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ABSTRACT

To infer directional couplings from variables is a difficult problem in dynamical systems, especially when its variables are taken from the real
world. Many approaches have been developed to infer such couplings directly from observational time series. The objective of the present
study is to investigate the capabilities of a set of techniques in test situations where the dynamics are governed by either fully deterministic
(ordinary differential) equations or partially deterministic equations (the same ones with a stochastic perturbation added, the deterministic
part remaining dominant).
The studied system is based on two three-dimensional chaotic subsystems with very different dynamics, but similar structure, considering
various couplings between them (none, unidirectional, bidirectional). One system is dissipative, and the other one is conservative. The time
evolution produced by their variables is clearly correlated with one system, almost totally decorrelated with the other one. The following tech-
niques, some of which are introduced in this study, are considered: simple/causal correlation, mutual/causal information, Granger causality
index, cross/causal wavelet coherence, bivariate global modeling, and equation reconstruction techniques.
All the techniques are evaluated based on their ability to detect direct and indirect causal relationships. Most of them prove poorly capable
of detecting direct couplings and are not really robust in the contexts with low variable correlation, external weak couplings, and stochastic
perturbations. Applied to the current problems, the bivariate modeling and the equation reconstruction techniques, both based on a global
modeling technique, appear to be the most effective approaches to infer causality. The detection of weak bidirectional couplings appears
particularly challenging under noisy conditions. Causal detection is tested on a set of groundwater level observational time series, revealing
deterministic but complex couplings between three sub-basins of the Se San River basin (Central Highlands, Vietnam).

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0272112

Inferring causal relationships between observed variables is a
common, but often difficult, problem in open environments,
where dynamics typically result from multiple and nested inter-
actions. In this study, different approaches are tested in a con-
text presenting a great diversity of dynamical relationships.
Two chaotic systems with similar structure but very different
dynamics are used for this purpose, coupled to each other under

different types of weak coupling. One system is highly dissipative
and has a high level of correlation between its variables. Another
is conservative and its variables are almost completely uncorre-
lated. The analyses reveal that most of the techniques tested here
can detect which system a variable belongs to, but few of them
are able to reconstruct the directional links between the vari-
ables. This also shows that most approaches are not applicable to
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strongly decorrelated variables and poorly robust to noise. The
bivariate global modeling technique and, more particularly, the
equation reconstruction technique are found to be the most effec-
tive and robust approaches when applied to these contexts. These
latter are proven effective in real-world applications by apply-
ing them to a set of groundwater level observation time series,
revealing a complex coupling between three sub-basins in the
Vietnamese Central Highlands.

I. INTRODUCTION

In physics and in most of the natural sciences, causality refers to
the relationship between causes and effects with the principle that an
effect cannot occur before the cause due to the arrow of time. Iden-
tifying causal relationships is a very fundamental step in science to
understand the time evolution of any dynamics. Though, causal rela-
tions are—in practice—particularly challenging to investigate from
observations.

The first difficulty is to define causation, which depends on the
description of the dynamics. Two paradigms can be used to think
and describe dynamical behaviors: determinism and stochasticity.
By definition, a dynamic is deterministic if its state at time t entirely
and uniquely defines the state at time t + dt immediately after. A
stochastic dynamic can be defined as a random process character-
ized by unpredictability, even in a very short term. In this paper,
causality will be considered strong when it results from determin-
istic processes and weak when it results from stochastic processes.
The main objective of this study will be to test and compare tech-
niques for inferring causal couplings—in the strong sense—between
variables of a given system.

Although deterministic, some dynamical systems can be unpre-
dictable due to a high sensitivity to the initial conditions.1–4 This type
of dynamical regime is called chaotic. This is an important assertion
here since this means that, even under strong determinism, causality
detection may have to cope with unpredictability.

Dynamical regimes such as chaotic and stochastic make the
definition of a finalist causality particularly difficult. Indeed, if a
very small perturbation of the system state may completely change
the effect after a sufficiently long time, due to either high sensitiv-
ity or stochasticity, then any attempt to explain a final situation B
at time t + 1t � t as the causal effect of the situation A at time t
may be illusory. For this reason, probabilistic definitions of causal-
ity have progressively been promoted.5 Unfortunately, such a point
of view does not account for any underlying determinism, which is
unsatisfying given that unpredictability can also result from deter-
ministic processes. To have a proper description of the causal chain,
the deterministic part should be distinguished from the stochastic
part. Moreover, instead of focusing on a finalist view, a dynamical
view of causation may advantageously be fostered.

For this reason, a general definition involving both the deter-
ministic and the stochastic contributions such as

dXt

dt
= F (Xt) + G (Xt) · εt (1)

should be fostered, with Xt being the state of the system at time t, F
being the vector field representing the deterministic laws of evolu-
tion, and G being the vector field defining the coupling of the system
with a noise εt. For the present context, εt will be assumed to be a
white noise of Gaussian distribution, and the coupling will be cho-
sen such as G = 1 in order to have a noise of Brownian type without
any privileged direction and magnitude.

Determining the causal effect from situations A to B will con-
sist in identifying all the deterministic and stochastic factors that
have contributed to the evolution from state A to state B—all
other things remaining equal (or equivalent). This work will focus
here on deterministic causality. Determining the causal effect in
the strong sense will consist in reconstructing the deterministic
part F of Eq. (1), or a good approximation of it, also enabling
to reconstruct the fluence diagram between the variables of Xt.
In the present work, stochasticity will be used to blur the hidden
determinism.

Numerous techniques have been introduced to detect unknown
relationships directly from observational time series. The simple
(linear) correlation (SC)6 is an emblematic example of this prob-
lem: Although commonly used as a preliminary step to investigate
potential relationships between variables, it cannot apply to causal-
ity detection because its formulation is symmetric whereas causality
is directional. It is also known to be very poorly adapted to nonlinear
contexts.7–9 Although also symmetric in its definition, the Mutual
Information (MI)6 may overcome some of these limitations since,
in principle, it is sensitive also to dependencies that do not man-
ifest themselves in the covariance.10 In such symmetric situations,
the anteriority between events A and B may be used to investigate
the who’s who in a cause-and-effect perspective. However, this may
only permit a qualitative detection of causality that may not allow to
argue robustly for a causal link.

Some approaches11,12 have been developed to detect causality
in deterministic contexts. The Takens’ embedding theorem served
this purpose, for which delay coordinates are used to reconstruct
the phase space. The idea is to investigate whether it is possible
to establish a directional correspondence between the phase space
reconstructed from two observed variables. In practice, the use of
a correspondence between different state spaces reconstructed by
embedding from different variables does not depend on time (see
Appendix A), which may generate difficulties when trying to detect
directional relationships. Moreover, the possibility to reconstruct X
from Y or Y from X will also depend on observability.13 Despite
these limitations, some embedding approaches were proven useful
in eliminating false connections14 and in detecting connections in
highly complex causal networks.15

Based on wavelet transforms,16 cross wavelets17 can be used to
get cross information between time series to detect localized corre-
lation in both frequency and time.18 It has proven to be powerful to
detect couplings when these are sufficiently strong enough to gener-
ate a certain level of synchronization, even temporarily.19 It can also
provide phase information between signals, which may help in the
detection of directional couplings.18 Interestingly, some early works
have tried to define a wavelet for causation;20 however, these apply
to univariate time series only and, therefore, cannot be expected to
detect a relationship between cause and effect, but rather breakups,
shocks, or sudden changes.
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The Granger causality21 is a modeling approach of causal detec-
tion. It takes its idea from Wiener22 and is based on predictability.
Basically, the idea is that if variable X has an influence on Y, then
information from X should improve the (short-term) forecasting
of Y.

Equation reconstruction techniques can also be used to unveil
causal relationships.23–26 Their aim is to obtain interpretable equa-
tions directly from observational time series. As such, it can be
categorized as a data-driven or as a machine learning approach.
Deep learning may be used for this purpose, but it is not mandatory
and it may probably be suboptimal since an artificial neural network
is not required to get equations from time series. Equation recon-
struction takes its origin from electrical engineering and statistics27,28

for the problem of system identification29 and from the theory of
nonlinear dynamical systems30 for the problems of state space recon-
struction (from a subset of observations)31 and for the sensitivity to
the initial conditions.32,33 Taken together, these fields have led to the
development of the global modeling technique.34

Equation reconstruction has recently acknowledged a boom of
interest.35,36 However, most of the previously developed techniques
are not adapted to detect causal relationships because either they
require that all the system variables are observed,25 which is rarely
the case, or they were designed to model the dynamics from a sin-
gle variable.32,33,37 Moreover, few of them were proven able to tackle
problems directly based on observational time series taken from the
real world.

Developed by one of us, the algorithms used in the present
study belong to the global modeling approach: it aims to repro-
duce the original dynamics in the phase space as a whole, possibly
from a sub-ensemble of observed variables. It can apply, in prin-
ciple, whatever the number of variables is observed. It can, thus,
be used to detect causal relationships between two variables (the
minimum required to investigate causation) or more. Moreover,
it has proven its applicability not only to theoretical cases but
also to numerous problems of the real world in epidemiology and
eco-epidemiology,24,38 hydrology and soil eco-hydrology,39,40 cave
hydro-aerology,41 etc.

All the techniques tested in the study are introduced in
Secs. II A–II D. For the techniques originally presenting a symme-
try between the variables (correlation, mutual information, cross
wavelets transform), a causal version will also be proposed by
introducing a dissymmetry.

