
ISSN (p) 2411-7161
ISSN (e) 2712-9500

№ 7/2025

НАУЧНЫЙ ЖУРНАЛ
«IN SITU»

Москва
2025



АКАДЕМИЧЕСКОЕ ИЗДАТЕЛЬСТВО «НАУЧНАЯ АРТЕЛЬ»

НАУЧНЫЙ ЖУРНАЛ 
«IN SITU»

Учредитель:
Общество с ограниченной ответственностью «Издательство 

«Научная артель»

Главный редактор:
Сукиасян Асатур Альбертович, к.э.н.
Редакционный совет:
Абидова Гулмира Шухратовна, д.т.н.
Авазов Сардоржон Эркин угли, д.с.-х.н.
Агафонов Юрий Алексеевич, д.м.н.
Алейникова Елена Владимировна, д.гос.упр.
Алиев Закир Гусейн оглы, д.фил.агр.н.
Ашрапов Баходурджон Пулотович, к.фил.н.
Бабаян Анжела Владиславовна, д.пед.н.
Баишева Зиля Вагизовна, д.фил.н.
Булатова Айсылу Ильдаровна, к.соц.н.
Бурак Леонид Чеславович, к.т.н., PhD
Ванесян Ашот Саркисович, д.м.н.
Васильев Федор Петрович, д.ю.н., член РАЮН
Вельчинская Елена Васильевна, д.фарм.н.
Виневская Анна Вячеславовна, к.пед.н.
Габрусь Андрей Александрович, к.э.н.
Галимова Гузалия Абкадировна, к.э.н.
Гетманская Елена Валентиновна, д.пед.н.
Гимранова Гузель Хамидулловна, к.э.н.
Григорьев Михаил Федосеевич, к.с.-х.н.
Грузинская Екатерина Игоревна, к.ю.н.
Гулиев Игбал Адилевич, к.э.н.
Датий Алексей Васильевич, д.м.н.
Долгов Дмитрий Иванович, к.э.н.
Дусматов Абдурахим Дусматович, к. т. н.
Ежкова Нина Сергеевна, д.пед.н.
Екшикеев Тагер Кадырович, к.э.н.
Епхиева Марина Константиновна, к.пед.н., проф. РАЕ
Ефременко Евгений Сергеевич, к.м.н.
Закиров Мунавир Закиевич, к.т.н.
Зарипов Хусан Баходирович, PhD.
Иванова Нионила Ивановна, д.с.-х.н.
Калужина Светлана Анатольевна, д.х.н.
Канарейкин Александр Иванович, к.т.н.
Касимова Дилара Фаритовна, к.э.н.
Киракосян Сусана Арсеновна, к.ю.н.
Киркимбаева Жумагуль Слямбековна, д.вет.н.
Кленина Елена Анатольевна, к.филос.н.
Клещина Марина Геннадьевна, к.э.н.,
Козлов Юрий Павлович, д.б.н., заслуженный эколог РФ
Кондрашихин Андрей Борисович, д.э.н.
Конопацкова Ольга Михайловна, д.м.н.
Куликова Татьяна Ивановна, к.псих.н.
Курбанаева Лилия Хамматовна, к.э.н.
Курманова Лилия Рашидовна, д.э.н.
Ларионов Максим Викторович, д.б.н.
Малышкина Елена Владимировна, к.и. н.
Маркова Надежда Григорьевна, д.пед.н.
Мещерякова Алла Брониславовна, к.э.н.
Мухамадеева Зинфира Фанисовна, к.соц.н.
Мухамедова Гулчехра Рихсибаевна, к.пед.н.
Набиев Тухтамурод Сахобович, д.т.н.
Песков Аркадий Евгеньевич, к.полит.н.
Половеня Сергей Иванович, к.т.н.
Пономарева Лариса Николаевна, к.э.н.
Почивалов Александр Владимирович, д.м.н.
Прошин Иван Александрович, д.т.н.
Саттарова Рано Кадыровна, к.биол.н.
Сафина Зиля Забировна, к.э.н.
Симонович Николай Евгеньевич, д.псих. н., академик РАЕН
Сирик Марина Сергеевна, к.ю.н.
Смирнов Павел Геннадьевич, к.пед.н.
Старцев Андрей Васильевич, д.т.н.
Танаева Замфира Рафисовна, д.пед.н.
Терзиев Венелин Кръстев, д.э.н., член РАЕ
Умаров Бехзод Тургунпулатович, д.т.н.
Хайров Расим Золимхон углы, к.пед.н. 
Хамзаев Иномжон Хамзаевич, к. т. н. 
Хасанов Сайдинаби Сайдивалиевич, д.с.-х.н.
Чернышев Андрей Валентинович, д.э.н.
Чиладзе Георгий Бидзинович, д.э.н., д.ю.н., член  РАЕ
Шилкина Елена Леонидовна, д.соц.н.
Шкирмонтов Александр Прокопьевич, д.т.н., член-РАЕ
Шляхов Станислав Михайлович, д.физ.-мат.н.
Шошин Сергей Владимирович, к.ю.н.
Юсупов Рахимьян Галимьянович, д.и. н.
Яковишина Татьяна Федоровна, д.т.н.
Янгиров Азат Вазирович, д.э.н.
Яруллин Рауль Рафаэллович, д.э.н., член РАЕ

