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ABSTRACT

In the field of kinematic positioning applied for maritime navigation, a vessel is often tracked by low-cost
sensors, which are lightweight, small size, and low in price, but instability and low accuracy. The non-
linearity is one of the most difficult characteristics in the estimation, and it is contributed by highly non-
linear functions of both the kinematic model and the observation model as well as the measurement error.
To overcome this problem, a suitable non-linear filtering algorithm needs to be selected. In this paper, a
scenario of maritime navigation is given, in which the sensor’s measurement used for tracking the vessel
is simulated by the Monte Carlo method. Two non-linear filtering algorithms consisting of extended
Kalman filter (EKF) and particle filter (PF) is applied since these algorithms are appropriated to different
levels of non-linearity. The position accuracy of these algorithms is determined in cases of varying
measurement accuracy and observation geometry. The main result of this work is that the improvement
in accuracy between PF and EKF is investigated on the wide range of non-linearity. Based on this
information about the improvement, the users can choose a suitable algorithm to deal with the mentioned
non-linearity problem for their applications.

Keywords: Non-linear filtering algorithms; Kinematic positioning; Maritime navigation.

Introduction

Non-linear estimation problem has long constituted an attractive topic for researchers. The non-
linearity is one of the most difficulties in estimation by filtering algorithms. In the kinematic positioning,
the non-linearity is often conducted by both the system and the observation models, which are non-linear
equations. In addition, the high measurement errors from measurements and bad observation geometry
are also the main reasons of high non-linearity. Several filtering algorithms had proposed to deal with this
issue. EKF, one of the most widely used algorithms, can deal with this problem. EKF is extended
straightforwardly from the Kalman filter (KF) (Kalman 1960), in which the linear approximation
technique is used by the Taylor series expansion (Gelb 1979). Fast computational time is the main
advantage of this filter. However, the linear approximation is not satisfactory for highly non-linear
models, which leads to the divergent phenomenon of EKF (Niu, Varshney et al. 2008). Hence this
algorithm is only suitable for weak non-linearity. To overcome this problem, PF (Gordon, Salmond et al.
1993) is the most suitable algorithm to apply in these cases. In this filter, mean and covariance quantities
are approximated directly from a large number of random sample points. This algorithm can also cope
with non-Gaussian noise distribution, but the burden in computational time is expensive (Karlsson, Schén
et al. 2005). From these analyses, both the above algorithms have advantages and disadvantages in terms
of accuracy and computational time. The selection of an appropriate algorithm between the above-
mentioned algorithms will focus on the accuracy taken the computational time into account. In this study,
the improvement in accuracy is considered as the main parameter for choosing algorithms. In theory, the
PF is better than EKF due to high non-linearity, but the quantity in the improvement of PF compared to
EKF depends also on parameters of scenarios. Hence, in this paper, this improvement will be investigated
for a certain application of maritime navigation. The paper is organized in four following sections. A brief
theory about filtering algorithms including EKF and PF is described in section 2. Section 3 presents a
vessel positioning in the maritime application. The results of determination on the improvement in the
accuracy according to varying both the measurement accuracy and the observation geometry are discussed
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in section 3. The main findings, limitations are given in section 4. Finally, conclusions and future works
are presented in section 5.

2. Filtering algorithms
2.1. Extended Kalman filter

EKF is the most widely used in the non-linear estimation. The main concept of this algorithm was
proposed by Schmidt (1966). The method was also well-known as the Kalman-Schmidt filter.
If the state vector y is passed through the prediction model ¢ and the observation model 8:

yk+1 = (I)(ykffk)l (1)

Livr = 0Tk, M), (2
then the procedure of the EKF can be presented in Fig. 1.

