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1 Mé dau: Tai sao phai 1A ma tran?

Trong giai tich c¢d dién, ta lam viéc v6i cac ham s6 f : R — R. Tuy nhién, trong
Machine Learning, cac tham s (weights) thuong ton tai dudi dang ma tran W €
R™*" va ham mat mat (loss function) la mot dai lugng vo huéng L € R. Viec tinh
dao ham theo ting thanh phan % 14 qué cham chap va dé sai s6t. Dao ham ma

tran cho phép ta tinh toan song song va t6i uu tréen GPU mot cach hiéu qua.

2 Neén tang cd ban

2.1 Gradient va Jacobian

Cho y = f(x) la mot ham vo hudng v6i x € R™. Gradient ctia y theo x la:

Vxy

_@_ Oy oy "
_aX_ Oxr1 Oxn

Cho ham vector y = f(x) v6i y € R™ x € R", ma tran Jacobian J € R™*"
duge dinh nghia:

oy Oy1
ay 8%’1 o aﬂ.fn
J pu— a— p— : :
x Oym Oym
Ox1 e Oxn

2.2 Dao ham theo ma tran
Néu f 14 ham vo huéng va X 14 ma tran m x n:

Of _mxn (OF\ _ Of
ox KT (ax)ij_axf

3 Phuong phap vi phan va Vét

Day la phuong phap manh mé nhéat dé gidi quyét cac bai toan phic tap ma khong
can xé 1é ma tran.

3.1 Tinh chait cta Vét

Vét clia mot ma tran vuong A € R™ " duge dinh nghia la tong cac phan ti trén
duong chéo chinh:
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3.1.1 Tinh chat hoan vi (Cyclic Property)

Dinh 1y: Tr(AB) = Tr(BA) v6i A € R™*" va B € R™™.
Chitng minh: Xét phan ti tréen duong chéo chinh ctia tich AB:

(AB)ii =Y AyBj;
j=1

Khi do:

m m n

Te(AB) =Y (AB)i=> > A;Bj;

i=1 i=1 j=1
Tuong tu, xét phan ti trén duong chéo chinh ctia tich BA:

m

(BA);; = Bjidy
=1
Khi do:

n n m

Tr(BA) =) (BA);; =YY Bjidy

=1 =1 i=1
Vi tong hitu han c6 tinh chat hoan vi, ta cé:
m n n m
DD AuBi=3_ 3 Bidy
=1 j=1 =1 i=1

Vay Tr(AB) = Tr(BA). O

3.1.2 Tinh chit chuyén vi

Dinh ly: Tr(A) = Tr(AT).
Chting minh:

Tr(A") = Z(AT)ii = Z Ay =Tr(A)

i=1

Di¢u nay hién nhién vi cac phan ti trén dudng chéo chinh khong thay ddi vi tri khi
lay chuyén vi.

3.2 Cac quy tac vi phan

3.2.1 Quy tac tich

Dinh ly: d(AB) = (dA)B + A(dB).
Ching minh: St dung dinh nghia vi phan:

d(AB) = (A + dA)(B + dB) — AB
d(AB) = AB + (dA)B + A(dB) + (dA)(dB) — AB
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Vi dA va dB la cac dai lugng vo cung bé, tich (dA)(dB) la dai lugng bac cao hon
(second-order term) va c6 thé bé qua. Do dé:

d(AB) = (dA)B + A(dB)
]

3.2.2 Quy tac nghich dao

Dinh ly: d(X ') = — X (dX)X .
Chitng minh: Xét ding thic: XX ! = I. Lay vi phan hai vé:

A(XX) = d(I) =0

Ap dung quy tic tich vita ching minh:

(@X)X '+ Xd(X ") =0
Giai phuong trinh cho d(X™!):

Xd(XY) = —(dX)X !

Nhan hai vé v6i X! vé phia beén trai:

d(XY) = X1 dX)X !
0

3.2.3 Quy tac dinh thiic

Dinh 1y: d|X| = | X|Tr(X 1dX).

Chitng minh: St dung cong thiic khai trién Laplace hodc tinh chat clia gié tri
rieng. Mot cach tiép can hién dai trong AI 1a sit dung ham Logarit: Xét f(X) =
In | X|. Ta biét rang In|X| = Tr(In X). Lay vi phan:

d(n|X|) = Tr(d(In X)) = Te(X~'dX)
Mt khéc, theo quy téc chudi cho ham sb:
1

dln X)) = 5

d| X

Can bang hai vé, ta dugc:
1

|X|dyX| = Tr(X'dX) = d|X]| = |X|Tr(X 'dX)

O

4 Két nbi gita vi phan va gradient

Trong giai tich ma tran, thay vi tinh toan roi rac ting dao ham riéng, ching ta sit
dung mot cau ndi trung gian cuc ky manh mé: Vi phan toan phan.