ISSN (p) 2411-7161
ISSN (e) 2712-9500

Периодичность: 1 раз в месяц

Журнал размещается в Научной электронной библиотеке 
elibrary.ru по договору №511-08/2015 от 06.08.2015

Журнал размещен в международном каталоге
периодических изданий Ulruch’s Periodicals Directory.

Цена свободная. Распространяется по подписке.

Все статьи проходят экспертную проверку. Точка зрения редакции не 
всегда совпадает с точкой зрения авторов публикуемых статей. 

Авторы статей несут полную ответственность за содержание статей и за 
сам факт их публикации. Редакция не несет ответственности перед 
авторами и/или третьими лицами за возможный ущерб, вызванный 
публикацией статьи. 

При использовании и заимствовании материалов, опубликованных в 
научном журнале, ссылка на журнал обязательна

Верстка: Мартиросян О.В.
Редактор/корректор: Мартиросян Г.В.

Учредитель, издатель и редакция
научного журнала «IN SITU»

Академическое издательство «Научная артель»:
+7 (495) 514 80 82
https://sciartel.ru
info@sciartel.ru

450057, ул. Салавата 15

Подписано в печать 25.07.2025 г.
Формат 60х90/8
Усл. печ. л. 04.20

Тираж 500.

Отпечатано
в редакционно-издательском отделе академического издательства 

«Научная артель»
https://sciartel.ru
info@sciartel.ru

+7 (495) 514 80 82



НАУЧНЫЙ ЖУРНАЛ « IN SITU »                    ISSN (p) 2411-7161 / ISSN (e) 2712-9500 №7 / 2025

3

СОДЕРЖАНИЕ

ТЕХНИКА И ТЕХНОЛОГИЯ

Dinh Cong Dat
BENDING VIBRATIONS OF EULER–BERNOULLI BEAMS IN FLEXIBLE ROBOTIC MANIPULATORS

5

ЮРИСПРУДЕНЦИЯ

Gulmyradov V.
FUNDAMENTAL CONCEPTS AND PRINCIPLES OF CIVIL LAW

17

ИСКУССТВОВЕДЕНИЕ

Бикулова А.Э.
АНАЛИЗ КАРТИНЫ НЕИЗВЕСТНОГО ИТАЛЬЯНСКОГО МАСТЕРА XVI (?) ВЕКА «МАДОННА С 
МЛАДЕНЦЕМ» ИЗ СОБРАНИЯ ВОЛГОГРАДСКОГО МУЗЕЯ ИЗОБРАЗИТЕЛЬНЫХ ИСКУССТВ ИМ. 
И.И. МАШКОВА

20

Максимча А.Ю.
ЭВОЛЮЦИЯ ДЕКОРАТИВНОГО УБРАНСТВА РУССКИХ ПОТИРОВ В XVII – XVIII ВЕКАХ:
ДИАЛЕКТИКА ТРАДИЦИИ И НОВАТОРСТВА

26

СОЦИОЛОГИЯ

Мухидинов М.Г.
СОВРЕМЕННОЕ ОБЩЕСТВО В АСПЕКТЕ ВНЕДРЕНИЯ ИСКУССТВЕННОГО ИНТЕЛЛЕКТА

32



АКАДЕМИЧЕСКОЕ ИЗДАТЕЛЬСТВО «НАУЧНАЯ АРТЕЛЬ»

