MO DAU

Téng quan

Giai tich cAp phan sb 13 mot sy tong quat hoa cua tich phan va dao ham cap sb
nguyén dugc dé cap dén lan dau tién trong nhimg bic thu giita Leibniz va
L’Hospital nam 1695. Do thiéu nén tang ung dung va qua phuc tap, giai tich cp
phan so khong thu hit duoc sy quan tam trong mot thoi gian dai. Tuy nhién, thoi
gian gan day, giai tich cip phan sb di duogc ching minh 1a cong cu co6 gia tri khi mé
hinh héa dugc nhiéu hién tuong trong thuc te [1-3].

Trong mot vai thap ky qua, 1y thuyét 6n dinh cua phwong trinh cip phan sb
(FOE) d3 nhén dwgc nhiéu sy quan tdm tir cac nha toan hoc va ky su trong céc
nganh khoa hoc khac nhau nhu ky thuat dién, k¥ thuat sinh hoc, 1y thuyét diéu
khién, am hoc, quang hoc, vat Iy héa hoc [4-11]. Nhiéu hién tuong vat Iy trong thé
gidi thuc duoc déc trung boi FOE, tie la cac phuong trinh lién quan dén cac dao
ham cap khong nguyeén. Céc mé hinh cap phan sé méi nay biéu dién chinh xac hon
cac md hinh cap so nguyén va cung cap mot cong cu tuyét voi dé mo ta bo nhé va
cac qua trinh di truyen Dao ham cép phén sO ¢6 tinh chat khdng dia phuwong va cac
nhan suy bién yéu, nén viéc phan tich tinh 6n dinh ciia FOE phc tap hon so véi cac
hé cap nguyén. Bén canh d6, ching ta ciing khong thé st dung truc tiép cac cong cu
dai s6 cho Céc hé cap phan sé vi cac hé nay khong c6 da thuc dic trung tuong tng
hodc mét da thirc twong Umg gia véi mot ham da gia tri 1iy thira phac tap. Mat khac,
thoi gian tré c6 mot anh huong nhat dinh dén su 6n dinh va hiéu suat cia cac hé
dong luc. Su ton tai ctia thoi gian tré co thé giy ra nhleu diéu khéng mong muon
cho cac hé thong, hodc noéi chung, tham chi la sy khong 6 6n dinh. Phuong trlnh cap
phan sb CO tré 1 su két hop gitta phuong trinh ¢6 tré va dao ham cap phan s6 nay
sinh céac yeu td phai sinh khong nguyén. Bén canh do, cac da thirc on dinh tuong
g ¢ vo sd khong diém co 1ap va tinh giai tich cua ching thuong 1a mot van dé
phtre tap. Vi du, nghién ctru tinh 6n dinh cta hé tuyén tinh cip phéan sé

D*x(t) = Ax(t) + Dx(t —h),
phtc tap hon nhiéu v6i hé phuong trinh vi phan thudng tuyén tinh do sy 6n dinh
tiém can cua hé nay tuong duong véi su on dinh tiém cén cua phuong trinh v6 han

chiéu tuong tng cip tu nhién co tré. Hon thé, sy ton tai ciia ham mi e dan dén
phuong trinh nay c6 v6 han nghiém va do d6 viéc nghién ciru tinh on dinh cia mot
hé cép phan s6 ¢6 tré 1a cuc ki kho khan. C6 nhiéu céach tiép can khac dé nghién ctru
tinh 6n dinh ctia hé FOE. Ye [12] va Lazarevi [13] d& nghién ctru tinh 6n dinh tiém
can cua FOE co tre bang céch st dung bat dang thire Gronwall. Trong [14], Deng da
nghién ctru tinh 6n dinh tiém can cua FOE c6 tré bang cach st dung dinh ly gia tri
cudi cung cua phép bién d6i Laplace. Johnson [15] d3 xem xét tinh 6n dinh va
khong on dinh cta phuong trinh Korteweg va de Vries bang cach sir dung ly thuyét
dang Floquet va ly thuyet nhidu phd. Trén co s ciia phuong phép tiép can ham
Lambert, mot rang budc 6n dinh dugc suy ra trong [16] cho mét 16p FOE co tré.
Trong [17], tinh 6n dinh bén viing ctia FOE c6 tré dugc xem xét bang 1y thuyét
diém bat dong. Mot khao sat vé tinh 6n dinh cua FOE ¢6 tré da dugc trinh bay trong
[18]. Trén co s¢ cua phuong phap dai sd va phuong phap s6, Cermak [19] va Kaslik
[20] dé xuat mot sb tiéu chudn 6n dinh tiém can caa FOE suy bién c6 tré. Bén canh



