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CALCULATING LINEAR VIBRATIONAL DIFFERENTIAL EQUATION 

 OF CAR WITH FRACTIONAL DAMPING 
 

Abstract 
 Based on the theory of fractional derivative, Newton's second law of motion and some transformation, 

the present study aims to establish linear vibrational differential equation of car with fractional damping. Using 
the Liouville-Rieman’s definition of fractional derivatives, a numerical algorithm is developed on base of the 
well-known Newmark integration method to calculate dynamic response of fractional order systems. Then, we 
apply this method to calculate linear vibrations of car containing fractional derivatives. 

Keywords:  
vibration, nonlinear, car, fractional order, damping 

 
1. Introduction 
In recent years Fractional Calculus has been a fruitful field of research in science and engineering [1–

5]. In fact, many scientific areas are currently paying attention to the Fractional Calculus concepts and we 
can refer its adoption in viscoelasticity and damping, diffusion and wave propagation, electromagnetism, 
chaos and fractals, heat transfer, biology, electronics, signal processing, robotics, system identification, traffic 
systems, genetic algorithms, percolation, modeling and identification, telecommunications, chemistry, 
irreversibility, physics, control systems as well as economy, and finance… 

Cars are a means of transport that play a very important role in the national economy and are currently 
widely used in all fields of economy and life. Car vibrations not only affect people (drivers and passengers), 
transported goods, durability, and safety of movement of cars, but also affect the life of the road. One of the 
important tasks of car’s vibration research is to establish and solve differential equations to determine 
vibration parameters. 

2. Establishing linear vibrational differential equation of car with fractional damping 
Let x and u be the displacements of the object and the wheel. It is assumed that the stiffness of the 

shaft lining can be represented by a spring equivalent to stiffness k with the displacement denoted by z. 
We have Newton's second law of motion 

 ( ),mx R t= −  (1) 

Where m is the mass of the object, ( )x t  is the displacement, and ( )R t  is the internal force 

generated inside the viscoelastic object. 

 
                Figure 1 – Fractional derivative model                   Figure – Force analysis 
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The force value ( )R t  is equal to the total value of the force 1R  acting on the damping 1c  and the 

force R2 acting on spring k2 or damping c2 
 ( ) 1 2 ,R t R R= +  (2) 

 ( ) ( )2 2 2 ,k cR R R= =    (3) 

Where 

 ( ) ( ) ( ) ( ) ( )1 1 22 2, , ,p
t k cR c D x u R k x z R c z u= − = − = −  (4) 

 ( ) ( ) ( )1 ,p
tR t c D x u k x z = − + −  (5) 

From equations (3) and (4) we have      ( ) ( )2k x z c z u− = −                             (6) 

We have the differential equation of vibration from equation (1), (5) and (6) 

        1 11 1 1 1

2 2 2

.p p p p
t t t t

c kc c kck k k
x x D x x D x D u u D u

c m m mc m m mc
+ ++ + + + = + +                 (7) 

3. Using the Newmark method to calculate linear vibration of car involving fractional operators 
We have the vibration differential equation of car     

( )1 11 1 1 1

2 2 2

, 0 1 .p p p p
t t t t

k c k kc c k kc
x x D x x D x D u u D u p

c m m mc m m mc
+ ++ + + + = + +     (8) 

We denote 1 1

2 2

, ,
k c k kc

a b c ab
c m m mc

= = = → = , the differential equation of vibration (8) has following 

form 

 1 1p p p p
t t t tx ax bD x cx abD x bD u cu abD u+ ++ + + + = + +  (9) 

Using the Newmark method to solve the above differential equation. 

We apply the composition rule to ( )pD x t [3, 4, 5], that is  

( ) ( ) ( )
( )

( )
( )
( ) ( )1

1
0

01
,

1 , 0 1.

t
p v v v

v

x xd
D x t D D x t d t D x t

v dt vt

v p v





− − −

−
 = = = +   −

= −  

                     (10) 

 The numerical algorithm to calculate the fractional derivative at  nt t=   of  Eq. (10) is 

 ( ) ( )
( )

( )
( )

( )
( )

( )

1

10

01 1
,

1 1

n n

n

t t
p

n p p p
n tn n

x x x
D x t d d

p pt t t

 
 

 

−

−

 
= + + 
 −  − − −  

     (11)  

 We denote 

        ( )
0

0
,p

n

x
I

t
=   ( )

( )

1

1
0

nt

n p
n

x
I d

t






−

− =
−    ( )

( )
1

n

n

t

n p
t n

x
I d

t





−

 =
−        (12)                                

 By substituting relationships (12) into (11) we  become the following equation 

 ( ) ( ) ( )0 1

1

1
p

n n nD x t I I I
p −= + + 

 −
   (13) 

        We approximate the ordinary definite integral 1nI − by trapezoid numerical integration as  

        ( )
( )

2
0 1

1 1
1

2 , , 2.
2

n
n

n n np p p
in n

x ihx xh
I h t t n

t h t ih

−
−

− −
=

 
 + + = −  

−  
                           (14)            
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Now we note the integrals nI  of equation (12). We must define ( )x   under integral sign to calculate 

that integral. With 1n nt t−   , we use the Taylor expansion and omit high order terms because the interval 

1nt −−  could be taken very small.  