2.2. Particle filter

The particle filter (PF) is widely employed for non-linear and non-Gaussian models. The central idea
of the PF is to approximate the posterior PDF of the state vector as a set of random samples. The mean
and covariance can be obtained from a precise posterior PDF, which is generated by a great number of
samples. This method is known under the names of the bootstrap method, condensation algorithm (Isard
and Blake 1998), and sequential Monte Carlo. The first paper on the sequential MC method was presented
by Hammersley and Morton (1954). However, the PF began to be commonly used with the seminal paper
of Gordon, Salmond et al. (1993). Here, resampling, an important step, is introduced, which created a
novel method, known as sampling importance resampling (SIR) or particle filter. In the scope of this
study, PF theory based on the SIR algorithm will be described below.

A posterior PDF of the predicted state vector y, .1, P(¥x+11Lx), can be determined by using a
probability model of state evolution p(y;+1|¥«). as follows:

PYinalLe) = j PV [yOPORILOAYs, 3)

where L, denotes the set of all observations received up to and including I;.: L, = {l;,i = 1,2,...,k};
and a filtering probability density p(y,|L,) for the Bayesian inference is given by:
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Fig. 1 Scheme of EKF for non-linear estimation, in which the subscript k indicates a value at time ¢, ; T is transition
matrix; S, is matrix of disturbance quantities; and &, is the vector of Gaussian process noise (E [§;,] = 0); A4 IS
design matrix; and n,, is the vector of Gaussian observation noise (E [1n;] = 0).



The PF approximates the probability density function p(y,|Ly) by a significant number of Npe
independent particles y,, ;, i=1,2,... Npr, and their associated weights W, ;, i=1,2, ... Npr, where the sum
of all weights is proportional to unity. The PF updates the state vector and the corresponding weights
recursively with each new measurement. In (4), the normalization factor p(I,|Lj_,) is usually unknown.
However, this factor is not essential for this method, since the probability density function p(y,|L), can
be sufficiently evaluated by:

PVi+1lLi) X (Ll yi)p Vil Li—1), )

In theory, a Monte Carlo method can be used to approximate the uncertainty of arbitrary probability
density functions. However, in this study, only the Gaussian distribution is used. The likelihood function
p(li |y is computed by considering the measurement standard deviation (STD) ¢ under the assumption
of a Gaussian distribution:

Ly = o U2 (6)
PUlilYk J2no e

and p(y; |L,_1) is approximated with particles which are known to constitute the main idea of the PF

method, according to:

1 Npr
PYilLk-1) = N_Z 5(J’k - yk,i)' (7
PF &=

where §(+) is the delta-Dirac function.

However, this approach suffers from divergence phenomena, in which almost all of the particles’
weights have a value of 0, except one non-zero weight, after a few steps. This problem can be handled by
a resampling step. Several resampling algorithms were analyzed and compared by Hol, Schén et al.
(2006). The SIR algorithm is briefly described by the following procedure:

Step 1: Npr particles yq;, i=1,2,..., Npr are drawn depending on the Gaussian distribution p(y,) at
timet, = 0.

Step 2: The weights W, ; = p(lk|yk,i) are calculated by (6), and normalised weights can be defined
as:

= mpp— i = 1,2, ., Npp. ®)

Step 3: A new set of particles y; ;, i=1,2, ..., Npr are rearranged from the current set y, ;, i=1,2, ..., Ner
by the resampling method (Karlsson and Gustafsson 2001).

Step 4: At time t,,.,, new particles y,.1;, i=1,2,..., Npr are drawn, which are based on the function
(1) as:

yk+1,i = ¢(y;,i' fk,i)li = 1'2' ""NPF' (9)
where the process noise & ; is simulated by a Gaussian distribution.
Step 5: Increase time t;: = t;.., and repeat from step 2.

3. Application to maritime navigation
3.1. Scenario

The case study is investigated on the maritime application. Whereby, a vessel is tracked by two coastal
radars located at the reference points (X1, Y1) and (X2, Y32), respectively in Fig. 2. These radars are to
provide simultaneously two distances s; and s, each At second, and the vessel is tracked during t second.
In this scenario, suppose that the vessel moves from the west to the east in the x-y plane with a constant
velocity v, and the position of the vessel is determined in a good weather condition, such that external
influences such as wind, current, and wave are trivial, and they can be ignored in the computation.