do, Hale [21] dé xuat tlep can giai tich phirc cho hé phuong trinh vi phén thuong va
[22] dua trén giai tich cdp phan sO (dao ham Caputo, bién 601 Laplace va ham
Mittag—Lefller) cho cac hé cip phan sd. Dbi véi cac hé cap phan sd  khong co tré, sir
dung phuong phap giai tich, Li [23] da xay dung ham Lyapunov dé nghién ciru tinh
6n dinh tiém can cta FOE tuyén tinh khong c6 tré. Sau do, cac tac gia [24-29] da
mé rong phuong phap [23] cho FOE tuyén tinh khong c6 tré va dé xuét cac dinh 1y
on dinh Lyapunov—Krasovskii va Razumikhin. Thiét ké ham Lyapunov la van dé
then chét cia cac phuong phap nay. Tuy nhién, thuong rat kho de xdy dyng mot
ham Lyapunov cho cac hé cap phan so, dac biét la d01 vé6i cac hé cap phan sb c6 tré.
Hon nira, trong nhiéu trudng hop, viéc sir dung vét cua ma trdn bén trong cac ham
Lyapunov c6 thé hiru ich trong viéc chimg minh tinh 6n dinh ctia cac hé vi phan
thong thuong, nhung khdng ¢ hiéu qua cho FOE ¢6 tré, tham chi khong ton tai cac
ham Lyapunov nhu Vvay.

Viéc nghién ctru tinh 6n dinh cta cac hé cip phan s c6 tré ¢ Viét Nam da va
dang thu dugc nhidu két qua tha vi. C6 hai nhdm nghién ctru chinh vé cac hé cap
phan s6. Nhom do GS. Vil Ngoc Phat (Vién Toan hoc, Vién han 1am KHCN Viét
Nam) dan dau tap trung nghién ctru vé diéu khién va 6n dinh ctia cac hé phuong
trinh vi phan cp phan s6 [30-32]. Trong khi d6 nhom con lai do PGS. Tran Pinh
Ké (Pai hoc su pham Ha N61 1) dan dau hudng dén cac h¢ phuong trinh dao ham
riéng cap phan s6 [33-34] v6i huong nghién ctru vé cac bat dang thirc bién phan,
tinh diéu khién dugc.

Tinh cép thiét

Phuong phap ham Lyapunov 1a mot cong cu manh dé nghién ctru tinh 6n dinh
cua cac phuong trinh vi phan ham. Tuy nhién, tim dugc cac ham Lyapunov
Krasovskii phu hop va danh gia dao ham cap phan s6 cho cac ham nay van con rat
kho khin dan dén phuong phap nay khong hiéu qua khi ap dung nghién ctru tinh on
dinh cua phuong trinh vi phan cap phén sd ¢o tré. _Day la nguyén nhan chinh dan
dén co rat it két qua vé tinh 6n dinh cua FOE co tré. Theo hiéu biét tot nhat ciia tac
gia, cho dén nay, lam thé nao dé 6n dinh FOE c6 tré van 1a mot bai toAn m& va
day thach thtre. Trong [35, 36], dé vuot qua kho khin khi tinh dao ham cap phan
sO, cac tac gia da cb ging x4y dung mot ham Lyapunov thich hop. Tuy nhién, viéc
chting minh dinh 1y chinh trong cac bai bdo nay c6 mot 16 hong dan dén két qua
thu duogc 1a khong dung. Trong [37], cac tac gia dd dé xuat mot dinh 1y on dinh
Lyapunov cho FOE c6 tré dé thu duoc diéu kién du cho tinh 6n dinh. Két qua thu
dugc cting khéng chinh x&c, vi chung minh ctia ho dua trén mot 1ap ludn sai khi
chting minh tinh x4c dinh duwong ctia ham Lyapunov vo han chiéu. Pé khic phuc
nhirng han ché vé mit ki thuét khi str dung ham Lyapunov trong nghién ctru hé FOE
c6 tré va bd sung mot két qua 1i thuyét khi nghién ctru tinh 6n dinh ctia hé cip phan
s, tac gia chon dé tai “Tinh 6n dinh nghiém cua hé cép phéan s6 co tré”.

