phan biét va con phai phan ching vao 22 chd da

chon, két qua phai nhan thém 22!.

Bai tap 2. Tur 6 al, quan vua chi dugc di sang phai, di 1én hoac di chéo Ién-phai. Cé bao
nhiéu dudng di dén 6 h8?
Loi giai. Dé di tir al dén h8, tong do ting theo phuong ngang va phuong doc déu bang
7. Gia sir duong di c6 ding k budc chéo. Mdi bude chéo dong thoi ting mot don vi theo
ca hai phuong, nén con 7 — k budc sang phai va 7 — k budc di 1én.

Véik ¢ dinh, téng s6 budc 1a 14 — k. Ta chon vi tri cho k budce chéo, sau d6 chon
vi tri cho 7 — k budc ngang; cac vi tri con lai 1a bude doc. So duong di ung voi k 1a h¢
s6 da thuc

(14 — k)!
[k! (7 = k) (7 = k)]




Cong theo k = 0,1, ...,7, ta dugc sb Delannoy trung tim D(7,7). M6t dang twong
duong, nhan dugc béng cach chon k toa d0 ngang va k toa do doc dé ghép thanh cac
budc chéo, 14 tong C(7, k)?2¥. Két qua 1a

>7_0C(7,k)?2" = 48639.
Nhan xét. Bai toan minh hoa viéc phan loai theo s6 bude thude mot loai dac biét. Khi
chi ¢6 bude ngang va doc, két qua 1a €(14,7); viéc cho phép budc chéo lam xuat hién
tong Delannoy.
Bai tap 3. Mot khu vuon c6 5 cdy xa ctr, 20 cdy bach dan va 20 ciy xoan; gid mdi cay

lan luot 1a 10, 5 va 3 triéu déng.
(a) Chat 10 cay trong hai loai bach dan va xoan, ca hai loai déu bi chat.
(b) Chit 5 cdy, thu it nhat 35 tri¢u dong.

(c) Chit 20 trong 40 cay bach dan va xoan sao cho s6 bach dan con lai nhiéu hon s6

xoan con lai.
Pém s6 cach trong ting truong hop.
Loi giai. Cac cay dugc xem la phan biét.
(a) Néu chit k cdy bach dan thi chit 10 — k cdy xoan, v6i 1 < k < 9. Két qua la
22_,C(20,k)C(20,10 — k) = €(40,10) — 2C€(20,10) = 847291016.
(b) Goi x, y, z lan luot 1 sb cdy xa ctr, bach dan, xoan bi chit. Taco x +y +z = 5 va
diéu kién doanh thu 10x + 5y + 3z = 35. Thay z = 5 — x — v, diéu kién tr& thanh
7x + 2y = 20. Liét ké cac bg kha di cho ta
(x,v,2) €{(2,3,0),(3,0,2),(3,1,1),(3,2,0), (4,0,1), (4,1,0), (5,0,0)}.
Vé6i mdi b, s6 cach chon 1a € (5,x)C (20, y)C (20, z). Cong bay trudng hop ta cd
11400 4+ 1900 + 4000 4+ 1900 4+ 100 + 100 + 1 = 19401.



(c)Goiyla s6 bach dan bi chit va z 13 sd xoan bi chit. Ta c6 y + z = 20. Sau khi chat,
sd bach dan con 20 —y va sb xoan con 20 — z. Piéu kién 20 —y > 20 — z tuong
duong y < z, tic y < 9. Két qua la

C(40,20) — C(20,10)2
9o C(20,y)C(20,20 — y) _ ) - ( 1 51855874642.

Nhan xét. Phan (c) dung d6i ximg: cac trudng hop y < z va y > z ¢6 sb luong bang
nhau; truong hop y = z = 10 phai tach riéng. Pay 1a k¥ thuat thuong giup rat ngan mot
téng td hop dai.