Both synthetic data sets and observational time series gathered
from the real world are considered in the study, which are all pre-
sented in Sec. III. The results of the analyses are given in Sec. IV for
the synthetic cases, without coupling (Sec. IV B) and then with uni-
directional (Sec. IV C) and bidirectional coupling (Sec. IV D). The
analyses of the observational time series are presented in Sec. IV E.
A conclusive discussion is then provided in Sec. V.

II. THEORETICAL BACKGROUND

A. Continuous, cross, and causal wavelets transforms

The continuous wavelets transform (CWT)42 consists of apply-
ing a zero mean function localized in both time and frequency

(a wavelet), as bandpass filter to a time series. The Morlet wavelet

90(τ ) = π− 1
4 eif0τ e− τ2

2 , (2)

with τ and f0 dimensionless time and frequency, and i such as
i2 = −1 was used in this analysis, with f0 = 6 for a good balance
between time localization and frequency identification. For a time
series of uniform time step δt, the CWT is defined as

wk
x(s) =

√

δt

s

N
∑

k′=1

xk′9∗
0

[

(k′ − k)
δt

s

]

, (3)

where ∗ represents the complex conjugate, s is the scale factor
defined as τ = s.t, and xk refers to the kth element of the observed
time series x(t) of length N.

The cross wavelets transform (XWT)43,44 is defined for two
signals x(t) and y(t), as the result of cross spectrum

Wxy(s, τ) = X(s, τ)Y∗(s, τ), (4)

with X(s, τ) being the wavelets coefficients of the CWT resulting
from x(t), Y∗(s, τ) being the conjugate wavelets coefficients of the
CWT resulting from y(t), s being the scaling factor, and τ being the
temporal translation. The delay between the two time series, for a
given time scale s at time t, can be estimated too as the phase

φ = arg(Wxy(s, t)). (5)

The cross wavelet coherence (XWC) is then defined as

Cxy(t, f) = ‖〈Wxy(t, f)〉‖
‖〈Wxx(t, f)〉‖

1
2 ‖〈Wyy(t, f)〉‖

1
2

, (6)

where 〈.〉 denotes a time–frequency smoothing function. Its value
can vary between 0 and 1 corresponding to the minimum to maxi-
mum levels of local correlation at a given time and scale. In compar-
ison to simple correlation, it can reveal similarities specific to a scale,
for a temporary time.

The causal wavelets transform (KWT) is introduced here as
a variant of the cross wavelet transform that we propose for the
detection of causality and that we define as a cross wavelet trans-
form applied to two specific variables: the first one being a time
derivative. To replace one variable by its derivative in the XWT
comes from the following reasoning: If x is deterministically gov-
erned (strong causality), with a contribution by y, then we will
have ẋ = f(y, z1, . . . , zn) with z• being other causal terms. As a con-
sequence, we will then have a strong relationship between ẋ and
f(y, z1, . . . , zn) and we may also have a permanent relation between
ẋ and y if the relation between y and f(y, z1, . . . , zn) is sufficiently
simple. The KWT

Wẋy(s, τ) = X(s, τ)Y∗(s, τ) (7)

is, thus, a specific case of the XWT, that is, with X(s, τ) being
the wavelets coefficients of the CWT obtained from ẋ(t) the tem-
poral derivative of x(t). The annotation is used to clearly dis-
tinguish the type of analysis since it can lead to specific proper-
ties (see Appendix B). Here also, the delay can be estimated as
φ = arg(Wxy(s, t)) at given time t and scale s.
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Although being a specific case of XWT, KWT is expected to
enable a higher potential of coupling detection since being asym-
metric and more specific in its principle: If one variable y acts on
another variable x, it will generate variations on x and its variations
in time, that is ẋ(t), should be linked to y, although x(t) and y(t)
may have different dynamics (therefore, KWT will not require any
correlation between them). The causal wavelet coherence (KWC) is
defined as

Cẋy(t, f) = ‖〈Wẋy(t, f)〉‖
‖〈Wẋẋ(t, f)〉‖

1
2 ‖〈Wyy(t, f)〉‖

1
2

. (8)

A value close to 0 will reflect the absence of causality. To argue
for causation, the coherence should be close to one (Cẋy ≈ 1) with
a dephasing close to zero (φẋy ≈ 0). However, self causation can-
not be identified with these tools. Indeed, a causal coherence Cẋy

equal to 1 with a dephasing close to π/2 (Cẋy ≈ 1 and φẋy ≈ π/2)
may only reflect a self coherence without causation (see Appendix B,
Proposition 2).

In Sec. IV, scalograms will be shown (e.g., Figs. 6–8 under free
of noise conditions). These scalograms present the wavelet coher-
ence (XWC, KWC) between different couples of variables in a (time,
scale) plane representation. The yellow areas correspond to scale
and time localizations associated with a high coherence. The arrows
on these figures show the phase of the complex-valued XWT/KWT
defined by Eqs. (4) and (7) (here, the horizontal arrows pointing to
the right are read as 0◦, while vertical arrows pointing upwards rep-
resent a +90◦ phase offset). On the vertical axis, the larger scales are
represented on the higher part of each subplot individual figure.

For a signal x(t) with Fourier transform equal to X(ω), it is
well known that the derivative of x has a Fourier transform FT[ẋ(t)]
= iωX(ω), which leads to a phase offset of 90◦ between x(t) and
ẋ(t). A similar property holds approximately for the phase of the
complex-valued cross-wavelet transform of ẋ(t) and x(t) at least
when using a complex-valued Morlet wavelet (see Appendix B).

Hence, the following observations are expected: the XWT of
positively correlated synchronous signals should lead to a good level
of coherence (close to 1) and a phase offset close to 0◦, while the
phase offset should become equal to ±180◦ for anti-correlated sig-
nals in phase opposition. The XWT of two signals in phase quadra-
ture, such as a signal and its derivative, can therefore lead to a high
coherence at most scales and positions with a phase offset of ±90◦.

In the case of a strong causality, for example, ẋ = ay, the
XWC (Cxy) and the KWC Cẋy should differ, with a higher wavelet
coherence in the second case since ẋ(t) and y(t) will differ by a
multiplicative coefficient only, whereas x(t) and y(t) may be very
different time series. For the same reason, they should also differ in
their phase offset (90◦ and 0◦, respectively, at least when no noise is
present).

The analyses presented in the paper were performed using the
Wavelet toolbox45 that were compared to the results obtained with
the Wavelet coherence toolbox.46 Results were found to be very sim-
ilar except a net smoothing at very short time scales in the latter
case.

B. The global modeling technique

The global modeling technique aims to obtain continuous, dis-
crete, or delayed equations from observational time series.33,34,47 The
present work will focus on the continuous case, more precisely on
equations of ordinary differential form (ODEs). Given a dynamical
system governed by a set of ODEs



















ẋ1 = f1(x1, x2, . . . , xn),
ẋ2 = f2(x1, x2, . . . , xn),
...
ẋn = fn(x1, x2, . . . , xn),

(9)

and given an ensemble of measurements {Xobs} of this system such
as X = h(x), with h being the measurement functions, it is expected
to retrieve an ensemble of n equations



















Ẋ1 = F̂1(X1, X2, . . . , Xn) + ε1,
Ẋ2 = F̂2(X1, X2, . . . , Xn) + ε2,
...
Ẋn = F̂n(X1, X2, . . . , Xn) + εn,

(10)

with F̂j being the n functions to be identified (in both structure and
parameterization) that will be a good approximation of the original
system (9) and εj being a residual noise. The degree do of explained
determinism of variable j is defined as

do
Xj

= 100 −
σ 2

Ẋj−F̂j(X1 ,X2 ,...,Xn)

σ 2
Ẋobs

j

× 100. (11)

When a subset of variables is observed, a generalized canonical
form can be used. For instance, in the case of two variables X1 and
Y1 related to xi and xj in the original system Eq. (9), the following
form











































Ẋ1 = X2,
...
Ẋm = F̂X(X1, . . . , Xm, Y1, . . . , Yp) + εX,
Ẏ1 = Y2,
...
Ẏp = F̂Y(X1, . . . , Xm, Y1, . . . , Yp) + εY,

(12)

can be used with X2 to Xm and Y2 to Yp the successive derivatives
of, respectively, the observed variables X1 and Y1, m + p the model
dimension, and F̂X and F̂Y two functions to be identified.

The Generalized global Polynomial Modeling (GPoM) pack-
age version 1.4, developed at the Centre d’Etudes Spatiales de la
Biosphère, was used for this purpose.48 It involves two algorithms.
The first one aims to perform a structure pre-selection, providing an
ensemble of candidate models, each presenting the smallest residual
error for a given number of monomials in the equations. The second
algorithm aims to test the numerical integrability and the solution at
the convergence. To be kept after integration, a model should be, at
least: (1) numerically integrable, (2) nontrivial (as far as the origi-
nal dynamic is not), and (3) its variables should reproduce the same
order of magnitude as the original ones. It will not be necessary
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to accurately reproduce the original dynamics in the phase space:
a rough model should be sufficient to detect the main couplings
and the main causal terms. More accurate models may be needed
to detect weak couplings and causal terms of lower contribution.

A detailed protocol of its use can be found in Ref. 26. More
specifically, when applied to bivariate modeling, the number of
derivatives was supposed to be a priori unknown. When trying
to detect a coupling between X1 and Y1, all the combinations of
m and p were tried and the model dimension m + p was pro-
gressively increased (from 2 to a maximum 6) until a satisfying
model could be obtained. Note that models of dimension two were
systematically rejected. Indeed, as guarantied by the theorem of
Poincaré–Bendixson, a two-dimensional system can produce only
period-1 oscillations or fixed points. Therefore, to reproduce the
complexity of the R76 or NH systems, an additional dimension is
required to reconstruct the original dynamic.