Céch tiép can

Tac gia tiép can dé tai tir goc do 1i thuyét trén co so nghién ctru tai lidu, tim hiéu
tinh hinh nghién ctru trong va ngoai nudc lién quan dén de tai.



Phwong phap nghién ciru
Trong dé¢ tai, tdc gia st dung cac phuong phap giai tich nhu phuong phap ham
Lyapunov, bién d6i Laplace, va cic bat dang thirc ma tran tuyén tinh.

Poi twong va pham vi nghién ciru
Trong dé tai, doi twong nghién clru cua tac gia la hé cap phan so6 co tré. Pham vi
nghién ctru ctia dé tai tap trung vao tinh 6n dinh nghiém cia hé cap phan so co tré

NoOi dung nghién ciru ‘
Noi dung nghién ctru cua d¢ tai chia lam 3 ndi dung nho:
+ Noi dung 1: Thu thap tai liéu va nghién ctru vé Ii thuyét 6n dinh.
+ Noi dung 2: Tim phuong phap giai tich phu hop va tim diéu kién dé hé cip phan
s6 14 6n dinh. Tim vi du sd minh hoa cho két qua chinh.
+ Noi dung 3: Tong hop tai liéu va viét béo cao tong két.



CHUONG 1. v |
ON BINH VUNG HUU HAN CUA HE PHI TUYEN
CAP PHAN SO CO TRE VA NHIEU

1. Mot s6 khai niém co ban

Trong phan nay, ching t6i trinh bay mot sd ki hiéu, khai niém va két qua co ban
vé giai tich phan sb (xem [1-2]).
Ki higu: Cac ki hiéu co ban sau duoc st dung trong bai bao.

e R latap céc sb thuc

e N latap cac sé nguyén khdng am

e Clatap cac sb phuc

e R™M|a tap cac ma tran thuc c& (nxm)

e A’ lamatran chuyén vi cia matran A

e J(A) latap tt ca cac gié tri riéng cia ma tran A

* A (A)=max{Re(1):1 e A(A)};

o Aun(A)=min{Re(1):1 e A(A)};

e chuan pho ciamatran A dugc dinh nghia |A] =/ A, (A A)

e C([a,b],R") latap cc ham thyc lién tuc trén tap [a,b] va nhan gia tri

trong R"

e [a] 1a phan nguyén cua sé thuc a; Tm={12,..,m}

e Matrén PeR" la x4c dinh dwong (P >0) néu x"Px>0,vxeR",x 0.
P>Q nghiala P-Q>0.

e Ham Gamma duoc dinh nghia boi I'(z) = Ie“tz‘ldt, zeC,Re(s)>0.
0

e Ham Mittag-Lefller voi hai tham sé dugc xac dinh boi
Z z

Ea,ﬁ(z) = Zm,

n=0

n

trong d6 >0,4>0,zeC. Voi f=1 chingtakihiéu E, (z)=E,,(2).

Bo dé 1.1 (xem [1-2])

Cho a€(0,1), zeC, Re(z) >0, chling ta co
i) ham T'(z) hdi tu.
i) I'(z+1) =zI(2).

Dac biét, I'(n+1)=n! voi neN.



Bo dé 1.2 (xem [1-2])
Cho «a >0, chldngta co
1) E, (2)>1 VzeR";
ii) E_(z)la don diéu ting trén tdp so thuc dwong R*;

E, (ht*)-1
h

t
iii) E, ,(ht*) >0, j (t—s)**E,  (h(t—s)")ds = héu h>0, t>0.
0

Pinh nghia 1.3 (xem [1-2])
Tich phan Riemann-Liouville cip « e (0,1) ctia ham f (t) duoc dinh nghia

1 t
[“f(t) =—— | (t—s)* " f(s)ds.
@)
Pao ham Riemann-Liouville cép a €(0,1) cia ham f(t) dugc dinh nghia

D f (t) :%(Il‘“f(t)).

Pinh nghia 1.4 (xem [1-2])
Pao ham Caputo cip o € (0,1) cua ham f(t) dugc dinh nghia
D“f (t) = D2 (f (t)— f (0)).
Bién d6i Laplace ciia ham kha tich f (t) dugc dinh nghia

L[f(®)](s) = Test f (t)dt.