Bai tap 4. Trong vanh F|[x, y, z], c6 bao nhiéu don thuc bac ding d? C6 bao nhiéu don
thirc bac khong vuot qua d?
Loi giai. Mot don thire bac d c6 dang x*y®z¢, trong d6 a, b, ¢ 1a cac s6 nguyén khong
amvaa+ b+ ¢ = d. Vi mdi bd s mil xac dinh duy nhat mét don thirc, bai toan tré
thanh dém nghiém nguyén khong 4m ciia mot phuong trinh. Két qua 1a C(d + 2, 2).
Pbi véi bac khong vuot quéa d, ta can dém cic bd a + b + ¢ < d. Pua vao bién
phut=d—a—b—c >0, tacodphuong trinh a + b + c + t = d v6i bon an khong
am. Do d6 két qua la C(d + 3, 3).
Céc don thirc twong tmg ddc 1ap tuyén tinh va sinh toan bo khong gian da thirc can
xét. Vi thé s6 lugng trén ciing chinh 14 sb chiéu cua khong gian da thirc thuan nhét bac

d va khong gian da thirc bac khong vugt qua d.

Bai tap 5. Co6 6 sinh vién phan biét va 4 toa tau phan biét. MOi sinh vién chon mdt toa,
nhung khong toa nao c¢6 qua 2 sinh vién. Ho1 c6 bao nhiéu phuong an?
Loi giai. Tong sirc chia toi da 1a 8, con ¢6 6 sinh vién. Cac dang phan bd khong vuot
qué 2 chi ¢6 hai loai: (2,2,2,0) va (2,2,1,1), ké ca hoan V1 cac toa.
Loai thir nhat: chon toa tréng theo 4 cach. Vi ba toa con lai, s cach chia 6 sinh
vién thanh ba nhém c6 nhin, mdi nhom 2 nguoi, 1a 6!/(212121). Két qua 1a
6!

4% = 360.
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Loai thtr hai: chon hai toa nhan 2 sinh vién theo C(4,2) cach. Khi bon toa di co
kich thudce 2,2,1,1, s6 cach phan sinh vién 1a 6!/(212!11!1!). Két qua 1a

6!

C(4.2) o7 = 1080.

Tir d6 dap sb 1a 1440.

Bai tap 6. Cho A 1a ma tran 2 X 2 ¢6 cac phan tir thuoe X = {0,1,2,3,4,5}. C6 bao nhiéu
ma tran A théa man det(4) = 07?7

Loi giai. Ta phan loai theo sb lugng s6 0 va dang ti 1¢ cua hai hang.
_(a b
A= (c d)'

V6imdi sé nguyén t, dit r(t) 14 sd cip co thi ty (u, v) € X? sao cho uv = t. Chon
(a,d) va (b, c¢) c6 cung tich t cho diing r(t)* ma tran.

Ta c6 r(0) = 11. Véi cac tich duong: (1) = 1; r(2) =r(3) =7r(5) =r(6) =
r(8) =r(10) =r(12) =r(15) =r(20) =2; r(4) = 3; va r(9) =r(16) =
r(25) = 1. Céc tich con lai c6 két qua bang 0. Vay dap sb 1a

112 + 9-2% + 32 + 4-1% = 170.

Bai tap 7. Ma tran vudng cap n c6 phan tir thudc {—1,0,1} duoc goi 1a ma tran Olympic
néu téng cac phan tir trén moi dudng hoan vi déu bang nhau. Ky hiéu f(n) 1a s6 ma tran
Olympic cap n. Tim f(n).

Loi giai. Diéu kién ctia dé twong duong vai: hiéu cta hai hang bat ky 1a mot vecto hang.
That vay, so sanh hai duong hoan vi chi khac nhau & viéc ddi hai cot k, 1 gifra hai hang
[,j,taco aix + a; = ap + aj, nén aix — ajx khong phu thudc k.