The possibility to obtain equations directly from observational
time series will not only depend on the capacities of the used
algorithm but also on the observability of the system as seen from a
set of variables49,50 (Examples taken from multivariate embeddings51

are presented in Appendix E in the supplementary material.)

C. Statistical indicators

Four statistical indices were also considered for comparison:
(1) the simple correlation (SC)

CXY = Cov(X, Y)

σXσY

; (13)

(2) the causal correlation (KC)

CK
ẊY

= Cov(Ẋ, Y)

σẊσY

; (14)

(3) the Mutual Information (MI)6,10

IXY =
N
∑

j,k

pXY(j, k)log
pXY(j, k)

pX(j)pY(k)
, (15)

with N being the number of closest points (j, k); and (4) the Causal
Information (KI)

IK
ẊY

=
N
∑

j,k

pẊY(j, k)log
pẊY(j, k)

pẊ(j)pY(k)
. (16)

To replace one variable by its derivative in (SC) and (MI) to get,
respectively, (KC) and (KI) follows the same reasoning as passing
from (XWT) to (KWT) (see Sec. II A).

D. Granger causality index

The Granger causality was introduced in the 1960s to detect
causal relations between couples of variables. To investigate the
influence of variable X on variable Y, two Vector Auto Regressive

models are built. Model M1

Y(t) = a0 +
p
∑

j=1

ajY(t − jδt) + ε(t), (17)

based on variable Y exclusively, and model M2

Y(t) = a0 +
p
∑

j=1

ajY(t − jδt) +
p
∑

j=1

bjX(t − jδt) + η(t), (18)

based on both variables X and Y, where the aj and bj are the model
parameters estimated empirically, p is the lag parameter, δt is the
sampling time, and ε(t) and η(t) are centered white Gaussian noises.
If X improves the prediction of Y, then the error of model M2 should
be lower than the one of model M1. The variances σ1 and σ2 are used
to quantify the causality using the Granger Causal Index (GKI)

GXY = log

(

σ 2
ε

σ 2
η

)

. (19)

In practice, δt was chosen equal to the original data sampling.

III. DATA

A. Independent dynamical systems

Ideally, a coupling detection technique should be able to unveil
deterministic coupling even if the dynamic is highly unpredictable
and whatever the level of correlation between the observed vari-
ables. Two chaotic systems are characterized by similar structures
(see Fig. 1), but very different dynamics were chosen for the study.
Introduced by Otto E. Rössler in 1976, his eponym system52







ẋ = −y − z,
ẏ = x + a1y,
ż = a2 + z(x − a3),

(20)

is three-dimensional and strongly dissipative. It has seven terms
including only one nonlinear. For the parametrization (a1, a2, a3)

= (0.432, 2., 4.), it produces a phase-coherent chaos (Fig. 2) char-
acterized by a relatively high correlation level between x and the two
other variables (Cxy = −0.412; Cxz = +0.643; Cyz = −0.123). Its
dynamic is said phase-coherent because a roughly constant pseudo-
period is required to complete a revolution around the attractor.53

FIG. 1. Fluence diagram (in black) relating to Eq. (22) with the coupling coef-
ficients relating to experimentations 1 (in gray), 2 (in green), and 3 (in red)
summarized in Eq. (23).
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FIG. 2. Phase portraits of the Rössler (top line) and Nosé–Hoover (bottom line) systems, free of noise (in black), and with 0.01% dynamical noise (in orange), without coupling
between the two systems.

Introduced ten years later, the Nosé–Hoover system54,55







u̇ = b1v,
v̇ = −u + vw,
ẇ = b2 − v2,

(21)

is also three-dimensional but conservative, and it has five terms
only, including two nonlinear ones. For the parametrization (b1, b2)

= (0.2, 3), it produces a slow–fast behavior (Fig. 2) character-
ized by a quasicomplete decorrelation between its three variables
(Cuv = +0.025; Cuw = +0.142; Cvw = +0.016). As a conservative
system, different invariant sets can be obtained when using differ-
ent initial conditions, as shown in Appendix F in the supplementary
material. Note, however, that, under external forcing or noisy per-
turbations, the system will not be isolated anymore. Therefore, the
trajectory will not stay on any invariant set of the original NH
system.

Without coupling, the two systems are independent and exhibit
completely decorrelated cross portraits (Fig. 3). Time series gener-
ated by the two systems are shown in Fig. 4.

B. Coupled systems

To investigate the ability of the different techniques to detect
weak couplings, coupling terms between the two systems were
introduced in experiments including either unidirectional or bidi-
rectional couplings. To test the robustness of the used techniques,
simulations with dynamical noise were also performed. The six-
dimensional R76-NH coupled system,



























ẋ = −y − z + εx,
ẏ = x + a1y + κv→y(y − v) + εy,
ż = a2 + z(x − a3) + εz,
u̇ = b1v + εu,
v̇ = −u + vw + κy→v(v − y) + εv,
ẇ = b2 − v2 + εw,

(22)
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FIG. 3. Cross portraits of the Rössler and Nosé–Hoover systems without coupling between them, free of noise (in black) or with 0.01% dynamical noise (in orange).

was used with κy→v being the coupling parameter ensuring the
action of the R76 system (through variable y) onto the NH sys-
tem (on variable v), κv→y being the coupling parameter ensuring the
action of the NH system (through variable v) onto the R76 system

(on variable y), and with ε• being the centered Gaussian noise of
percentage p = σ 2

ε•/σ
2
•obs × 100. For κy→v = κv→y = 0, the two orig-

inal three-dimensional systems (20) and (21) without coupling are
retrieved. Three experiments will be considered, such as
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FIG. 4. Time series obtained by numerical integration of the Rössler and Nosé–Hoover systems without coupling, free of noise (in black), and with 0.01% dynamical noise
(in orange).
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∥

∥

∥

∥

∥

∥

(1) κy→v = κv→y = 0,
(2) κy→v = 0.8 & κv→y = 0,
(3) κy→v = κv→y = 0.4,

(23)

free of perturbations to begin and then with a noise perturbation
such as p = 0.01%. In cases (2) and (3), the parameter values were
chosen to generate a weak coupling, that is, sufficiently strong to
modify the cross portraits close to a generalized synchronization,56

but not enough to develop a clear synchronization between the cou-
pled variables when considering the Lissajous plane, that is, cross
portraits between the coupled variables.57 The mean normalized
synchronization error58,59 is commonly used to describe synchro-
nization. It does not fully apply to the present analysis because
the two systems are very different. Instead, the mean normalized
synchronization error was reformulated as

E = 6i

√

(vi − yi)
2

√

v2
i + y2

i

, (24)

exclusively focusing on the coupled variables y and v. The cou-
pling types are synthesized in Table I (see Appendix D in the
supplementary material for more details).

TABLE I. Synchronization error E [see Eq. (24)] and coupling type.

Experiment 1 Experiment 2 Experiment 3

Error E 0.88 0.66 0.78
Coupling type None Weak Weak
Synchronization type None Generalized Generalized

C. Environmental data set

To test the approaches under real conditions, a small set of
environmental time series was also analyzed in the study. Three sta-
tions of groundwater level height from the National Center for Water
Resources Planning and Investigation (NAWAPI) were considered
on an 11-year long window for this purpose (Fig. 5). All are located
in the Vietnamese Central Highlands, in the upper part of the Se San
River basin (Kon Tum province, Vietnam).60 Their coordinates are
provided in Table II.

D. Experiments

In experiments (1)–(3), the analyses were first performed under
free of noise conditions [ε• = 0 in Eq. (22)]. The same analyses

FIG. 5. Time series of groundwater level height, in meter above sea level, at three stations located in the Se San River basin (Central Highlands, Vietnam).
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TABLE II. Coordinates of the three groundwater stations.

Height Latitude Longitude Altitude Period
(m.a.s.l.) Reference (◦N) (◦W) (m) (year)

h1 LK137 14 603 103 107 884 645 607 498 2006–2017
h2 LK140 14 417 464 107 970 804 563 026 2006–2017
h3 LK63 14 175 687 107 871 595 599 217 2006–2017

were then performed again under stochastic perturbation such as
p = 0.01%.

For each experiment, the statistical indicators (SC, KC, MI,
and KI) are estimated and the Granger Causality Index as well. The
wavelet analyses are performed to generate the XWC and the KWC
patterns. The global modeling is then applied considering the vari-
ables either two by two (bivariate modeling) or together all (equation
reconstruction).

IV. RESULTS

A. Comparative results

The analyses were performed between the six variables (with
their derivatives when required) for the three experiments, under
both free of noise and noisy conditions. Detailed results for all the
statistical indicators (SC, KC, MI, KI), the GKI, the bivariate mod-
eling, and the equation reconstruction are all reported in Tables S2
and S3 in the supplementary material, respectively, for free of noise
and noisy conditions. The results of the wavelet analyses are shown
in Figs. 6–8, and S8–S14, with additional details provided in Table
S1 in the supplementary material.