Bo dé 1.5 (xem [1-2])
Cho truéc ham kha tich f :R* —-R va a €(0,1), >0, h>0, ching ta cé
i) L[D“f (1) [(s) =s"L[f (1)](s)—s*"f(0).
N 1
L|t“E, , (ht” =——;
i) L[t"E, . () () = o

Sa—l
a —

L[E, () J(9) = Z—;

i) L[ f *g()](s) = L[ f®](s)L[a®)](s), véi tich chp f *g(t):j f(s)g(t—s)ds.



2. Két qua chinh

Xét hé cap phan sb c6 tré va nhiéu tuyén tinh sau
{D"‘x(t) = AXx(t)+ Dx(t—h)+ f (x(t)) + Bw(t),

(1.1)
X(s) = @(s), se[-h,0],

trong do

e ae(0,1), h>0; x(t) e R"1a véc to trang thai
e ADeR™;BeR™Ilacac ma tran héng $b
e Nhiéu lién tuc w(t) e R™ théa man diéu kién
I7>0: w(t) w(t) <n? Vvt=0. (1.2)
e Ham diéu kién ban dau ¢(t) eC ([-h,O],Rn )Vé’i chuan |¢| = Sz[uh[%]||(o(s)||.
e Ham phi tuyén f:R" —R" thoa man diéu kién Lipschitz toan cuc trén R" va
3d>0: ||f(x)|<d]|x|, vxeR". (1.3)

Pinh nghia 1.6.
X(t) dugc goi la nghiém cua h¢ (1.1) néu x(t) € C([0,0],R") va théa man (1.1) véi

diéu kién ban dau ¢(t) € C([-h,0]R").

Ménh dé 1.7
Gid sir ¢(t) e C([-h,0],R") va céc diéu ki¢én (1.2) va (1.3) théa man. Khi d6 hé (1.1)

c6 duy nhdt nghiém x(t) e C([0,¢].R").

B6 dé 1.8
Cho a € (0,1); x(t) e C([0,%0),R") 1a mgt nghiém ciia phwong trinh (1.1) va mgt ma
trdn doi xirng xdc dinh dwong P € R™. Khi do,

D (x(t)" Px(t)) < 2x(t)" PD* (x(t)), vt 20.
Pinh nghia 1.9 (On dinh viing hitu han)
Cho truée cac s6 duong ¢,,c,, T,7. Hé (1.1) 1a 6n dinh viing hitu han twong tng véi
bo s6 (c,,c,, T,77)néu

ol <e = [x®] <c., vte0T],
v6i moi nhidu w(t) thoa man diéu kién (1.2).



Dinh ly duéi day 1a két qua chinh cia Chuong 1.
Pinh Ly 1.10
Hé (1.1) 1a én dinh viing hitu han fwong ing Véi bé cac sé dwong cho trudc
(¢.,C,,T,7) Néu ton tai cac sé thuc dwong y,,y, Va cac ma trdn doi ximg xdc dinh

dong P,Q théa man cdc diéu kién sau

'PA+[PA] +yd’~hP PD P  PB |
T
W= [PO] < 0 0 <0, (1.4)
P 0 —nl, 0

I [PB]' 0 0 —pl,

Q<hP, (1.5)
1 . E (hT*)—1)ML o

E, (M)A (P + 7 STV IS B (hTe) 1) <, (L6)

ﬂ“min(P) h i=0

Churng minh.

Xeét ham Lyapunov dang toan phuong
V (X(1)) = x(t)" Px(t).
Lay dao ham Caputo cdp « cua ham V (x(t)), tir B6 dé 1.8 va diéu kién (1.2) - (1.3)
ta thu duoc
D* (V (x(t))) < 2x(t)" PD*x(t) = 2x(t)" P (Ax(t) + Dx(t —h) + f (x(t)) + Bw(t))
< 2x(t)" P (AX(t) + Dx(t—h) + f (x(t)) + Bw(t))
—x(t—h)"Qx(t—h) +x(t —h)" Qx(t —h)
—n F Q)T F () + 7,0 x|
— 7, W()" W(t) +y,1°
—hx(t)" Px(t) + hV (x(t)).
Dat (1) = (x(t), xt—h), f (x(©),w(t))', tathu dugc tir (1.4)- (1.5) bt dang thirc sau
M (t) = D (V (x(t)) ) - hV (x(t))
<& WE(t) +x(t—h)" Qx(t—h) + ,n°
< X(t—h)" Qx(t—h) + 7,72
< hx(t—h)" Px(t—h)+y,7%
Ap dung bién d6i Laplace hai vé ciia phuong trinh
M (t) = D* (V (x(t))) - hV (x(1)),
ta thu duoc tir B6 dé 1.5 (i) dang thic