>



4.1 Nguyén ly dong nhat hé sé

Cho ham vo huéng f(X) v6i X € R™*". Vi phan cua f tai X theo huéng dX duge
dinh nghia thong qua tich v6 huéng Frobenius:

df = ZZ o, X = (Vxf.dX)r (1)

i=1 j=1

Stt dung tinh chat ctia vét (Trace), tich vo huéng nay duge viét lai thanh:

df = Tr ((%)de) (2)

Dé tim Cradient G = quy trinh gom 2 budc:

aX )
1. Bién doi biéu thic df bang cac quy tic vi phan sao cho xuat hién dang
Tr(A-dX).

2. Dong nhat he s6: GT = A = G = AT,

4.2 Dao ham cua Log-Determinant
Bai toan: Tim Gradient ciia f(X) = In|X| v6i X 1a ma tran vuong khong suy bién.
Bugc 1: Tinh vi phan df Ap dung quy tdc chudi cho ham s6 In(u):

df = d(In | X]) = —d|X|

X

Thay cong thitc Jacobi d|X| = | X|Tr(X'dX) vao:

df = |X| X[ Tr(X1dX) = Tr(X'dX)

Buéc 2: Dong nhat véi dang chuan Dang chuan yeu cau: df = Tr(GTdX).
Déi chiéu hai biéu thic:

Tr(GTdX) = Tr(X dX)
T do suy ra:
G'=X"'"= G=x""
Két luan:
Jln | X]|
0X

— (X71>T

4.3 Tinh déi xing

Trong thic té (nhu cac bai toan hiép phuong sai trong Al), ma tran X thuong doi
xiing (X = X7T). Khi dé:

L. ViX=X" = X1'=(X"1T, nen két qua rit gon thanh X 1.
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2. Néu X duge rang buoc doi xing trude khi lay dao ham, mot s6 tai lieu si
dung dinh nghia dao ham trén da tap déi xiing sé cho két qua:
Oln | X|
0X

=2X ! — diag(X )

Tuy nhién, trong hau hét cac khung tinh toan ciia Deep Learning (nhu
PyTorch), ta coi X la cdc bién doc lap va chi 4p dung tinh ddi xing sau
khi tinh xong Gradient. Do d6, két qua X ! van 1a dang pho bién nhat.

5 Ky thuat vector héa va tich Kronecker trong
dao ham ma tran bac cao

Khi tinh dao ham clia mot ma tran theo mot ma tran, cau tric Tensor bac 4 gay
kho khan cho viéc biéu dién va tinh toan. Giai phap chuan muc trong toan hoc ting
dung 1 "phang hoa'cac ma tran thanh cac vector va sit dung dai s6 Kronecker dé
duy tri cdc moi quan hé tuyén tinh.

5.1 Toan t\¥ vector hoa

Cho ma tran X = [x1,Xa, .. .,X,] € R™" trong d6 x; € R™ la cac cot ctia X. Toan
tit vec(X) chong cac cot clia X 1én nhau dé tao thanh mot vector cot duy nhéat:

X1
X2 mnx1
vee(X)=1| .| €R (3)

Xn

5.2 Tich Kronecker

Cho ma tran A € R™" va B € RP*?. Tich Kronecker A ® B 14 mot ma tran khéi
kich thuéc mp x ng duge dinh nghia bdéi:

AHB AlgB e AlnB
AnB AypB ... Ay,B

AeoB=|" wEo (4)
A.B A,.B ... A,.B

Céac tinh chat then chét:

. (A B)' = AT @ BT

2. (A® B)(C® D) = (AC) ® (BD) (Quy tac phan phdi tich)
3. (A® B)™! = A7' ® B~ (Néu A, B kha nghich)



5.3 Dinh 1y co ban vé su két hop

Day la cong thic quan trong nhat dé chuyéen doi cac phuong trinh ma tran sang
khong gian vector:
vec(AXB) = (BT @ A)vec(X) (5)

Chatng minh so luge: Xét phan tit thit (7, 7) ctia AX B va biéu dién n6 dudi dang tich
cac vector hang va cot, sau d6 doéi chiéu véi cau tric khéi ctia ma tran Kronecker.