Ta phén loai theo hang dau tién. Néu hang dau 1a hing, mdi hang khéac ciing phai
hang va c6 3 lya chon; duoc 3" ma tran. Néu hang du chi dung 0 va 1, dong thoi ca hai
gia tri déu xuat hién, c6 2™ — 2 cach chon hang dau. Mdi hang sau bang hang dau hoic
kém hang dau moét don vi & moi toa do; do do co 2 lwa chon cho mdi hang, téng

2""1(2™ — 2). Truong hop chi dung 0 va -1 cho sb luong tuong tu.

11



Néu hang dau chira dong thoi 1 va -1, cac hang khac budc phai bang hang dau. SO
hang dau kiéu nay 13 tong 3" trir cac hang d3 nam trong ba loai trudc: ba hang hang va
hai ho nhi phan khong hang. Két qua la 3" — 2 - 2" + 1.

f(n)=3"+2-2"12"-2)+(3"—=2-2"+1).
fm)=4"+2-3"—-4-2"+ 1.

Kiémtran = 2 cho f(2) = 16 + 18 — 16 + 1 = 19.

Nhan xét. Day 14 vi dy tiéu biéu vé dém cau truc dai sb. Bude kho khong phai tinh téng
cudi ciing ma 1a chuyén diéu kién trén n! dudng hoan vi thanh quan hé don gian giita
cac hang.

Bai tap 8. Ky hiéu P, 1a tip cac ma tran kha nghich cip n sao cho moi phan tir cia A
va A™! déu bang 0 hoic 1. Tinh |Py|.

Loi giai. Pat B = A™. Ta ¢6 AB = I. Vi céac phén tir ciia A va B khong am, voi i # j,
d'fmg thire Xxaikby; = 0 kéo theo aixby; = 0 véimoi k. Vé6ii = j, téng 2xaixbxi = 1, nén
c6 dung mot chi $6 k ma aiy = by = 1.

Chi s6 k néi trén 13 duy nhat cho mdi i. Néu hai hang i khac nhau ding ciing mot
cOt k lam vi tri 1 dac biét, ttr AB = I s€ phat sinh hai phén to 1 trong cung mot cOt cua
tich, mau thuin. Do d6 mdi hang cua A c6 diing mot phan tir 1 va cac vi tri ndy nim &
cac cot khac nhau. Vi 4 kha nghich, mdi cot ciing c6 diing mot phan tir 1.

Vay A 1a ma tran hoan vi. Nguoc lai, moi ma tran hoan vi ¢6 nghich ddo la ma tran
chuyén vi, cling 13 ma trdn 0-1. Do d6 P, song 4nh v6i nhom hoan vi Sh,.

|[Pn| = nl
Nhan xét. Loi giai 14 mot song anh cu tric. Diu kién ca A va A™* triét tiéu kha ning
cac tong ngoai dudng chéo co sy bu tri.
Bai tap 9. Trong buc tudng gach xép so le, dém sb cach trong mdi truong hop sau:
(a) chon mdt vién & moi trong ba hang, khong c6 hai vién ké nhau;
(b) v6i bon hang, chon mot vién & mdi hang cung diéu kién.

12



Loi gidi.

(a) Hang gitta c6 5 vién. Néu chon mét trong bén vién dau cua hang giita, & moi
hang trén va dudi c6 3 vién khong ké v6ino, tao 3 - 3 = 9 cach. Véi vién cudi theo cach
ky hiéu ctia ngudn, c6 4 Iya chon & mdi hang ngoai, tao 16 cach. Vi vy két qua 1a

4-9416 = 52.

(b) Xét trude cap vién duoc chon ¢ hai hang giita. C6 16 cdp khong ké nhau nhu
danh sach trong hudng dan giai. Véi mdi cip (P, Q), sd lwa chon & hang trén chi phu
thudc P va so lya chon & hang duéi chi phy thude Q. Cac s6 niy bang 3, ngoai trir hai vi
tri bién cho 4 lwa chon. Cong céc tich twong tmg cho 16 cip, ta dugc két qua la

9:-3-3+6-4:-3+4-4 = 169.