All these results are synthesized in Fig. 9 in confusion matrices
to facilitate the comparison. In this synthesis, a coupling is con-
sidered detected even if indirect. Results concerning the detection
of direct couplings are presented in Fig. S15 in the supplementary
material. The threshold of detection 0.4 was used for most of
the criteria (SC, KC, XWC, and KWC). A different threshold of

FIG. 6. Cross wavelet coherence XWC of the variables of the Rössler (a) and Nosé–Hoover (b) systems, free of noise. The definition of the cone of influence (dashed lines)
is taken from Ref. 43 here and elsewhere. (a) XWC CXY (t, f) of (x, y), (x, z) and (y, z) and (b) XWC CXY (t, f) of (u, v), (u,w) and (v,w).
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FIG. 7. Cross wavelet coherence of the variables interactions between Rössler variables x (a), y (b), and z (c) with the variables u, v, and w of the Nosé–Hoover system
under free of noise conditions. (a) XWC CXY (t, f) of (x, u), (x, v), and (x,w); (b) XWC CXY (t, f) of (y, u), (y, v), and (y,w); and (c) XWC CXY (t, f) of (z, u), (z, v), and
(z,w).
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FIG. 8. Causal wavelet coherence (KWT) between the derivatives of the R76 and the NH variables ẋ (a), ẏ (b), ż (c), u̇ (d), v̇ (e), ẇ (f), and the original variables themselves
of the two dynamical systems x, y, z, u, v, and w, under uncoupled (κy→v = κv→y = 0) and free of noise conditions. (a) Causal wavelet coherence CẊY (t, f) of (ẋ, x), (ẋ, y),
(ẋ, z), (ẋ, u), (ẋ, v), and (ẋ,w). (b) Causal wavelet coherence CẊY (t, f) of (ẏ, x), (ẏ, y), (ẏ, z), (ẏ, u), (ẏ, v). and (ẏ,w). (c) Causal wavelet coherence CẊY (t, f) of (ż, x),
(ż, y), (ż, z), (ż, u), (ż, v), and (ż,w). (d) Causal wavelet coherence CẊY (t, f) of (u̇, x), (u̇, y), (u̇, z) and (u̇, u), (u̇, v), and (u̇,w). (e) Causal wavelet coherence CẊY (t, f)
of (v̇, x), (v̇, y), (v̇, z) and (v̇, u), (v̇, v), and (v̇,w). (f) Causal wavelet coherence CẊY (t, f) of (ẇ, x), (ẇ, y), (ẇ, z) and (ẇ, u), (ẇ, v), and (ẇ,w).
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FIG. 9. Coupling detection. This figure syn-
thesizes the results obtained with all the tech-
niques (each row) and for all the experiments,
either under free of noise conditions (left
three panels with no-, uni-, and bi-directional
couplings) or with p = 0.01% of noise per-
turbation (right three panels with no-, uni-,
and bi-directional couplings). The techniques
are Simple Correlation (SC), Causal corre-
lation (KC), Mutual Information (MI), Causal
Information (KI), Cross Wavelet Coherence
(XWC), Causal Wavelet Coherence (KWC),
Granger Causal Index (GKI), Bivariate Global
modeling technique (BiGl), and Equation
Reconstruction (EqR) techniques (lines 1–9).
In each case, the results are presented as
a confusion matrix considering all the links
involved among the variables of the stud-
ied systems. Green color is used for proper
detection (true positive, true negative), and
red color for wrong detection (false positive,
false negative). The level is given by the color
transparency: few true detection (pale green),
few false detection (pale red), high level of
true detection (intense green), and high level
of false detection (intense red).
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0.2 was used for MI, KI, and GKI to account for the nonlinear
relation between correlations and information indices. No crite-
rion was necessary for the bivariate modeling and the equation
reconstruction.

The confusion matrices enable us to distinguish four situations:
(1) couplings and (2) absence of coupling properly detected (true
positive and true negative) are plotted in green; (3) couplings and (4)
absence of coupling wrongly detected (false positive and false nega-
tive) are in red. In the plots, the color lightness varies in proportion
of the total number of positive or negative couplings detected among
all the experiments. Self-influence was not taken into account in
Fig. 9 to facilitate the comparison between the different techniques
(but it was in Fig. S15 in the supplementary material).

The analyses show that the simple correlation (SC) and the
causal correlation (KC) are systematically biased, generating numer-
ous false negative detections, even under free of noise conditions.
The mutual information (MI) is less biased but its results are also
quite sensitive to noise. The causal information (KI) is significantly
better under free of noise conditions but poorly able to detect weak
couplings (uni- or bi-directional) under noisy conditions. The cross
wavelet coherence (XWC) seems able to detect the couplings among
the systems quite well when these are separated, but this ability
is lost once the systems are weakly coupled, and it then becomes
particularly sensitive to noise perturbations. The causal wavelet
coherence (KWC) appears better able to detect both separate sys-
tems and directional couplings, but it is poorly robust to noise. The
Granger causality index (GKI) is particularly bad except for strong
deterministic couplings under free of noise conditions. Note that in
experiment 3, the bidirectional couplings put in place between the
variables y and v make all the variables of the two systems become
at least indirectly coupled. As a consequence, it becomes impossi-
ble to have cases (2) and (4), the right part of the confusion matrix
is then kept white. It is no longer the case when direct coupling
becomes detectable (see BiGl and EqR) for which values are, thus,
provided.

Interestingly, in all these experiments, the noisy conditions do
not simply degrade the detection. The reason for this is that noise
will propagate among the variables through numerical integrations,
which may both foster the detection of some terms and degrade the
detection of others.

The bivariate global modeling appears particularly good (with
a proportion of bad detections lower than 11%) and robust to noisy
conditions in all the experiments.

Also based on the global modeling technique but considering
that all the variables are available, the equation reconstruction (EqR)
appears quite efficient to reconstruct almost all the direct couplings
in full detail, complete parameterization, and self-influence of the
variables also included (supplementary material, Fig. S15). Among
them, the bidirectional weak couplings appear to be particularly
challenging. This approach can also be used to estimate the contri-
bution of each term. Moreover, its robustness to measurement noise,
initial condition change, and time series length was also successfully
passed with this approach.

These results are given in detail in Subsections IV B–IV D, con-
sidering the three experiments separately, and focusing on the most
relevant results. As a consequence, the approaches presenting the
most pronounced biases (SC, KC, MI, KI, and GKI fully documented

in Tables S2 and S3 in the supplementary material) will be mostly
put aside in the following Secs. IV B–IV D.

B. Independent systems (experiment I)

In the first experiment, the six-dimensional system separates in
two independent systems as resumed by the fluence relations (Fig. 1)
deduced from Eqs. (20) and (21) in which linear (L) and nonlinear
(NL) terms are distinguished by plain or dashed arrows, respectively.

The XWC analysis of the six variables taken two by two reveals a
high level of coherence at all scales between variables (x, y, z) for the
R76 system but only between u and v for the NH system as shown
in Fig. 6 (to illustrate the interpretation of cross wavelet graphs, an
example is shown and explained with details in Appendix G.1 in the
supplementary material). Between u and w and between v and w,
high levels of coherence are found only at short timescales. The cou-
plings are, thus clearly detected for the R76 system but poorly for the
NH one, and this becomes even much more critical under noisy con-
ditions (see supplementary material, Fig. S10). The reason for that is
that XWC is designed to detect correlations, not causality. The vari-
ables of the NH system being totally decorrelated, and the XWC fails
to detect the relationships between its variables. It is actually why the
NH system was chosen for this context: to challenge the ability to
detect causality under poor correlation conditions. Very low levels
of coherence are estimated when crossing the variables of the two
systems (Fig. 7) and this result is confirmed under noisy conditions
(see supplementary material, Fig. S11).

For all the variables, high levels of coherence C (almost 1)
are obtained at very short timescale (s ≤ 0.2) because the signal
is very smooth at these scales, under free of noise conditions. For
this reason, these values should not be interpreted as a causation in
the present situation (the same limitation will also be noted with
the KWT). This observation shows that the causal effect may be
localized on specific scale windows.

The phasing between the variables (given by the arrows) may
provide information about causation. Indeed, a ±π/2 delay may
be the result of a causal effect, whereas a 0 ± π delay may reflect
a synchronization effect (see Propositions 1 and 2 in Appendix B).
Unfortunately, inhomogeneous patterns are observed between most
of the variables except between u and v for which a phasing of −π/2
is obtained at almost all scales that reveals the causal relationship
of v on u made possible because the causation is unique and linear
[u̇ = b1v in Eq. (21)] so that we have Cuv = Cu u̇

b1
≈ 1 with a π/2

delay. No clear phasing is observed between the other variables. For
example, the XWC between x and y reveals a phase evolving from
π/2 at scales lower than 2, to 3π/4 and more at larger scales. Such
patterns are difficult to interpret.

The KWC analysis does not require correlation as a precondi-
tion for causality detection. Moreover, it permits, in its principle,
the detection of directional couplings thanks to its asymmetrical
definition. By construction here, a causal effect should be charac-
terized by a high coherence and a full phasing (0 or π depending
on the variables signs) in the best situations, that is, when propor-
tionality is expected between the observed variations (the derived
variable) and the causal variable (see Appendix B). In practice, such
a property may be blurred under nonlinear and/or multiple cou-
pling conditions. The analysis clearly permits to distinguish the two

Chaos 35, 103124 (2025); doi: 10.1063/5.0272112 35, 103124-14

Published under an exclusive license by AIP Publishing

https://pubs.aip.org/aip/cha
https://doi.org/10.60893/figshare.cha.c.8059573
https://doi.org/10.60893/figshare.cha.c.8059573
https://doi.org/10.60893/figshare.cha.c.8059573
https://doi.org/10.60893/figshare.cha.c.8059573
https://doi.org/10.60893/figshare.cha.c.8059573
https://doi.org/10.60893/figshare.cha.c.8059573


Chaos ARTICLE pubs.aip.org/aip/cha

systems with high coherence levels (C > 0.8) between the variables
(x, y, z) on one side, and between (u, v, w) on the other side; and low
coherence levels (0 < C < 0.4) when crossing the variables of the
two systems. This is particularly obvious under free of noise con-
ditions (see Fig. 8) and still intelligible on localized window under
noisy conditions (see supplementary material, Fig. S12). However,
the approach appears poorly able to distinguish direct from indirect
causation [e.g., high coherence for (ẏ, z) due to indirect influence].
The direct causation of variable v on variable u is specifically well
detected (coherence level Cu̇v = 1 at all scales with no delay between
the two signals φ = 0), which explanation stems from the algebraic
formulation of the dynamics of u̇: the action of v is linear and with
a unique term. Obviously, nonlinear links are a bit more difficult
to detect which perturbs the detection of linear ones. As an exam-
ple, the nonlinear action of w in equation (v̇ = −u + vw) is quite
unclear. Similarly, the role of nonlinear term v2 in the last equation
(ẇ = b2 − v2) is not clearly highlighted. A more specific (nonlin-
ear) analysis would be required to detect such terms as illustrated
in Appendix C (see Fig. 20). The detection of self-influence also
appears impossible since systematically positive with a delay ±π/2
(see Appendix B).