4



НАУЧНЫЙ ЖУРНАЛ « IN SITU »                    ISSN (p) 2411-7161 / ISSN (e) 2712-9500 №7 / 2025

5

Dinh Cong Dat
Hanoi University of Mining and Geology, Vietnam

Corresponding author,
 E-mail address: dinhcongdat@humg.edu.vn

BENDING VIBRATIONS OF EULER–BERNOULLI BEAMS IN FLEXIBLE ROBOTIC MANIPULATORS

Abstract
VibraƟon is a common phenomenon in both natural and engineering systems. In modern applicaƟons, 

many real-world problems require highly accurate models, which necessitate the consideraƟon of elasƟc 
vibraƟons in structural components. The analysis and control of such vibraƟons are therefore of criƟcal 
importance. This paper invesƟgates the bending vibraƟons of Euler–Bernoulli beams. The di�erenƟal 
equaƟons governing transverse vibraƟons are 𿿿rst derived. Based on these equaƟons, the natural frequencies 
and corresponding mode shapes are determined. The forced vibraƟon response is then analyzed to calculate 
the de򯿿ecƟons at various points along the beam under di�erent excitaƟon frequencies. These results provide 
a foundaƟon for studying the dynamic behavior of 򯿿exible roboƟc arms.

Keyword: 
Euler–Bernoulli beam, bending vibraƟons, natural frequency, mode shape, 򯿿exible robot.

1. IntroducƟon
Beams are among the most common structural models in engineering applicaƟons [1–3]. The study of 

beam behavior plays a crucial role in evaluaƟng the load-bearing capacity and performance of structures. A 
wide variety of structures can be modeled as Euler–Bernoulli beams, including roboƟc manipulators [4]. In 
recent decades, the increasing demand for precision and high-speed operaƟon of roboƟc end-e�ectors has 
led researchers to invesƟgate the vibraƟon characterisƟcs of robot links. Consequently, the 򯿿exible links of 
robots are oŌen modeled as Euler–Bernoulli beams [5,6]. This paper focuses on the invesƟgaƟon of the 
bending vibraƟons of Euler–Bernoulli beams, aiming to determine their natural frequencies and 
corresponding mode shapes.

2. FormulaƟon of the Governing EquaƟon for Beam Bending VibraƟons
In the analysis of beam bending vibraƟons, it is assumed that the beam's length is signi𿿿cantly greater 

than its other dimensions, and that the cross-secƟon of the beam is symmetric with respect to both principal 
axes. The beam under consideraƟon is illustrated in Fig. 1.

Assume that cross-secƟons of the beam remain plain and perpendicular to the de򯿿ecƟon axis during 
deformaƟon. The geometric axis of the undeformed beam is assumed to be straight, and this axis is taken as 
the x-axis. The z-axis is de𿿿ned as perpendicular to the x-axis. The beam is assumed to undergo bending 
vibraƟon only in the z-direcƟon.

Unlike in the staƟc case, here the transverse displacement w, rotaƟon angle  , bending moment M, 
and shear force Q are funcƟons of both spaƟal coordinate x and Ɵme t:w(x, t); (x, t); M(x, t); Q(x, t).

According to the theory of strength of materials, the relaƟonship between the transverse displacement 
and the rotaƟon angle is given by:

( , ) ( , )w x ttg x t
x

 
= 


(1)

To formulate the di�erenƟal equaƟons governing bending vibraƟons, consider an in𿿿nitesimal beam 
element of length dx, as illustrated in Fig. 2.

The total rotaƟon angle   is assumed to consist of the bending-induced rotaƟon θ (caused by the 
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bending moment M) and the shear-induced rotaƟon (caused by the shear force Q):
w
x

  
= = +


                                                                           (2)

Applying d’Alembert’s principle and considering the equilibrium of forces in the z-direcƟon, we obtain:
2

2 ( , ) 0w Q wdm Q dx Q p x t dx dm
t x t

  
− + + − + − =

  
                                           (3)

so that m represents the mass per unit length of the beam.

From the moment equilibrium of the element, we derive:

                  
2

2 0
2 2

M dx Q dxM dx M Q Q dx dJ
x x t

   + − − − + + =    
                (4)

Here, dJ is the mass moment of inerƟa of the beam element about the y-axis (see Fig. 2), and I is the 
second moment of area of the cross secƟon.