Bai tap 10. Trén 41 vi tri, co xanh ¢ cac vitri 1, 5, 9,..., 41 va 30 vi tri con lai 1a co do.
Chon mot c& xanh va mot cd do dé ddi chd sao cho sau d6i van khong c6 hai co xanh
ké nhau. Dém sb cach chon.
Loi gidai. C6 dinh cd xanh dugc chuyén di. V6i co xanh & vi tri 1, c& d6 méi chuyén vé
vi tri 1 khong gdy xung dot; vi tri nhan c& xanh phai khong ké cd xanh nao con lai. Trong
doan dau c6 hai vi tri hop 1€, con & mdi doan khong chtra vi tri 1 nhu mot dau mut chi
coO vi tri do & gitra 1a hop 1€. Téng cong co xanh ¢ vi tri 1 c6 11 Iya chon. Vi tri 41 dbi
xtng, cting c6 11 lya chon.

M&di co xanh bén trong, & cac vitri 5,9,...,37,1a dau chung cua hai khoang. Trong
hai khoang ké n6 c6 tong 4 ¢ do c6 thé nhan cd xanh sau khi cd hién tai dugc ldy di;
trong 8 khoang con lai, mdi khoang chi c6 co do ¢ giira 1a hop 1¢. Do d6 mdi c& xanh
bén trong c6 4 + 8 = 12 lya chon. Két qua la

2-11 + 9-12 = 130.
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Bai tap 11. O 49 giao diém ctiia mot bang 7 X 7, mbi diém duogc ghi 0 hodc 1. Chimg

minh tOn tai mot hinh chit nhat c6 bdn dinh cung duoc ghi 0 hodc cung dugc ghi 1.

Loi gidi. Voi mdi cot, xét cac cip diém cing mang mot gia tri. Néu cot d6 co a diém
ghi 0 thi ¢6 C(a,2) cip 0 va C(7 — a,2) cip 1. Tong sb cip cung gia tri trong cot 1a
C(a,2)+C(7—a,2)=(a—3)(a—4)+9=09.

Bay cot tao ra it nhat 7 - 9 = 63 cap “hai hang - mot gia tri”. Chi c6 €(7,2) = 21
cap hang. Theo nguyén 1y Dirichlet, c6 mot cip hang xuit hién it nhét ba lan trong 63
cap ké trén.

Ba lan xuat hién tuong mg véi ba cot va mdi 1an mang nhin 0 hodc 1. Trong ba
nhin ndy, c6 hai nhin bing nhau. Hai hang va hai cot twong Gng tao thanh mét hinh chi

nhat ma bén dinh ciing mang nhén do.

Bai tap 12. Pién vao bang 10x10 cac s6 nguyén duong khong vuot qua 10 sao cho hai
6 chung canh hodc chung dinh chira hai s6 nguyén t6 cing nhau. Chtrng minh c6 mot s6
xuét hién it nhat 17 lan.
Loi giai. Chia bang thanh 25 khéi 2 x 2 khong giao nhau. Trong mdi khéi, moi cip 6
déu chung canh hoidc chung dinh. Vi hai s6 chin khéng nguyén t6 ciing nhau, mdi khoi
c¢6 nhiéu nhat mot s6 chin. Twong ty, mdi khdi c6 nhiéu nhat mot sd chia hét cho 3.

Do d6 trong mdi khéi c6 it nhat hai s6 vira 1¢ vira khong chia hét cho 3. Toan bang

c6 it nhat 25 - 2 = 50 6 mang s6 1¢ khong chia hét cho 3.
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Trong cac $6 1,...,10, chico 1,5,7 1a 1é va khong chia hét cho 3. Phan 50 lan xuit

hién vao ba gié tri nay, Dirichlet cho mdt gia tri xuét hién it nhat
[50 17
bk

lan, didu phai chting minh.
3.2. Céc bai toan tir Olympic toan Pai hoc M6 Dja chit

Bai tap 13. Moi dinh ctia mot luc giac dugc té mot trong ba mau xanh, do, vang sao cho
hai dinh k& nhau ¢6 mau khac nhau. Hoi c6 bao nhiéu cach t6?