The bivariate modeling can serve either to reconstruct original
equations when all the variables of a given equation are available or
to detect couplings between them when only a subset is available.
The analyses with the modeling approach (bivariate and multivari-
ate) were performed under both free of noise and noisy conditions.
The results being found robust to the stochastic perturbations, and
only the analyses of the noisy simulations are presented here. The
right couplings were detected among all the variables of each of
the two systems using appropriate embeddings. For the dynamics
of R76, the model























ẋ = X2,

Ẋ2 = −0.899 − 0.977x − 2.574y + 0.607xy,

−2.024X2 + 0.634xX2 − 0.167y2 + 0.154X2
2, (25)

ẏ = 0.431y + 0.998x,

was obtained from the variables x and y. The second equation of
R76 (ẏ = x + a1y) is correctly reproduced, and thus the causality
between x and ẏ is found, including the self-influence of y. The
influence of y on the evolution of x is obtained through Ẋ2 = ẍ
but it cannot be stated if this influence is direct or indirect. For
this reason, the coupling is considered detected but uncharacter-
ized (and annotated u in Table S2 in the supplementary material).
Note that the form of Ẋ2 matches with the theoretical expression
with two additional monomials (−0.167y2 and 0.154X2

2). Nothing
else can be exhibited. No model was obtained with the embed-
ding (x, y, ẏ) because observability equals zero in this latter case (see
supplementary material, Appendix E).

The model obtained from x(t) and z(t)










ẋ = X2,

Ẋ2 = −1.808 − 1.027x + 4.012z + 0.3980X2, −0.9077xz, (26)

ż = 1.858 − 3.652z + 0.9230xz,

also reveals the existence of a coupling between these two variables.
The algebraic structure of this reformulation is exactly retrieved

[no spurious or lacking terms, see Eq. (6) in Appendix E in the
supplementary material]. The influence of z on ẋ cannot be inter-
preted as a direct influence because this influence is performed
through Ẋ2 (in other terms, the first equation of the R76 system
ẋ = −y − z cannot be reconstructed, here, due to the absence of y).
The causal influence of z on x are, thus, also considered detected
but uncharacterized. Conversely, the equation for the variations of
z [in Eq. (26)] can be interpreted because it is exclusively based on
observed variables, enabling to retrieve the original equation struc-
ture ż = b + z(x − c) [in Eq. (20)]. The variations of z are caused by
a nonlinear term in xz and a linear contribution of z (and the con-
stant term is also detected). The causal influence of x on z is, thus,
perfectly detected and its self-influence as well.

Finally, the model from y(t) and z(t)






















ẏ = Y2,

Ẏ2 = −1.010y − 1.003z + 0.4269Y2, (27)

ż = 1.595 − 3.209z − 0.4606yz + 0.8167zY2,

−0.0378z2 + 0.02y,

unveils a coupling between these two terms but it cannot be inter-
preted as direct couplings since these are hidden by the absence of
variable x which influence on y is, thus, performed through Ẏ2 = ÿ.
The theoretical structure is rather well retrieved here again except
two spurious terms with small coefficients −0.0378z2 and 0.02y [see
Eq. (E4) in Appendix E in the supplementary material]. An alter-
native embedding may have been used here (y, z, ż) [see Eq. (E7) in
Appendix E in the supplementary material]. However, no satisfying
model was obtained due to its low level of observability, and also
because it is required to approximate the theoretical equations by
a polynomial (and by default, GPoM uses polynomial forms). Any-
way, this alternative embedding would not have brought additional
information in terms of coupling.

The same analyses were performed with the variables of the NH
system. The model obtained from u(t) and v(t)























































u̇ = 0.1996v,

v̇ = V2, (28)

V̇2 = −0.2618 + 0.018 80V2 − 0.009 845V2
2

+ 3.590v + 0.035 59vV2
2 + 0.022 60v2

− 0.9210v3 + 0.087 17u + 0.012 56uV2
2

+ 0.074 28uvV2 − 0.039 64uv2 + 0.020 23u2V2

− 0.090 79u2v + 0.1256u3,

reveals the coupling between the two variables, with a direct influ-
ence of v on the variations of u, but the reverse influence remains
uncharacterized, being performed through V̇2 = v̈; the model for
u(t) and w(t)







u̇ = U2,
U̇2 = −0.005 092w + 0.8441U2w − 0.1952u,
ẇ = 2.872 − 25.85U2

2,
(29)

reveals couplings between these two variables, which cannot
be interpreted as a direct influence since performed through
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U̇2 = ü. The theoretical structure is almost retrieved [that is, with
one additional term of very small amplitude in the second equation
−0.005 092w, see Eq. (E8) in Appendix E in the supplementary
material]. The model obtained from v(t) and w(t)







v̇ = V2,
V̇2 = 1.4213V2w − 0.2465vV2

2 − 0.4753v3,
ẇ = 3.0223 − 0.0412vV2w − 1.0303v2,

(30)

also detects the coupling between these two variables. The theo-
retical form is not very well retrieved here, with one term in v
replaced by the spurious term −0.2465vV2

2 in the second equation.
A spurious term of small amplitude (−0.0412vV2w) is found in
the third equation preventing an interpretation in terms of direct
causality [the theoretical Eq. (E10) is provided in Appendix E in the
supplementary material]. No couplings were detected between the
cross variables of the R76 and the NH systems, as expected.

Equation reconstruction. The global modeling technique was
also applied considering the six variables of the two systems at the

same time. The following model


























ẋ = −1.003z − 1.005y,
ẏ = 0.431y + 0.998x,
ż = 1.858 − 3.652z + 0.923xz,
u̇ = 0.2v,
v̇ = 0.863vw − 0.979u,
ẇ = 2.964 − 1.086v2,

(31)

was obtained that corresponds to the original set of algebraic equa-
tions with an error on the parameters varying from 0.3% to 13.7%.
Several projections of its phase portraits are provided in Fig. 10.

Models with more than 12 terms (up to 15 terms) were also
obtained. All were based on the same 12-term minimal structure
[Eq. (31)] with additional terms of small amplitude that did not
improve the model dynamics. These models were rejected for lack
of parsimony.

The degree of detected determinism was estimated using
Eq. (11). Its estimates vary from 94.8% for the dynamics of v to 99.0%

FIG. 10. Phase portraits of the global models (in color) obtained for the Rössler (top line) and Nosé–Hoover (bottom line) systems. The original phase portrait (with 0.01%
dynamical noise without coupling) is also reported in the background for comparison (in gray).
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TABLE III. Relative terms contribution estimated under noisy perturbations (p = 0.01%) from the reconstructed equations (in bold) and degree of explained determinism do (in

%) [see Eq. (11)]. Box values correspond to false negative or false positive.

x y z u v w v2 w2 xz vw d◦

Experiment 1
ẋ 0 74.1 25.9 0 0 0 0 0 0 0 99.0
ẏ 86.0 14.0 0 0 0 0 0 0 0 0 99.0
ż 0 0 46.4 0 0 0 0 0 53.6 0 98.3
u̇ 0 0 0 0 100 0 0 0 0 0 97.8
v̇ 0 0 0 12.9 0 0 0 0 0 87.1 94.8
ẇ 0 0 0 0 0 0 100 0 0 0 95.1

Experiment 2
ẋ 0 70.6 29.4 0 0 0 0 0 0 0 99.1
ẏ 85.5 14.5 0 0 0 0 0 0 0 0 99.1
ż 0 0 46.1 0 0 0 0 0 53.8 0 98.1
u̇ 0 0 0 0 100 0 0 0 0 0 97.6
v̇ 0 22.9 0 3.6 15.2 0 0 0 0 58.2 95.5

ẇ 0 0 0 0 0 0 99.6 0.4 0 0 96.1

Experiment 3
ẋ 0 93.1 6.9 0 0 0 0 0 0 0 98.4

ẏ 81.7 0 0 0 18.3 0 0 0 0 0 98.2
ż 0 0 47.8 0 0 0 0 0 52.2 0 94.7
u̇ 0 0 0 0 100 0 0 0 0 0 97.8
v̇ 0 3.4 0 10.8 5.8 0 0 0 0 80.0 95.3

ẇ 0 0 0 0 0 0 99.5 0.5 0 0 96.1

for x and y (see Table III). The contribution of the different alge-
braic terms to the deterministic causation was also estimated (also
provided in Table III to be compared with the original contribution
presented in Table S4 in the supplementary material). The causation
of x mostly results from y and is slightly overestimated (74% instead
of 72%); It is also due to z but slightly underestimated (26% instead
of 28%). The variations of y are well estimated: mostly caused by x
(86%) with a minor influence of y on itself (14%). The variations of
z are also very well estimated: they are caused for a half (54%) by the
nonlinear effect of xz and for another half (46%) by the linear effect
of z itself alone. The variations of u are only caused by v. The vari-
ations of v are indeed mostly caused by the nonlinear effect of uw,
although slightly underestimated (87% instead of 95%) with a small
effect of v itself. Finally, the variations of w are only nonlinear and
indeed exclusively caused by v2.