Figure 1 – Beam under bending deformation Figure 2 – Beam element

From Eqs. (3) and (4), we obtain:

                                     
2

2
w( ) ( , )w Qx p x t

t x t
   

= + −
  

                              (5)

                                                   
2

2( ) MpI x Q
t x
 

= −
 

                                      (6)

According to classical strength of materials theory, the following consƟtuƟve relaƟons hold:

                                                   ( )M EI x
x


= −


                                           (7)

                                     ( ) ( ) wQ k GA x k GA x
x

   = = −  
                  (8)

where E is Young’s modulus, G is the shear modulus, and k* is the shear correcƟon factor.
SubsƟtuƟng expressions (7) and (8) into Eqs. (5) and (6) yields a coupled system of second-order parƟal 

di�erenƟal equaƟons in terms of the transverse displacement w(x,t) and rotaƟon angle (x, t)y
2

2
w( ) ( ) ( , )w wx k G A x p x t

t x x t
       = − + −       

                                           (9)

    

2

2( ) ( ) ( )wpI x k GA x E I x
t x x x
       = − +                                                           (10)
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To solve the above system, appropriate boundary and iniƟal condiƟons are required.
Assuming the beam is homogeneous and has a constant cross-secƟon, A(x) and I(x) are constants. 

Under this assumpƟon, Eqs. (9) and (10) simplify to:

                
2

2
w( ) * ( , )w wx k G A p x t

t x x t
       = − + −       

 (11)

                             
2

2( ) wpI x k GA EI
t x x x
       = − +         

 (12) 

Di�erenƟaƟng Eq. (12) with respect to x, and then adding to Eq. (11), yields:

                   
2 3 3

2 3 2
w w ( , ) 0p x t EI I

tt x x t
       

+ − + − =
   

   (13)

From Eq. (11), we isolate:
2 2

2 2
w w 1 w( , )

* *
p x t

x x Gk A t Gk A GkA t
    

= − + −
   

Taking the spaƟal derivaƟve of this expression followed by two temporal derivaƟves, we obtain:

          

3 4 4 2 3

3 4 2 2 2 2

3 4 4 2 3

2 2 2 4 2 3

w w 1 ( , ) w
* *

w w 1 ( , ) w
* *

p x t
x x Gk A t x Gk A x GkA x t

p x t
x t x t Gk A t Gk A t GkA t

 

 

     
= − + −

      
     

= − + −
      

                   (14)

SubsƟtuƟng back into Eq. (13), we derive:
2 4 4 2 3

2 4 2 2 2 2

4 4 2 3

2 2 4 2 3

w w w w 1 ( , ) w( , )
* *

w w 1 ( , ) w 0
* *

p x tp x t EI
t Gk A Gk A GkAt x t x x x t

p x tpI
Gk A Gk A GkAx t t t t

  

 

      
− + + − + −        

    
− − + − =      

(15)

Assuming a slender beam, the shear deformaƟon due to transverse shear force is negligible, i.e., k*G 
→∞. NoƟng that Am= r  is the mass per unit length, we simplify Eq. (15) to:

                            
4 4 2

4 2 2 2
w w w w ( , )EI pI p x t
x t x t t

    
− + + =

    
                            (16)

EquaƟon (16) sƟll includes the e�ect of rotary inerƟa. According to Rayleigh's studies, the contribuƟon 
of rotary inerƟa becomes signi𿿿cant only at higher vibraƟon modes. For low-frequency regions, the rotary 
inerƟa term can be neglected. Seƫng ρI=0, we arrive at the classical Euler–Bernoulli beam vibraƟon equaƟon:

                                  
4 2

4 2
w w w ( , )EI p x t
x t t

   
+ + =

  
                                                (17)

NeglecƟng structural damping, the governing equaƟon takes the form:

                                            
4 2

4 2
w w ( , )EI p x t
x t

 
+ =

 
                             (18)

3. Free Bending VibraƟons of a Homogeneous Euler–Bernoulli Beam with a Constant Cross - SecƟon
We 𿿿rst consider the free bending vibraƟon of a homogeneous beam with constant cross secƟon based 

on the Euler–Bernoulli model. From the di�erenƟal equaƟon (18), the governing equaƟon for free bending 
vibraƟon is:

                                                      
4 2

4 2
w w 0
x EI t

 
+ =

 
                        (19)
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Applying the method of separaƟon of variables, we assume the soluƟon of equaƟon (19) to be:
                                                       w(x, t)=X(x)T(t)                                                         (20)