Loi giai. Day 1a sb cach to ding chu trinh Cg bang 3 mau. Ta c6 thé dung cong thic da
thirc sac ctia chu trinh: véi ¢ mau, sé cach t6 C, 13 (@ — D™ + (=1)"(q — 1).

Thay q = 3,n = 6 duoc 2° + 2 = 66.

Pé thay truc tiép, cd dinh mau dinh du theo 3 cach. T6 tuan ty nam dinh tiép theo,
moi dinh c6 2 lya chon khac dinh trudc; tuy nhién phai loai hodc diéu chinh theo viéc
dinh cudi trung mau dinh dau. Truy hoi hai trang thai “mau hién tai bﬁng mau dau” va
“khac mau dau” dan dén cong thirc trén. Két qua 1a

(3-1)°+ (3 —1) = 66.

Bai tap 14. Ma tran 4 X 4 c¢6 mdi phan tir bang 1 hodc 2. Téng bdn phén tir trong moi
khéi tao béi hai hang lién tiép va hai ct lién tiép déu biang 6. C6 bao nhiéu ma tran?
Loi gidi. Mdi khdi 2 X 2 phai c6 diing hai s6 1 va hai s6 2.

Xét hang dau. Néu hang dau khong xen k& hoan toan, tirc khéng phai 1212 hodc 2121,
thi tir mdi cdp hai phén tir lién tiép cta hang dau, cip twong tmg & hang dudi dugc xac
dinh duy nhét dé khoi 2 X 2 ¢6 hai s6 1, hai sb 2. Do d6 toan bd ba hang sau dugc xac
dinh duy nhit. C6 2* — 2 = 14 hang dau loai nay.

Néu hang dau 1a 1212 hodc 2121, hang ké tiép c6 hai lwa chon: giir mau hodc ddi
mau. Moi hang sau tiép tuc co hai lya chon doc 1ap theo cung quy tdc. Co 2 cach chon
hang dau va 23 cach chon ba hang con lai. Két qua la

2*—=2)+2-2® = 14+ 16 = 30.
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Bai tip 15. Dién s6 nguyén khong 4m vao bang 4 X 4 sao cho c6 dung mot sb 0; hai 6
chung canh c6 hiéu tuyét d6i khong quéa 1; mdi sé duong ké it nhat mot s nho hon no.
C6 bao nhiéu cach dién?

Loi giai. Goi 6 chtra 012 6 gbc 0. Voi mot 6 X, 1y dudng di giam dan: do mdi s6 duong
ké mot s6 nho hon, tir X ta di qua cac 6 co gia tri giam it nhat 1 cho dén 0. Vi hiéu hai
6 ké khong qua 1, mdi bude giam ding 1. Do d6 gia tri tai X it nhat bang khoang cach
vuong d(X, O).

Nguoc lai, di theo mot dudng ngén nhat tir O dén X. Bét dau tir 0 va mdi bude ting
khong qua 1, nén gia trj tai X khong vuot qua sé bude, tirc khong vuot d(X, 0). Hai danh
gia cho

giatritaiX = d(X,0).
Vi vy, sau khi chon 6 gbc, toan bo bang duoc xac dinh duy nhét. C6 16 cach chon

0 géc va moi lya chon déu tao mot bang théa man. Két quala 16.