               ( ) ( )

( )( ) ( )

1 1

1 1 1

1 1

1 1 .
1 1 2

n n

n n

t t
n n n n

n p p
t tn n

p p

n n n

x x x t
I d d

ht t

h h
x x x

p p p

 
 

− −

− − −

− −

− −

− −
 = + 

− −

= + −
− − −

 
                                            (15) 

We have the Newmark approximation of , ,n n nx x x  as follows 

   ( ) 2
1 1 1 1

1
1 1 ,

2 2 6n n n n n nx x x x h x h x
h

   
   − − − −

     
= − + − + − + −     

     
                        (16) 

( )1 1 1 12 1 1 ,
2 6n n n n n nx x x x x h x

hh

   
   − − − −

   
= − − + − + −   

   
                          (17) 

( )1 1 1 13 2

1 1 1 1
1 ,

2 6n n n n n nx x x x x x
hh h   − − − −

 
= − − − − − 

 
                             (18) 

 From equation (15) and (16), we yield 

                         ( )( ) ( )
1

1 1

2
1 1

2
1 2

1
1

2 2 6

p

n n n n

n n

h
I x x p x

p p h

hx h x

 
 

 
 

−

− −

− −

  
 = − + − −  − −  

   
+ − + −    
    

  (19) 

We also apply for ( )1pD x t+  at  nt t=  

( ) ( )
1

0 1

1
.

1
p

n n nD x t I I I
p

+
−= + +    −

            (20) 

Where  

 ( ) ( )
0 1

0 0
,p p

n n

x x
I p

t t+= − +   (21) 

 ( )
( )

( )
( )

1 2
0 1

1
10

2 ,
2

nt n
n

n p p p p
inn n

x x ihx xh
I d

t ht t ih






− −
−

−
=

 
=  + + 

− −  
   (22) 

 

( )
( ) ( )( ) ( )

1

1

1 12

1 1

1 2

2 1
2 6

n

n

t p

n n n np
t n

n n

x h
I d x x x

p p hht

p x h x

  


 
 

−

−

− −

− −


 = = − −− −− 

  
+ − − + −   
   


  (23) 

Suppose the road surface excitation u is represented by a harmonic function ( )sinu U t = +  (24) 

With , ,U    are constants. We have  

                               ( )cos ,u U t  = +  (25) 

 sin ,
2

p pD u U t p
   = + + 

 
 (26) 
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1 1 cos ,
2

p p pD u D D u U t p
  + +   = = + +    

 (27) 

Substituting equation (13), (17), (18) and (20) into (9) at nt t= we obtain 

( ) ( )

( ) ( )  1
0 1 0 1

1 1

,
1 1

n n n n n

p p
n n n n n

b ab
x ax I cx I

p p

b ab
bD u cu abD u I I I I

p p
+

− −

+ +  + + 
 −  −

= + + −  +  − +  −  −

(28) 

Substituting equations (16 - 18) and (25 – 27) into (28) we have 

( ) ( )

( )

( ) ( )  

1

3 2

1

0 1 0 1

1 1 1 13 2

1

3 3

cos cos sin
2 2

1 1

1 1 1 1
1

2 6

p p

n

p p
n n n

n n

n n n n

h h
a b c ab x

p h ph h

bU t p cU t abU t p

b ab
I I I I

p p

x x x x
hh h

   
   

         

  

− − −

+

− −

− − − −

 
+ + + +  −  − 

  = + + + + + + +   
  

− + − +   −  −

 
+ + + + −  

  
( )

( )

1 1 1 12

1

1 1 1 12
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We finally obtain numerical solution nx of the differential equation of motion (8) through the values 

of 1 1 1 1, , ,n n n nx x x x− − − −  where 1 1 1,  andn n nx x x− − −  are calculated as follows 
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  
= − − − − −  
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 = + − +


  = + + − +   

(30) 

We suppose that initial conditions to above formulas ( ) ( )0 , 0x x and ( )0x  are given.

3. Conclusions
The linear vibrational differential equation takes the form of a third-order differential equation in the

case of integer damping. The linear vibrational differential equation contains the third-order and fractional 
order derivatives in the case of fractional damping. 

 In this paper, the approximation formulas for the third order dynamic systems are developed which 
based on idea of the Newmark integration method. Then, using the Liouville-Rieman’s definition of fractional 
derivatives and the Newmark integration scheme, we find solutions of established differential equations in 
subsequent studies. It is possible to survey the vibrations of car, contributing to setting directions and 
measures to improve the quality of produced cars. 