SubsƟtuƟng equaƟon (20) into (19), we obtain:

                                       ( )( ) ( ) ( ) ( ) 0IVT t X x T t X x
EI


+ =    (21)

Dividing both sides by X(x)T(t), we get:

                                             
( )( ) ( )

( ) ( )

IVT t EI X x
T t X x

− =                                                   (22)

Since the leŌ-hand side depends only on Ʃt, and the right-hand side depends only on x, both must be 
equal to a constant, denoted as ω2. This yields the system:

                                   2 2( ) ( ) ( ) 0
( )

T t T t T t
T t

 − = → + =                  (23)

                          
( ) 2

2 ( )( ) ( ) ( ) 0
( )

IV
IVEI X x X x X x

X x EI



= → − =       (24)

The soluƟon to equaƟon (23) is:
                                               T(t) = Acos t + Bsin t                    (25)

To determine the natural frequencies, we need to solve equaƟons (24). For convenience, we introduce 
the nondimensional quanƟty:

                                                        
2

4 4I
EI
 =                                                   (26) 

EquaƟon (24) thus becomes:

                                             
4

( ) ( ) ( ) 0
1

IVX x X x − = 
 

                                         (27)

The general soluƟon to (27) is:

     1 2 3 4( ) cos sin cosh sinh
1 1 1 1
x x x xX x C C C C          = + + +       

       
  (28)

The constants Ci are determined from the boundary condiƟons.
At the clamped end (x=0), both the de򯿿ecƟon and rotaƟon are zero:

                                                   0, 0dXX
dx

= =                                    (29)

At the free end (x=L), the bending moment and shear force are zero:

                                                  
2

2 0d X
dx

= ,
3

3 0d X
dx

=                                (30)

Thus, the boundary condiƟons are:
w(0, t) = 0, M(1, t) = -E I w''(1, t) = 0

                                    w'(0, t) = 0, Q(1, t) = -E I w'''(1, t) = 0 (31)
SubsƟtuƟng the general soluƟon (28) into the boundary condiƟons, we obtain a system of four 

homogeneous linear equaƟons:

              

1 3
'

2 4
''

1 2 3 4
'''

1 2 3 4

(0) 0 : 0
(0) 0 : 0
(1) 0 : cos sin cosh sinh 0
(1) 0 : sin cos sinh cosh 0

X C C

X C C
X C C C C
X C C C C

   

   

= + =

= + =

= − − + + =

= − + + =

(32)
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From the 𿿿rst two equaƟons, we 𿿿nd C1 = −C3, C2 = − C4 SubsƟtuƟng into the remaining equaƟons 
yields:

                               1 2

1 2

(cos cosh ) (sin sinh ) 0
(sin sinh ) (cos cosh ) 0

C C
C C

   
   
+ + + =
− − + =

                              (33)

For a non-trivial soluƟon to exist, the determinant of the coe񯿿cient matrix must be zero. This gives the 
characterisƟc equaƟon:

                         
cos cosh sin sinh

0
sin sinh (cos cosh )

   
   
+ +

= =
− − +

(34)

Solving equaƟon (34) numerically or graphically yields an in𿿿nite set of eigenvalues λ = λi≈(2i−1)2π (see 
Fig. 3).

Figure 3 – Graphical SoluƟon for the Eigenvalue λ

Once the eigenvalues λi, the natural frequencies can be computed from equaƟon (26):

                                                
2

21
i

i
EI


=       (35)  

The structural properƟes of the beam are summarized in Table 1.
Table 1

Beam parameters
Parameter Symbol Value Unit
Flexural rigidity EI 7.65692 × 10⁹ N·m²
Young’s modulus E 3.15 × 10¹¹ N/m²
Beam width b 1.2 m
Beam height h 0.8 m
Beam length L 32.4 m
Second moment of area I = bh³ / 12 0.0512 m⁴
Cross-sectional area A = bh 0.96 m²
Linear mass density μ 2352 kg/m
Shear modulus G 2 × 10⁸ N/m²

The 𿿿rst six natural frequencies are:
Table 2

Natural frequencies
Mode l w

1 1.8751 6.0432
2 4.6941 37.8723
3 7.8548 106.0435
4 10.9955 207.8029
5 14.1372 343.5130
6 17.2788 513.1490



АКАДЕМИЧЕСКОЕ ИЗДАТЕЛЬСТВО «НАУЧНАЯ АРТЕЛЬ»