3.2 Modeling for the prediction and observation steps

This state vector is propagated through two processes of the time update and measurement update,
which corresponds to the system model and the observation model of an estimation algorithm. The goal
of the system model is to propagate the state vector forward in time and to determine how this vector
varies with time. The straight linear model is a simplification of the movement of the vessel in its
trajectory in reality.



In the plane, it is assumed that the vessel moves on the straight line between two points with a constant
velocity, and the measuring epochs are realized at these points.

Trajectory of vessel

Radar 1
Radar 2

Fig. 2. A vessel is tracked by two distance measurements provided by costal radars.
The geometric model between two consecutive epochs from k to k+1 is illustrated as (Aussems 1999):
Xier1 = X + Upyr - At C_OS((ﬁk + A_(ﬁk+1)
Vi1 = Vi + Dpqq - At - sin(Py + APc11)

Pr+1 = P + APp4r (10)
Vg1 = U
APry1 = APy

Where x and y are coordinates in the horizontal plane, ¢ is the orientation, v is the velocity, and Ag is
orientation change of the vessel.

The observation model is to update the state vector with a set of measurements and to identify how
measurements vary with the state vector. The distance, a highly non-linear model with respect to the state
vector, is used for modeling radars’ measurements. The observation vector of two distances in the
mentioned scenario at epoch k can then be expressed by:

L, = (51 S2k), (11)
Where s, , and s, are used by the equations:
s = (e — Xo)? + i — Yo)?, (12)

With (Xo, Yo) and (x;, ¥, ) are known and unknown coordinates of the radar and the vessel, respectively
at epoch k.

4, Results

To evaluate the ability of these above algorithms, the position accuracy is used and it is computed by
the root mean square error RMSE as:

RMSE = \/leg:o((fkﬂ - 2k+13; + (yk+1 - yk+1)2), (13)
Where N is the number of measuring epochs; X and 7 are the north and east coordinates, respectively,
of the true trajectory; and X and j are the estimations of corresponding coordinates by the filtering
algorithm.
The improvement in accuracy of PF relative to EKF is calculated by both absolute and relative
proportions as:

RMSE . — RMSE
%RMSE = ( ;’;;SE 28 100%, (15)
PF

Where RMSEekr and RMSEpe are the position accuracy estimated by EKF and PF, respectively.

In this study, the measurement accuracy and observation geometry are the main factors influencing
straightforwardly on the position accuracy. However, the quantity of position accuracy depends also on
the parameters of scenarios. Hence, the rest of the paper will investigate the influence of the position

10



accuracy with changing measurement accuracy and the observation geometry, in which the scenario in
section 3.1 is used by the given parameters in table 1.

Table. 1. Parameters of scenario for tracking the vessel.

Parameters Denotations Quantities
Velocity, sampling time, and total time v, At, T 5m/s?, 1s,and 100 s
STD of acceleration and rotational rate Oagr Opg 0.01 m/s?, 0.01 rad/s?
STD of distance measurement O 4m+40m
Horizontal position of radar 1 (X1,Y1) (100 m, 100 m)
Horizontal position of radar 2 (X2,Y2) (100 m, 600 m)

Both process noise and measurement noise corresponding given quantities in table 1 are assumed to
be Gaussian. The initial state vector is based on one-point initialization. The initial state vector is the first
observed position, orientation, velocity, and orientation change yo = (1100 m, 100 m, 90°, 1 m/s, 0.01°)".
The covariance matrix of the initial state vector is Zyy =
diag((10m)? (10m)? (1°)% (1m/s)? (0.1°)2). To obtain reliable results in accuracy, the
number of particles using PF, Npr = 3x10%.