C. Experiment 2: Uni-directional coupling

The same series of analyses was applied to the two systems with
uni-directional coupling from R76 to NH (κy→v = 0.8 & κv→y = 0).
Only minor differences were observed when using all the statisti-
cal estimators. Similarly, the XWC (not shown) and the KWT (see
supplementary material, Figs. S8 and S9) did not permit to distin-
guish any clear effect. In all these cases, the coupling between the two
systems was not very clear and their direct couplings were difficult
to detect.

The bivariate modeling was found to be able to detect quite sim-
ilar results among both the R76 variables and the NH variables (not
shown). Considering the cross variables between the two systems,
most of the models were rejected because the cross portraits did not
reveal any structure. Only three candidate models were not rejected.
All the three models were based on variables y and v (the models
from the other variables were all rejected). The (y, v) projection of
their cross portraits is shown in Fig. 11.

The five-dimensional model
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ẏ = Y2,

Ẏ2 = Y3,

Ẏ3 = 0.4752 + 0.0731Y2
3 − 1.153Y2 − 0.1848Y2

2,

− 0.3476y + 0.1948yY2 − 0.1155y2, (32)

v̇ = V2,

V̇2 = 0.4384 − 0.3074V2 + 3.6288v − 0.9518v3,

+ 0.7553Y2 + 0.6274y,

was selected among these three models [see Fig. 11(c)] that also
showed the closest correlation to the original cross portrait. This
model enables the detection of a directional coupling from R76 to
NH (term +0.6274y in the last equation).

Models from the other cross variables were all rejected, either
because no model was obtained or because the obtained models
exhibited inconsistencies with the original portraits. By themselves,
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FIG. 11. Cross portraits of three models (in blue) obtained from variables y and v for the coupling between the Rössler and Nosé–Hoover systems (Experiment 2 with
p = 0.1% of dynamical noise) with original cross portrait in the background (in gray). Model (a) and others with similar cross portraits (not shown) were rejected straightforward,
and among the remaining two models (b) and (c), the latter was selected.

Eq. (32) cannot be used to interpret the couplings between y to v as
a direct influence because derivatives are involved (Y2, Y3, and V2).
However, it can still be interpreted as a directional coupling from the
R76 system (observed from variable y) to the NH system (observed
from v); the variables y and v appear to be the most direct cou-
pling among all the cross variables since none of the other variables
enabled to reconstruct any coupling.

The equation reconstruction. When applying the global model-
ing technique to the six variables together, a 12-term model enabled
to detect the structure of the two systems. However, this model
did not produce satisfying cross portraits when compared to the
original ones, in particular when considering the variables y and
v [Fig. 12(a)]. Indeed, a very different level of correlation was
estimated between the model variables y and v (6.9%) in comparison

to the original ones (72.6%). This 12-term model was, thus, rejected
and the model search was pursued up to 15 terms. Numerous
models were able to reproduce satisfyingly the three-dimensional
projections (x, y, z) and (u, v, w), but a single set of equations
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

ẋ = −0.9990z − 0.9966y,
ẏ = 0.4323y + 0.9998x,
ż = 1.8493 − 3.6242z + 0.9161xz,
u̇ = 0.1997v,
v̇ = 0.8835vw − 0.9910u + 0.7505y − 0.7424v,
ẇ = 3.0553 − 1.0674v2 − 0.0582w2,

(33)

was able to reproduce well both the portraits of the R76 and NH
systems (Fig. 13) and their cross portrait (y, v) [Fig. 12(b)], with a

FIG. 12. Cross portraits (y, v) of three models (in blue) obtained between R76 and NH under unidirectional coupling (κy→v = 0.8 & κv→y = 0) with dynamical noise
(p = 0.01%). Models (a) and (c) were rejected, model (b) was selected. The original phase portrait is also reported in the background for comparison (in gray).
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FIG. 13. Phase portraits of the models obtained for the R76 (top line) and NH (bottom line) systems under unidirectional coupling (κy→v = 0.8 & κv→y = 0) with p = 0.01%
of dynamical noise; original portraits also reported for comparison (in gray).

correlation very similar to the original data (69.4%). Except one spu-
rious term of small amplitude in the last equation (−0.0582w2), the
original system is retrieved with its linear coupling in the equation
for variable v, the error on the parameters varying from 0.1% to
11.7%. The original coupling +0.8(y − v) is retrieved (+0.7505y
− 0.7424v) with an error of 7.2%. Among the other (rejected) mod-
els, the highest level of correlation between y and v did not overpass
19.6% at best [Fig. 12(c)].

D. Experiment 3: Bi-directional couplings

The same series of analysis was performed again considering
the case with bi-directional coupling. As shown in supplementary
material Table S2 (and S3 for noisy conditions), the bidirectional
coupling generates information transferred into both directions
between the two systems, which tends to blur even more the

readability of the results when trying to reconstruct the causal
network between the variables with most of the approaches.

The XWC and the KWC analyses led to similar results among
the variables of each system but when considering the interac-
tions between the two systems, and couplings were detected in all
directions between all the variables and it was impossible to distin-
guish direct couplings from indirect ones. This situation was even
reinforced under noisy conditions.

The bivariate modeling was here again able to detect similar
results among both the R76 variables and the NH variables (not
shown). However, considering the cross variables, no robust model
is able to reproduce the observed coupling was obtained: all were
rejected.

Equation reconstruction enabled to obtain numerous mod-
els reproducing the R76 and NH portraits satisfyingly but only
three of them reproduced the cross portrait (y, v) reasonably well
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FIG. 14. Cross portraits of three models (in blue) obtained for the Rössler and Nosé–Hoover systems under bidirectional coupling (κy→v = κv→y = 0.4) with dynamical
noise (p = 0.01%). Correlations between y and v were estimated for each model giving 0.35, 0.37, and 0.35, respectively, to be compared to the original correlation of 0.39.
Models (a) and (c) were rejected, and model (b) was selected. The original phase portrait is also reported in the background for comparison (in gray).

FIG. 15. Phase portraits of the models selected for the R76 (top line) and NH (bottom line) systems under bidirectional coupling (κy→v = κv→y = 0.4) with dynamical noise
(p = 0.01%); original portraits also reported for comparison (in gray).

Chaos 35, 103124 (2025); doi: 10.1063/5.0272112 35, 103124-20

Published under an exclusive license by AIP Publishing

https://pubs.aip.org/aip/cha


Chaos ARTICLE pubs.aip.org/aip/cha

FIG. 16. XWT (a) and KWT (b) analyses of the groundwater height measured at three piezometric stations h1(t), h2(t), and h3(t). (a) XWC CXY (t, f) of (h1, h2), (h1, h3),
and (h2, h3). (b) KWC CẊY (t, f) between h1, h2, and h3.
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(see Fig. 14). The model
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ẋ = −1.0119z − 1.0024y,
ẏ = 0.4016v + 0.9878x,
ż = 1.85 − 3.683z + 0.9307xz,
u̇ = 0.1999v,
v̇ = 0.8772vw − 0.9873u + 0.3415y − 0.3467v,
ẇ = 3.1354 − 1.0752v2 − 0.067w2,

(34)

for which projections of portrait are shown in Figs. 15 and 14(b),
enabled to get a correlation between y and v equal to 0.37, that is,
the closest to the original one (0.39) in comparison to the other
two models (0.35 and 0.36). Except one spurious term of smaller
amplitude in the last equation (−0.0670w2), the original system is
retrieved with an error on the parameters varying from 0.1% to
14.6%. The bidirectional coupling is detected in the selected model:
one in the equation for variable y (term 0.4016v) and the other one
in the equation for v (the terms 0.3415y − 0.3467v). The original
coupling κy→v(y − v) is retrieved with a parameter error of ∼14%.

The other coupling κv→y(v − y) is only partially retrieved since
only the term in v is unveiled (with an error of 0.4%) while the orig-
inal term in y is not detected. As expected, these bidirectional cou-
pling terms do not generate a full synchronization between the two
variables but a generalized synchronization very similar to the orig-
inal one. Note that a single directional coupling only was detected
from NH to R76 in the two other candidate models [Figs. 14(a)
and 14(c)]. Additional test of robustness were also performed to
challenge the equation reconstruction technique under measure-
ment noise conditions, shorter time series length, and changes in
the initial conditions (provided in Appendix F in thesupplementary
material).