Bai tap 16. Trong tap {1,2....,16}, c6 bao nhiéu cip sd cong ting dan gdm ding bdn
phan tir?
Loi giai. Mot bo co dang (a,a + d,a + 2d,a + 3d),véid = 1vaa + 3d < 16. Vithé
d < 5.Véi d cb dinh, a c6 thé nhan cac giatri 1,...,16 — 3d, tic ¢c6 16 — 3d lya chon.
Két qud la

13+10+7+4+1 = 35.
Bai tap 17. Hinh sau gdm ba hinh vuéng don vi ghép thanh mot hang. Mdi canh don vi

dugc t6 xanh, do hodc vang. Trong bon canh ciia moi 6 vuong phai c6 ding hai mau,

moi mau xuat hi¢n dang hai canh. Hoi c6 bao nhi€u cach t6 hinh?
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Loi giai. Xét bon canh thang dung tao thanh bién trai, hai canh chung & gitra va bién
phai. Chon mau cho bdn canh nay trude; c6 3* cach. Vi mdi 6 vudng, hai canh ding
trai va phai da biét.

Néu hai canh ding ciing mau, hai canh ngang phai cing mang mot mau khac; cd
2 lya chon. Néu hai canh ding khac mau, hai canh ngang phai nhan ding hai mau do,
mdi mau mot 1an; c6 2 cach sap thtr tu trén - dudi. Nhu vay, bat ké hai mau bién dung
nhu thé nao, mdi 6 ludn c6 dung 2 cach to hai canh ngang.

Ba 6 c6 cac cdp canh ngang khac nhau, nén sau khi mau cac canh dimg duge cd
dinh, cac lya chon cua ba 6 doc lap. Két qua la

3*.2% = 648.

Bai tap 18. Ma trdn 5 X 5 dwogc dién cac s6 1, 2,..., 25 theo thir tu tirng hang.
(a) Chon mdi hang mot phan tir, ndm phan tir khic cot nhau. Tong S c6 thé nhan bao
nhiéu gia tr1?

(b) C6 bao nhiéu cach chon bon phan tir khac hang, khac cot va cling tinh chén 16?

1 2 3 4 5
6 7 8 9 10
11 12 13 14 15
16 17 18 19 20
21 22 23 24 25

Loi giai.
(a) Néu ¢ hang i chon cot o (i), v6i o 1a mot hoan vi caa {1,...,5}, phan tir dugc chon 1a
5(@i — 1) + o(i). Vi tong cac gia tri o(i) ludn bang 15,

S=5%@{—-1)+2o(i) =50+ 15 = 65.

Do d6 S chi nhan mot gia tri.
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(b) Cac hang 1é tao mau 3-2-3-2-3 theo s6 6 1é cua timg hang. Chon bdn s6 1& ¢6 hai
dang.
Dang 2 hang loai 3 va 2 hang loai 2: ¢6 C(3,2) - P(3,2) - 2! = 36 cach.
Dang 3 hang loai 3 va 1 hang loai 2: ¢6 3! - 2 - 2 = 24 cach. Tong s6 cach chon bén sd
1¢ 1a 60.
V&i s6 chin, mau ddi thanh 2-3-2-3-2. Dé chon bon 6 khéc hang, cot, bat budc dung 2
hang loai 2 va 2 hang loai 3; s6 cach 1a €(3,2) - 2! - P(3,2) = 36. Vay két qua la

60 + 36 = 96.
Bai tap 19. Hinh sau gém chin hinh vuéng don vi ghép thanh bang 3 X 3. T6 mdi canh

don vi bang mot trong ba mau sao cho trong bon canh ctia moi 6 c6 dung hai mau, moi

mau xuat hién ding hai lan. BPém s6 céch to.

Loi gidi. Xur 1y timg hang ba 6 tir trén xuéng. Trudc mot hang, ba canh ngang phia trén
da c6 mau; day la trang thai bién. Chon thém mau cta canh ding ngoai cung bén trai
theo 3 cach.