In the first evaluation, measurement accuracy is one of the main factors affecting the position accuracy.
The position accuracy will investigate according to varying the measurement accuracy in the range [4 m,
40 m] in ten equal intervals while the observation geometry remains unchanged by s =1 km. The estimated
accuracy of EKF and PF determined by the averaged value of position RMSE over 100 epochs is shown
in Fig. 3 (a).

40 60

(a) Position accuracy vs. measurement accuracy (b) Position accuracy vs_ observation geometry
50

30
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10 10 ——EKF PF
EKF PF

7 o
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Fig. 3. Position RMSEs obtained by EKF and PF versus measurement accuracy (a) and observation
geometry (b).

According to accuracy, the RMSE values of these two algorithms increase with increasing
measurement accuracy. The RMSE of PF is the smallest than that of EKF for the whole interval of
surveyed measurement accuracy. Similar results are discussed in Konatowski, Kaniewski et al. (2016)
and Doucet, Freitas et al. (2001). Besides, the important aspect of this evaluation is the improvement in
the accuracy of PF compared to EKF. Both absolute and relative proportions of the improvement are
computed by equation (14) and (15), respectively, and listed in Table 2. PF achieves approximately from
6% to 48% or from 0.3 m to 20 m higher in position RMES than that of EKF when STD of measurement
increases from 4 m to 40 m. These results indicate that the improvement in PF becomes larger in the case
of low measurement accuracy, but these improvement values are only slightly different in the case of high
measurement accuracy. These results are consistent with the analysis of bearing-only tracking for the
maneuvering case (Ristic, Arulampalam et al. 2004).

Table 2. Comparison in the accuracy performance between EKF and PF due to varying measurement accuracy.

. (m) ARMSE (m) %RMSE o, (M) ARMSE (m) %RMSE
4 0.308 6% 24 7.159 40 %
8 1.908 24 % 28 8.469 42 %
12 3511 34 % 32 9.894 45 %
16 4.650 35 % 36 11.015 46 %
20 5.750 37 % 40 12.334 48 %
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In the second evaluation, the observation geometry is considered as another factor affecting the
position accuracy of the vessel. In this evaluation, the observation geometry is changed by the shortest
distance s between two stationary radars and the vessel or the intersection angle y (see Fig. 2) while the
measurement accuracy is unchanged by o, = 1°. To avoid divergence phenomenon of filtering algorithms
due to high non-linearity, the shortest distance s is varied from 1.0 km to 2.8 km in 10 equal intervals or
the intersection angle decreases from 28° to 10°. The position RMSEs of these algorithms averaged over
100 epochs are shown in Fig 3(b). The position RMSE of these algorithms increases with increasing value
of the shortest distance s or decreasing value of intersection angle y. Similar to analyses according to a
variation on the measurement accuracy, the PF obtains higher RMSE than that of EKF. The improvement
in accuracy of PF compared to EKF also increases with increasing value of the shortest distance, as
summarized in Table 3. The relative improvements in PF rise from 28% to 64%. Similarly, the absolute
improvements increase between approximately 5.5 m and 23 m. These results are in agreement with the
theory about geometrical configuration. The change in RMSE of these algorithms is due to geometrical
reasons. Since the intersection angle y decreases in the above-mentioned range that leads to bad geometry
(Atkinson 1989). Similar results in the context of unmanned aerial vehicle navigation (UAV) can be found
in Veth (2013). Note that although certain observation geometry will optimize tracking performance in
terms of position accuracy, this subject of the optimization of geometry is not in the scope of this research.