5.4 Jacobian ctia ma tran theo ma tran

Xét ham anh xa ma tran F : R™*" — RP*Y. Jacobian cua F theo X ducgc dinh
nghia la Jacobian ctia vector héa F'(X) theo vector héa X:
OF(X) 5 Ovec(F(X))
0X  Ovec(X)

€ RPoxm (6)

Trudng hop cu thé: Bién déi tuyén tinh Y = AXB Dé tim Jacobian

Ovec(Y P . N
avec((Xg’ ta lay vi phan:

dY = A(dX)B (7)
Ap dung toan ti vec va sit dung cong thic 1)
vec(dY) = vec(A(dX)B) = (B' ® A)vec(dX) (8)
Theo dinh nghia ctia Jacobian trong khong gian vector dy = Jdx, ta co:

Ovec(AXB)

W:BTGbA (9)

55 Y nghia khoa hoc

1. Second-order Optimization (K-FAC): Trong viéc xap xi ma tran Fisher
Information cho mang Neural, ta thuong gip cac ky vong c6 dang Elaa’ ® gg’].
Nho tinh chat tich Kronecker, ta c6 thé tach biet thong tin tit 16p trudc (a) va
Gradient tit 16p sau (g), gitp gidm do phiic tap tinh toan tit O(N?) xudng O(N).
2. Convolutional Neural Networks (CNN): Phép toan Convolution c6 thé
dugc bicu dién duéi dang nhan ma tran Toeplitz. Viéc tinh dao ham cho cac Filter
trong khong gian vector héa chinh la ting dung truyc tiép ciia tich Kronecker.

6 U’ng dung trong tri tué nhan tao

6.1 Cod ché lan truyén ngudc

Lan truyén ngugc thiye chat 1a viec ap dung Quy tdc chudi (Chain Rule) trong
khong gian ma tran dé tinh toan Gradient ctia ham mat mat L déi v6i moi tham
s6 trong mang.



6.1.1 Co sd va nguyén ly: Tin hiéu Sai sb

Xét mot 16p an trong mang Neural v6i phép bién doéi tuyén tinh va kich hoat phi
tuyén:

z=Wx+b (Linear transformation) (10)

y =o0(z) (Non-linear activation) (11)

Trong d6 W € R™" x € R", va o la ham kich hoat thuyc hién theo ting phan ti
(element-wise).

Nguyén ly: Dé cap nhat W, ta can biét mitc do déng gop clia ting trong sd
vao sai s6 tong thé L. Tin hiéu nay dugc lan truyén tit dau ra ngugc vé phia dau
vao thong qua bién trung gian y va z.

6.1.2 Thuc hién: Chiing minh bing phuong phap vi phan va Vét

Gia st ta da biét Gradient ctia L theo dau ra ctia 16p la g = Vy, L. Ta can tim 2.

Buéc 1: Vi phan héa ham kich hoat Viy = ¢(z) thuc hién theo ting phan
t11, vi phan dy la:
dy = 0'(z) ® dz (12)
Trong d6 ® la tich Hadamard (element-wise product).
Buéc 2: Vi phan héa ham tuyén tinh Lay vi phan z theo W (giit x va b
c6 dinh):
dz = (dW)x (13)

Buéc 3: Két hop vao biéu thic Trace Vi phan cta ham mét mat L la:
4L = Tr(g" dy) = Tr(g" (o' (2) © d2)) (14
Stt dung tinh chat a’ (b ® c) = (a ® b)Tc, ta co:
dL = Tr((g © o' (z))" dz) (15)

Dit 6 = g ® ¢'(z) 1a Tin hiéu sai s6 tai l6p an (Error Signal). Thay dz = (dW)x
vao:

dL = Tr(6"dWx) (16)
Stt dung tinh chat hoan vi ctia Trace Tr(ABC) = Tr(CAB):

dL = Tr(x6TdW) = Tr((6x")TdW) (17)

Budc 4: Dong nhét hé s6 D6i chiéu véi dang chuan dL = Tr((25)7dW), ta
thu duge:
oL

oL sor_ / T
5 ox = (VyL oo (Wx+b))x (18)



6.1.3 Ung dung va Thuc té trién khai
e Cap nhat Trong s6: Trong thuc té, W dudc cap nhat theo quy tic Gradient
Descent: W <+ W — ngk | trong d6 n la toc do hoc (learning rate).

e Tinh toan Hiéu qua (Outer Product): Cong thiic §x* chinh 1a mot tich
ngoai (outer product) gitta vector sai s6 va vector dau vao. Phép toan nay cuc
ky t6i wu tréen GPU vi n6 c6 thé tinh toan song song cho ci mot Batch dit
liéu.

e Trong cac Framework (PyTorch/TensorFlow): Cac thu vién nay khong
tinh dao ham tugng trung (symbolic) ma luu tri@ Computational Graph. Khi
goi loss.backward (), hé thong thuc thi chinh xac chudi phép nhan ma tran
dé lan truyen tin hiéu sai s6.

e M4 rong: Cong thiic nay 1a nén tang cho cac mang MLP phitc tap, va khi
thay doi phép nhan ma tran bang phép tich chap (Convolution), ta thu duge
Gradient cho cac 16p ctia mang CNN.