TABLE IV. Results from environmental data. Correlations greater than 0.4, and infor-

mation greater than 0.2 are in bold (diagonal values excepted when not significant).

h1 h2 h3 h1 h2 h3

Intercorrelation CX Y Causal correlation CẊY

h1 1 0.89 0.69 ḣ1 0.00 0.01 0.02
h2 0.89 1 0.67 ḣ2 0.00 0.00 0.02
h3 0.69 0.67 1 ḣ3 0.30 0.34 0.21

Mutual information IXY Causal information IẊY

h1 3.69 1.09 0.51 ḣ1 0.04 0.00 0.14
h2 1.09 3.69 0.49 ḣ2 0.02 0.00 0.07
h3 0.51 0.49 3.69 ḣ3 0.07 0.05 0.13

XWT coherence CXY KWT coherence CẊY

h1 1 0.40 0.40 ḣ1 0.67 0.34 0.33

h2 0.40 1 0.38 ḣ2 0.48 0.67 0.31

h3 0.40 0.38 1 ḣ3 0.32 0.32 0.67

Bivariate models Equation reconstruction

ḣ1 u NL . . . ḣ1 NL NL . . .
ḣ2 NL u . . . ḣ2 NL NL NL

ḣ3 . . . . . . . . . ḣ3 NL NL . . .

E. Application to a set of environmental time series

Estimating and foreseeing the volume of water resources at
short and long time scales is an important problem in the Viet-

FIG. 17. Model (in red) and original (in the background in gray or green) phase portraits in (h1, h2) projection (a) and first return map along the h2 direction (b) (both in
m.a.s.l.). (a) Phase portrait. (b) First return map.
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FIG. 18. Model (red) and original (gray in the background) phase portraits in (h1, h2) projection (left) and (h1, h3) projection (right).

namese Central Highlands.60,61 Though, water fluxes in aquifers are
difficult to understand and monitor in fractured rocks and in karstic
systems where the underground connection network can be very
complex and is generally poorly known. In practice, it is common
to monitor the groundwater level in an ensemble of wells spatially
distributed. In the present study, three time series of groundwater
level measured in the Se San River basin are considered (see Fig. 5).
The various indicators and techniques presented in Secs. IV A–IV D
were all applied again to this data set to investigate the potential
coupling among the three time series (see Table IV).

The XWC did not enable to detect any clear patterns although
higher values of coherence were more often found at scales between
3 and 5 days [Fig. 16(a)] and with a mean value of coherence close
to C = 0.4, suggesting a possible coupling among the three.

The KWC was also found difficult to interpret for the same
reason [Fig. 16(b)]. Similarly, a higher recurrence of high levels of
coherence was found, but on a smaller band centered on a scale
at three days. High levels of self coherence (values close to 1)
with a ±π/2 phase were observed in the three cases at long time
scales (&8 days), but these cannot be interpreted as self causal (see
Appendix B for a demonstration). The mean values were all found to
be higher than C = 0.3 with one value significantly higher suggest-
ing an influence of h1 on h2 (Cḣ2h1

= 0.48). A more in-depth analysis

would be required to investigate the causation based on wavelets.
The bivariate modeling was then applied to the three time

series taken two by two. A single model was obtained between sta-
tions 1 and 2. The conditions requested for a causal interpretation
were all satisfied. (1) The model was found robust to numerical
integration and its robustness was tested on a long period (more
than twice the observation time length). (2) It was proven to be
nontrivial. Indeed, this model is four-dimensional and surpris-
ingly rich dynamically (see Fig. 17 and supplementary material,
Fig. S16). Its first return map [Fig. 17(b)] confirms this complex-
ity. (3) It also reproduces satisfyingly the order of magnitude of the
observed variables. This model, thus, strongly argues for a deter-
ministic coupling between the two variables although it cannot
be interpreted as direct coupling due to the numerous deriva-
tives involved in its formulation [see supplementary material, Eq.
(J1)].

The equation reconstruction. The selection conditions were
obtained with a single model involving the three stations of ground-
water height: (1) Its numerical integrability was checked on a suf-
ficiently long period. (2) Its dynamic is non trivial as proven by its
phase portrait and its complex first return map (see Fig. 18). (3) The
modeled and observed variables have the same order of magnitude.
This model
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ḣ1 = 207.2 − 1.643h2 + 2.279 × 10−3h2
2 + 0.8380h1 − 1.223 × 10−5h1h3 − 1.488 × 10−3h1h2,

ḣ2 = −34.91 + 0.3702h3 − 6.386 × 10−4h2
3 − 0.5699h2 − 8.744 × 10−4h2h3 + 1.943 × 10−3h2

2 + 0.2830h1

+ 1.451 × 10−3h1h3 − 1.804 × 10−4h1h2 − 1.101 × 10−4h2
1,

ḣ3 = 312.2 + 0.2135h3 − 2.423h2 − 3.965 × 10−4h2h3 + 0.004 951h2
2 + 0.9952h1 − 0.004 768h1h2 + 0.001 394h2

1,

(35)
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TABLE V. Relative terms contribution (in bold when greater than 4%) and degree of

explained determinism (in %).

h1 h2 h3 h2
1 h2

2 h2
3 h1 h2 h1 h3 h2 h3 d◦

ḣ1 5.9 21.3 0.0 0.0 50.3 0.0 22.5 0.002 0.0 20.0
ḣ2 0.59 2.2 1.4 0.13 31.9 5.7 28.8 22.3 6.9 19.1
ḣ3 1.53 8.4 0.1 4.2 43.3 0.0 42.1 0.0 0.30 42.5

is three-dimensional, highly nonlinear and reveals a complex cou-
pling between the three sub-basins.

The degree of explained determinism (see Table V) varies from
one equation to another, it is 21.0% for variable h1, 19.1% for h2, and
42.5% for h3. These low magnitudes are explained by some miss-
ing contributions in the analysis. In particular, the rainfall input is
not considered in the analysis, and neither the input/output of the
other connected sub-basins located upstream, downstream, or aside.
This lack of information may also explain the difficulty of the other
approaches to detect any clear couplings.

Although the obtained model suggests complex bidirectional
couplings among the three variables, the analysis of the relative con-
tribution to the deterministic dynamics reveals the main influence
of two terms (h2

2 and h1h2) on the groundwater height, at each of the
three stations (see Table V).

V. CONCLUSION

Several techniques have been tested to infer causal couplings
between variables of a given system involving two deterministic
subsystems, thus producing causal relations in the strong sense.

Among these techniques, the simplest indicators (SC, KC, MI)
and the GKI were found to be poorly able to unveil the causal rela-
tions, even under the simplest conditions here tested. Results were
particularly poor when applied to the NH subsystem. The causal
information (KI) proved to be a bit more efficient than the other
indicators.

Two wavelet based techniques were also tested that presented
significantly different results on the two sub-systems. The cross
wavelet coherence (XWC) was found much more efficient to detect
the causal influences among the variables of the R76 system than
among that of the NH system. The reason directly derives from
its formulation, which is designed to unveil local correlations in
timescales and time. Introduced in the present work, the causal
wavelet coherence (KWC), specifically designed to infer causal rela-
tions, was proven to be efficient to detect the causal influences not
only for the R76 subsystem, but also for NH subsystem despite the
totally decorrelated evolutions of its variables. Its limitation relying
to nonlinearity was briefly addressed to show potential interest of
the KWC to go further.

It was found that none of these techniques can be used to
detect self causality, either simply due to their symmetric construc-
tion (SC, MI, XWC), or for analytic reasons (KWC), or due to their
lack of robustness (GKI, KC, KI). All of them also revealed a strong
sensitivity to noise and a poor ability to deal with multiple causal
influences, and none of them were able to distinguish direct from
indirect influence.

The global modeling technique was another approach tested
here. It has proven to be quite efficient in all the studied contexts.
This approach can be applied with at least two variables or with more
when these are available. Two extreme situations were investigated
(two or six observed variables).

When only a subset of variables is observed, the original equa-
tions can be retrieved only if all the variables involved in the causal
coupling are available, but may not be retrieved in the general case.
If some variables are missing, it may be possible to uncover cou-
plings but it will not be possible to know if these are direct or indirect
couplings and it may then be impossible to reconstruct the original
fluence network among the variables. The good point here is that
the equations will tell if they can, or not, be interpreted as direct
coupling. As far as a derivative will be involved in a reconstructed
equations, it should not be interpreted as a direct coupling unless
other elements may permit to argue for it. These remarks are quite
general: In the present work, the subsets of variables were all per-
formed either considering the variables two by two or all of them at
the same time. However, the same analyses may be performed con-
sidering a subset of three variables or more depending on what is
available.

Applied when all the variables are observed, the global mod-
eling was found especially powerful to retrieve the original sets of
equations, thus permitting to get interpretable equations. The bidi-
rectional weak couplings were found particularly tricky to uncover
with this approach, especially under noisy conditions. Interestingly,
it was also shown possible to estimate the contribution of the
individual causal terms involved in the dynamics.

Applied to a dataset of groundwater level, the global modeling
technique enabled to detect complex couplings between three sta-
tions and to unveil the main influence of one of the three stations in
this dynamic.

SUPPLEMENTARY MATERIAL

See the supplementary material for a description of strong
and weak couplings (Appendix D); an introduction to observability
(Appendix E); sensitivity tests to initial conditions for conserva-
tive systems and to accumulated degraded conditions including, at
the same time, sensitivity to the initial conditions, measurement
noise, and shorter time series (Appendix F); an introduction to
the interpretation of wavelet scalograms (Appendix G); Supplemen-
tary Figures S1–S16 (Appendix H); Supplementary Tables S2–S6
(Appendix I); and Eq. (J1) (Appendix J).
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APPENDIX A: CAUSALITY BASED ON EMBEDDING

TECHNIQUES

Embedding techniques enable to reconstruct a state space
equivalent to the original state space based on a restricted number
of variables.31,62,63 Its use to detect causality is problematic because it
makes possible to reconstruct the dynamics of the complete system
based on a restricted number of variables, even possibly a single one.
In other words, if all the variables have all the information about the
dynamics, how to determine what is causal?