10

Each eigenvalue λi corresponds to a mode shape given by:

      ( ) ( ) ( ) ( )
1 2 3 4( ) cos sin cosh sinh

1 1 1 1
i i i ii i i i

i
x x x xX x C C C C   

= + + +                           (36)

From the boundary condiƟon system (32), we 𿿿nd:

( ) ( )
2 1

cos cosh
sin sinh

i ii i

i i

C C 
 
+

= −
+

                                    ( ) ( ) ( )
4 2 1

cos cosh
sin sinh

i i ii i

i i

C C C 
 
+

= − =
+

    (37)

subsƟtuƟng Ti(t) into the soluƟon yields:

  ( )
1

cos cosh( ) cos cosh sin sinh
1 1 sin sinh 1 1

i i i i i i i
i

i i

x x x xX x C      
 

 +  = − + − +  +   
      (38)

The 𿿿rst six mode shapes are shown as 𿿿gure 4-9:

Figure 4 – Mode 1 Shape

Figure 5 – Mode 2 Shape
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Figure 6 – Mode 3 Shape

Figure 7 – Mode 4 Shape

Figure 8 – Mode 5 Shape
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Figure 9 – Mode 6 Shape

The general soluƟon of equaƟon (20) for this case can be wriƩen as:

                                  ( )
1

w (x, t)= ( ) cos sini i i i i
i
X x A t B t 



=

+                                                    (39)

The constants ,i iA B are determined by the iniƟal condiƟons:

                         0 0
w( ,0)w(x, 0)=w ( ), ( )xx v x

t


=


    (40)

Therefore:

                      0 0
1 1

( ) w ( ), ( ) ( )i i i i i
i i
X x A x X x B v x

 

= =

= =      (41)

MulƟplying both sides by ( )kX x  and integraƟng from 0 to L, uƟlizing the orthogonality of the mode 

shapes:

                 

1 1

0 0
0 0

1 1
2 2

0 0

w ( ) ( ) ( ) ( )
;

( ) ( )

k k

k k

k k k

x X x dx v x X x dx
A B

X x dx X x dx
= =
 

 
    (42)

4. Forced Bending VibraƟon of a Homogeneous Euler–Bernoulli Beam with Constant Cross-SecƟon
The forced bending vibraƟon of a homogeneous beam with constant cross-secƟon is considered using 

the Euler–Bernoulli beam theory. The beam is subjected to an external force acƟng perpendicular to its 
longitudinal axis. The governing di�erenƟal equaƟon for the forced bending vibraƟon of the Euler–Bernoulli 
beam is given in EquaƟon (43), as derived from EquaƟon (19)

                                          
4 2

4 2
w w ( , )EI p x t
x t

 
+ =

 
                                        (43)

The beam de򯿿ecƟons corresponding to the 𿿿rst and sixth natural frequencies are obtained by solving 
the system of di�erenƟal equaƟons, as illustrated in Figures 10–12.

De򯿿ecƟon at Various Points at x=L, for the excitaƟon frequency Ω=0.5 and ω1=3.02
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Figure 10 – De򯿿ecƟon at x=L for the 𿿿rst mode shape

Figure 11 – De򯿿ecƟon at x=L for the sixth mode shape

Figure 12 – Three-dimensional de򯿿ecƟon at x=L for the 𿿿rst mode shape
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Figure 13 – Three-dimensional de򯿿ecƟon at x=L for the sixth mode shape
De򯿿ecƟon at x=L for the ExcitaƟon Frequency Ω=ω1, as illustrated in Figures 14 –16.

Figure 14 – De򯿿ecƟon at x=L for the 𿿿rst mode shape

Figure 15 – De򯿿ecƟon at x=L for the sixth mode shape
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Figure 16 – Three-dimensional de򯿿ecƟon at x=L for the 𿿿rst mode shape

5.  Conclusions
Based on the proposed modeling approach, the di�erenƟal equaƟons governing the bending vibraƟons 

of a canƟlevered Euler–Bernoulli beam have been successfully derived. Numerical methods were employed 
to determine the natural frequencies and corresponding mode shapes of the system. These 𿿿ndings provide 
a theoreƟcal foundaƟon for analyzing and evaluaƟng the dynamic response of 򯿿exible roboƟc arms modeled 
using Euler–Bernoulli beam theory.
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