Table 3. Comparison in the accuracy performance between EKF and PF due to varying observation

geometry.

s (km) y ARMSE (m) %RMSE s (km) y ARMSE (m) %RMSE
1.0 28° 5,583 28 % 2.0 14° 16,257 58 %
1.2 24° 7,722 36 % 2.2 13° 17,950 59 %
1.4 20° 10,079 45 % 2.4 12° 19,674 61 %
1.6 18° 12,612 53 % 2.6 11° 21,351 62 %
1.8 16° 14,572 57 % 2.8 10° 22,983 64 %

Other non-linear filtering algorithms, such as the ensemble KF, unscented KF, and Gauss filter should
be also investigated to deal with this problem. Furthermore, other parameters such as velocity, sampling
time, which can influence the position accuracy, do not investigate in this study. Due to the limitation in
the length of this paper, the comparison of the computational time of EKF and PF did not present here,
but it can be seen in Pham and Schwieger (2016) and Hol (2004).

5. Conclusions

There has little doubt that the assessment of the ability of a filtering algorithm suffering from non-
linearity is an important issue. The main finding of this study is that the improvement in the position
accuracy of PF compared to EKF is computed according to various levels of non-linearities. The
difference in non-linearity is due to the varying parameters of the measurement accuracy and the
observation geometry in their wide ranges. Regarding weak non-linearity, when the measurement
accuracy is high or the observation geometry is good, the improvement in accuracy of PF compared to
EKF is not important. It means that EKF is the optimal choice in this case. In contrast, for high non-
linearity when the measurement accuracy is low or the observation geometry is bad, this improvement is
considerable. 1t means that PF is the best choice. So, the improvement can be used as an important
parameter in the selection of filtering algorithms. A chosen suitable filtering algorithm can be solved well
with the mentioned non-linearity problem.

In future work, other non-linear filtering algorithms should be investigated to cope with different levels
of non-linearity. A potential solution for this problem is that an algorithm mixed between EKF and PF,
which can meet the requirement in estimated accuracy but reduce computational time, should be applied
(Schon, Gustafsson et al. 2005). Moreover, the non-linearity can be considered as an alternative parameter
to select an appropriate algorithm.
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TOM TAT
Phép loc phi tuyén cho dinh vi dong tng dung trong dinh vi hang hai

Pham Trung Diing
Truong Dai hoc Mo- Dia chat Ha Ngi, Viét Nam

Trong linh vuc dinh vi dong ting dung trong dinh vi hang hai, vi tri cua tau thuong duoc theo doi bai cac
cam bién giare véi dic diém nhu trong lugng nhe, kich thudc nho, va gia thap nhung kém 6n dinh va do
chinh x4c thip. Muc do phi tuyen la mot trong nhiing dac tich phuc tap nhét trong bai toan udc lugng va
no phy thugc vao ham phi tuyen cia mo hinh h¢ thdng va mé hinh tri do cing vdi sai s6 do. Dé giai quyét
vén dé ndy, thuan toan loc pht hop can phai dugc lya chon. Trong bai bao nay, mot kich ban trong dinh
vi hang hai duoc gia dinh, trong d6 tri do bang cam bién sir dung cho dinh vi tau dwoc mé phong boi
phuong phap Monte Carlo. Hai thuat toan loc phi tuyén bao gém phép loc Kalman mé rong (Extended
Kalman filter) va loc hat (Particle ﬁlter) duoc &p dung baéi vi cac thuat todn nay phu hop vai cdc mirc 4o
phi tuyen tinh khdc nhau. D9 chinh xac vi tri ciia nhitng thuat toan nay duge xéc dinh trong truong hop
thay dbi vé sai s6 do va dd hinh hinh hoc. Két qua chinh cua bai bao la muc d¢ cai thi¢n ve d chinh xac
giira hai thuat toan trén dwoc diéu tra vai thay doi 16n vé mirc do phi tuyen tinh. Dya vao thong tin Ve
muc do cai thién do chinh xéac c6 thé lya chon dugc thuat toan pha hop dé giai quyét van dé phi tuyén
tinh trong dinh vi dong.

Tir khoa: loc phi tuyén tinh; dinh vi dong; dinh vi hang hai.
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