6.2 C0 ché Self-Attention

Trong Transformer, dao ham ctia 16p Attention Y = Softmax(QK7T)V doi héi viec
x1t Iy Jacobian ctia ham Softmax:

OdSoftmax(z)
0z

= diag(a) —aa’, v6i a = Softmax(z)

6.3 T6i wu héa bac hai (K-FAC)

K-FAC stt dung cau tric Kronecker dé xap xi ma tran Fisher Information:
FrxA®RG = FlrAl'®G!

Diéu nay cho phép thuc hién t6i wu héa bac hai trén cac mang Neural khong 16.

7 Bai tap thuc hanh

Bai tap 1: Dao ham tuyén tinh don gian

Dé bai: Cho f(X) = Tr(AX), tim Vxf.

Giai: Lay vi phan: df = Tr(AdX).

Déi chiéu v6i dang chuan df = Tr((Vx f)TdX), ta c6 (Vxf)T = A.
Vay va = AT.
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Bai tap 2: Dang toan phuong (Quadratic Form)

Dé bai: Cho f(x) = xTAx, tim V, f.

Giai: df = d(x" Ax) = (dx)T Ax + xT Adx.

Vi df 1a s6 vo hudng, (dx)? Ax = Tr((dx)T Ax) = Tr(xT ATdx).
Vay df = Tr((xT AT +xT A)dx) = Tr(((A + AT)x)Tdx).

Két luan: V. f = (A + AT)x.

Bai tap 3: Chuan Frobenius

Dé bai: Cho f(X) = || X||%, tim Vxf.

Giai: f(X) = Tr(XTX).

df = Tr(dX"X + XTdX) = Tr(XTdX + XTdX) = Tr(2X"dX).
Vxf=02X"T =2X.

Bai tap 4: Dao ham ctia ham hgp (Chain Rule)

Dé bai: Cho L = f(Y) vaY = XW + B. Tim Vi L theo Vy L.

Giai: dL = Tr((Vy L)TdY). Véi dY = XdW (giit X, B ¢6 dinh).

dL = Tr((VyL)TXdW) = Tr(XTVy L)TdW. (Luu §: Tr(AB) = Tr((BT AT)).
Vay VL = XTVy L.

Bai tap 5: Dao ham cua Log-Determinant

Dé bai: Tim Vy In |X| v6i X ddi xing v x4c dinh duong.

Giai: df = d(In|X|) = ﬁd|X| = ﬁ]X|Tr(X*1dX) = Tr(X1dX).
Vxf=(X"HT. VI X d6i xiing nén X' dbi xting.

Vay Vxf =X

Bai tap 6: Dao ham Ma tran nghich dao

Dé bai: Cho f(X) = Tr(AX!), tim Vx f.
Giai: df = Tr(Ad(X 1)) = Tr(A(—X1dX X)),
Stt dung tinh hoan vi: df = Tr(—X 1AX1dX).
Vay Vaf = (- X TAX )T = — X TAT YT,

Bai tap 7: Hoi quy tuyén tinh (Giai hé phuong trinh chuan)

Dé bai: Tim w t6i thicu L(w) = 1| Xw — y|[3.
Giai: VL = XT(Xw —y).

Pt VoL =0 — X"Xw = XTy.

Vay w = (XTX) 1 XTy.
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Bai tap 8: Jacobian cia ham Softmax

X N N da; px o _eFi

Deé bai: Tim o VOl 4 = o=
2t NGy g — e 040 _

Giai: Neu i = j: 52 = a;(1 — a;).
£ . ., aa. _

Néu i # j5: o, = —0il;.

Dang ma tran: J = diag(a) — aa’.

Bai tap 9: Matrix Factorization (Trong Hé théng gdi y)

D& bai: Tim Vy||R — UV

Giai: Dat E = R— UVT. L = Te(ETE).

dL = —2Tr(ETdUVT) = —2Tr(VTETdU) = Tr((—2EV)TdU).
Vay VyL = —2(R—UVT)V.

Bai tap 10: Tich Hadamard (Hadamard Product)

Dé bai: Cho f(X) = Tr(A(B ® X)), tim Vxf.

Giai: Stt dung tinh chat Tr(A(B ® C)) = Tr((A ® BT)0).
df =Tr((A® BT)dX).

Vay Vxf = (Ao B = AT © B.

8 Ket luan
Hiéu vé dao ham ma tran khong chi gitp ching ta hiéu cach cac thu vien nhu

PyTorch hay TensorFlow hoat dong ma con md ra kha niang thiét ké cac kién tric
mang va thuat toan t6i uu héa mdi.
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