Let us take the example of the Rössler system to exemplify
this problem. Its original manifold M(xyz) is described by (x, y, z).
Equivalent manifolds can be reconstructed from x, y, or z, by using
either derivatives or delayed variables. In the former case, we will
get M(x,ẋ,ẍ) a differential manifold reconstructed from x, M(y,ẏ,ÿ) from
y, or M(z,ż,z̈) from z. In the latter case, we will get delayed manifolds
M(x(t),x(t+τ),x(t+2τ)) from x and similarly M(y(t),y(t+τ),y(t+2τ)) from y and
M(z(t),z(t+τ),z(t+2τ)) from z.

All these manifolds will be (in principle) equivalent. The dif-
ferential case is more interesting here since enabling an analytic
explanation. Indeed, using the Lie derivatives, algebraic relations can
be established between the original Rössler system with its original
variables x, y, and z and its jerk form

...
X = FX(X, Ẋ, Ẍ), (A1)

with X being the observed variable and its derivatives

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

∥

x = fx(x, ẋ, ẍ) = x,

y = gx(x, ẋ, ẍ) = − ẋ(a3 − x) + ẍ + a2 + x

a1 + a3 − x
,

z = hx(x, ẋ, ẍ) = ẍ + a2 + x − a1ẋ

a1 + a3 − x
,

x = fy(y, ẏ, ÿ) = ẏ − a1y,

y = gy(y, ẏ, ÿ) = y,

z = hy(y, ẏ, ÿ) = a1ẏ − ÿ − y,

x = fz(z, ż, z̈) = a3 + ż − a2

z
,

y = gz(z, ż, z̈) = −z − z̈

z
+ ż(ż − a2)

z2
,

z = hz(z, ż, z̈) = z.

(A2)

Note, however, that only the jerk form is unique when starting
from a single observed variables, but the original three-dimensional
form is not.64 This will not be a problem for us here since our first
goal with bivariate modeling is not to reconstruct the original sys-
tems from a restricted number of observed variables but to detect
couplings between them.

The existence of similar functions is expected in the case of the
delayed manifold although these cannot be formulated analytically.
The important point here is that, although the relations between x, y,
and z are originally dynamical, these can be reformulated into static
relations by using derivatives or delayed variables, that is, taking
advantage of an embedding. As a consequence, an embedding can
be used to detect coupling properties but it may lose their direction
and, thus, the causal relationships. Note, for example, that, although
z does not contribute directly to the variations of y, and y does not
contribute directly to the variations of z, it is possible to reformulate
their (actually indirect) link by embedding and then to predict z(t)
from y(t), and y(t) from z(t).

APPENDIX B: XWC AND KWC IN TWO SPECIFIC

SITUATIONS

The Morlet Wavelet is defined as

90(τ ) := π− 1
4 eif0τ e− τ2

2 , (B1)

where τ is a dimensionless time and f0 is the dimensionless fre-
quency. In the context of features extraction, it is common to fix
f0 = 6 which is a good compromise to have both temporal and fre-
quency localization. τ is define from the time t as τ = s.t introducing
the scale parameter s.

The Continue Wavelets transform (CWT) of a signal x(t) with
scale s and delay t is defined as the convolution between the signal
x(t) and the rescaled Morley wavelet,

Wx(s, t) := x(t) ?
9∗

0

(

− t
s

)

√
s

= 1√
s

∫ ∞

−∞
x(t′)9∗

0

(

t′ − t

s

)

dt′, (B2)

where ? represents the convolution product and ∗ represents the
complex conjugate. When the signal x(t) is discretized in N sample
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xk,43 it becomes

Wk
x(s) =

√

δt

s

N
∑

k′=1

xk′9∗
0

[

(k′ − k)
δt

s

]

. (B3)

The Cross Wavelets Coherence (XWC) of two signals x(t) and
y(t) is defined as

Cxy :=
‖〈Wx(s, t).W∗

y(s, t)〉‖
〈‖Wx(s, t)‖2〉 1

2 〈‖Wy(s, t)‖2〉 1
2

, (B4)

where 〈f(s, t)〉 is a time–frequency smoothing function, which can be

defined as 〈f(s, t)〉 = 1
δ

∫ t+ δ
2

t− δ
2

f(s, t′)dt′ for a specific time window δ.42

Proposition 1: The cross wavelet transform of a signal with
itself has a coherence equal to 1 and a phase equal to 0.

Proof. From the definition (B4), taking y(t) = x(t), it leads

Cxx = ‖〈Wx(s, t).W∗
x(s, t)〉‖

‖〈‖Wx(s, t)‖2〉 1
2 〈‖Wx(s, t)‖2〉 1

2

(B5)

= ‖〈‖Wx(s, t)‖2〉‖
〈‖Wx(s, t)‖2〉 = 1 (B6)

and

Wxx(s, t) = wx(s, t)wx(s, t)
∗ = ‖wx(s, t)‖2, (B7)

with φ = arg(Wxx(s, t)) = 0. �
Proposition 2: The cross wavelets of a signal x(t) with its time

derivative ẋ(t) has a (causal) coherence Cẋx approximately equal to 1
and a phase close to π

2 .
Proof. From the definition (3) and using the convolution

property that allows the swapping of the derivative operator
(ḟ ? g = f ? ġ), we have

Wẋ(s, t) = ẋ(t) ?
9∗

0

(

− t
s

)

√
s

= x(t) ?
9̇∗

0

(

− t
s

)

√
s

. (B8)

From the definition (B1), the derivative of the Morlet wavelet
with respect to τ can be written as

d90(τ )

dτ
= d

dτ

(

π− 1
4 eif0τ e− τ2

2

)

(B9)

= π− 1
4

(

if0e
if0τ e− τ2

2 − τ eif0τ e− τ2
2

)

(B10)

= π− 1
4
(

if0 − t
)

eif0τ e− τ2
2 (B11)

=
(

if0 − τ
)

90(τ ). (B12)

The wavelet has 99.7% of its significant value when the variable
τ is in the interval [−3, 3]. Therefore, on this interval, f0 > τ and the
derivative can be approximated as

d90(τ )

dτ
=
(

if0 − τ
)

90(τ ) ' if090(τ ). (B13)

It follows that approximately the real part of the Morley wavelet (the
imaginary part, respectively) is proportional to the imaginary part
(the real part, respectively) of its derivative with respect to τ . This
statement is illustrated in Fig. 19.

FIG. 19. Real (in blue) and imaginary (in orange) parts of theMorlet wavelet (plain
lines) and their derivative with respect to τ (dashed lines).

To complete the proof, let us consider the derivative with
respect to t using the chain rule with the same approximation

9̇∗
0 (− t

s
) = d

dt

[

9∗
0

(

− t

s

)]

=
(

d

dt

[

90

(

− t

s

)])∗
, (B14)

stating that T = − t
s
, we have dT

dt
= − 1

s
, and then

9̇∗
0

(

− t

s

)

=
(

d

dt
[90(T)]

)∗
(B15)

=
(

d

dT
90(T) × dT

dt

)∗
=
[(

d

dT
90(T)

)

×
(

−1

s

)]∗

(B16)

'
[

if090(T)) ×
(

−1

s

)]∗
= if09

∗
0

(

− t

s

)

) ×
(

+1

s

)

,

(B17)

given that (ab)∗ = a∗b∗ and (−if0)
∗ = if0. Then, injecting it in the

definition of the (CWT), we get

Wẋ(s, t) = x(t) ?
9̇∗

0

(

t
s

)

√
s

(B18)

' x(t) ?

(

if0

s

)

9∗
0

(

− t
s

)

√
s

= if0

s
Wx(s, t). (B19)
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We then have

Wẋx(s, t) '
(

if0

s

)

wx(s, t)wx(s, t)
∗ (B20)

=
(

if0

s

)

‖wx(s, t)‖2, (B21)

with φ = arg(Wẋx(s, t)) = π

2 . It is possible to approximately evaluate
Cẋx as

Cẋx = ‖〈Wẋ(s, t).Wx(s, t)
∗〉‖2

〈‖Wẋ(s, t)‖2〉 1
2 〈‖Wx(s, t)‖2〉 1

2

(B22)

'
‖〈 if0

s
Wx(s, t).Wx(s, t)

∗〉‖
〈‖ if0

s
Wx(s, t)‖2〉 1

2 〈‖Wx(s, t)|2〉
1
2

(B23)

'
f0
s

f0
s

‖〈‖Wx(s, t)‖2〉‖
〈‖Wx(s, t)‖2〉 = 1 (B24)

that concludes the proof. �

APPENDIX C: NONLINEAR CAUSAL WAVELET

COHERENCE

Causal wavelet coherence may also be used to detect, at least,
single nonlinear terms. Let us consider an equation of general form

Ẋi = α + β
∏

j

X
nj

j . (C1)

FIG. 20. Nonlinear Causal Wavelet Coherence applied to the detection of nonlin-
ear terms [here v2 in Eq. (21)] under free of noise conditions.

If we state Ẋ = Ẋi and Y(t) =
∏

X
nj

j (t), we get

CẊY =
‖〈WX(s, t).W∗

(X−α)/β(s, t)〉‖
〈‖WX(s, t)‖2〉 1

2 〈‖W(X−α)/β(s, t)‖2〉 1
2

(C2)

=
1
β
〈‖WX(s, t)‖2〉

1
β
〈‖WX(s, t)‖2〉

= 1. (C3)

Applied to the third equation of NH system [Eq. (21)]

ẇ = b2 − v2, (C4)

the result Cẇv2 ≈ 1 with a 0 delay is indeed retrieved (see Fig. 20).
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