Xét mot 6 tir trai sang phai. Khi mau canh trén va canh trai da biét, ludn c6 dang 2
cach chon dong thdi canh dudi va canh phai: néu hai canh d3 biét ciing mau, hai canh
moi phai ciing mang mot mau khac; néu chiing khac mau, hai canh méi phai mang lai
ding hai mau d6 theo mdt trong hai thir tu.

Vi vay, voi moi trang thai bién trén ¢ dinh, mot hang ba 6 co

3:-23=24
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cach mo rong, déng thot tao ra mot trang thai bién dudi méi. Ban dau ba canh trén cung
c¢6 3% = 27 cach chon. Ba hang duoc mé rong lién tiép, mdi hang nhan 24 cach, nén két
qua la

33.243 = 373248.

Bai tap 20. Phat trién tir Olympic Pai s6 Truong Pai hoc Mo - Pia chat.

Véi g = 2, d&m sb cach to cac dinh cta chu trinh don C,, bang g mau sao cho hai
dinh ké nhau khac mau.
Loi giai. C6 dinh mau coa dinh dau. Sau khi t6 mot dudng gom n dinh, ta theo ddi hai
sd: a,, 12 sb cach ma dinh cubi cung c6 cing mau véi dinh dau, b, 13 s6 cach ma ching
khac mau. Tacé a;, = 1,b; = 0 va

am+1 = bmy  bmir = (@ — Day + (@ —2)by,.

Sb cach t6 chu trinh sau khi mau dau da ¢ dinh 13 . Giai truy hoi, hodc dung da

thirc dac trung, cho ta

[(q— 1"+ (-D"(q— 1]
q :

b, =

Nhan g cach chon mau dinh dau, sb cach to chu trinh 1a

@-D"+ (D% - 1.
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4. KET LUAN

Béo c4o di hé thong hoa cc cong cu co ban va nang cao thudng xuét hién trong
bai toan dém & cac ki thi Olympic: nguyén Iy cong - nhan, to hop, phuong phap vach
ngin, nguyén 1y b va bao ham - loai trir, phuong phap song anh, truy hoi, ham sinh.

Phan trong tdm tuyén chon cac bai toan tir cac Ky yéu Olympic Toan hoc Sinh vién
- Hoc sinh toan quéc giai doan 2022-2025 va cac dé Olympic Pai sb Truong Pai hoc
Mo - Dia chit. Cac bai toan trai rong tir chon vi tri, duong di, phan phdi, t6 mau, 14t hinh
dén dém ma tran.

Qua hé thong vi du, c6 thé thay gia tri ciia bai toan dém khong nam & viée ap dung
mot cong thirc duy nhit. Khau quan trong nhét 1a mé hinh héa: x4c dinh dung cau hinh,
tim tham s6 phan loai va kiém soat dém tring. Nhitng bai c6 vé thudc dai sb tuyén tinh
hodc 1y thuyét ma tran van c6 thé quy vé mot bai toan dém sau khi diéu kién cu trac
dugc rut gon. Nguoc lai, nhirng bai td hop truc tiép thuong can mot cach nhin dai s nhu
ham sinh hodc ma tran chuyén dé dat 151 giai ngén gon.

Tai liéu c6 thé dung lam tai liéu tham khao cho giang vién t6 chirc chuyén dé va
tap bai luyén cho sinh vién. Viéc két hop ching minh 1y thuyét véi kiém tra tinh ton s&
gitip nang cao do tin cy va hiéu qua bdi dudng Olympic.

Tai liéu hy vong gop phan hd trg giang vién trong cong tac tuyén chon, bdi dudng
d6i tuyén va giup sinh vién hinh thanh théi quen mé hinh hoa, kiém tra dém lip va trinh

bay 101 giai chat ché.
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5. TAI LIEU THAM KHAO

[1] Hoi Toan hoc Viét Nam, Ky yéu Ky thi Olympic Todn hoc sinh vién.

[2] Truong Dai hoc M6 - Dia chat, Pdp dn Olympic Todn sinh vién.
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