(1.7)



L[M()](s) = L[ D* (V (x(t))) ] (s) L[V (x())](s)
=s“L[V (x(t))](s) —s“V (x(0)) - hL [V (x(t))] ()
=(s*=h) L[V (x(t))](s) -5V (x(0))
tuong duong voi

LIV (x@)]() = (s ~h) " (L[M (t)](s)+s‘“\/(x(0)))
L LMO]O)+ 2V (x(0)

T s —h s“—h
[tE, , (ht*) ](s)L[M(t)](s)+L[E (ht*) |(sV (x(0))
[t“E, , (t*) * M (1) |(s) + L | E, (ht“)V (x(0)) |(s)
[E, ("W (x(0)) +t'E, , (ht*) M (1) | (s),

=L|t
=Lt
L

do Bo dé 1.5 (i) - (iii).
Tir cac biéu dién sau (xem B6 dé 1.2 (iii))
t-s)*"E,, (h(t—s)*)=0, Vse[0],
[t-9)E, , (n(t—5)yds = £ LB
0
sir dung bién doi Laplace nguoc, ta thu duoc
V(x(t) = E, (ht“)V (x(0)) +t7E, , (ht*) *M (t)

=E, (ht*)V (x(0)) + 't[ M (s)(t-s)“"E, , (h(t—s)*)ds

(1.8)
<E, (ht*)V(x(0))+sup M (S)I(t s)“*E, . (h(t—s)*)ds

sef0,t]

~E, (ht")V (x(0)) + sup M (s) =)L,
se[0,t] h
Tir bét dang thic (1.7), ta thiy

supM(s)<sup(hx(s h)" Px(s—h)+7,1°)

sef0,t] sef0,t]

=hsup(x(s—h)" Px(s —h) ) + 7,77

sel0,t]

= hsupV (s) +y,n°.

se[-ht-h]

Két hop bat dang thire trén vai (1.8), ta thu dugc
V (x(t)) <E, (ht*)V (x(0)) + [ hsupV (s) + yznzj
sef-h,t-h]

Tiép theo ta s& danh gia V (x(0)) v6i @ e[-ht], t<T.
e Trén doan [-h,0],do E,(ht*)>1, t>0(xem B6 dé 1.2 (i)),

E, (ht*)-1

- (1.9)



V(x(6)) = x(6)" Px(6) = (0)" Po(6)
< P PON < A P ]| < 2 (P || E. (0T ).
e Trén doan [0,t], do bat dang thic (1.9) théa min véi moi t>0, va E,_(z)1a

(1.10)

don diéu tang trén tap sb thuc duong R*(xem Bb dé 1.2 (ii)), ta c6

V(x(8)) < E, (hg*)V (x(0)) + ( hsupV (s) + 7,2772}%“)—1
se[-ht-h]

E, (hT*)-1 (1)
<E, (") A (P +( hSupv (s) + mzj“T_
Tur (1.10) va (1.11),
a E (hT*)-1
SUpV (5) < E, (0T, (P o +[h[§hli|ag]v )+ mz)%_ 12

pit
H(t) = sup V(s), t e[-h,T]; b=E, (hT*) -1

se[-h]

a=E, (") (Pl +72

Chung ta viét lai bat dang thuc (1.12)
H(t) <a+bH(t—h), t[0,T].

Bang cong thic truy hoi din dén

, E,(hnT*)-1
EEEr—

[vh]

MO < ay bl +b"H (t—([Uh]+1)h), [th]>1

a+bH(—([h]+1)h)  [th]=0.
Do ham H (t) la ham don diéu tang trén tap [-h,T] va t—([t/h]+1)h<0, ta thu dugc

[th]
H(t)<a) b +b"1H (0)
i=0
t/h]+1

[t/h] [
<a) b'+b"™1  (P)|lgf <a > b’
i=0 0

, ) ay 1 \[Thp i} ,
s[Ea(hT“Mmax<P)||¢>|| 1 M] 3" (E,(hT")-1).

h i=0
Tu day,
X < X(t)'Px(t) . H()
1,1mm(P) Auin (P) £ (hT*)—1)rs - (113)
‘zmm(P)(Ea(hT“)imax(P)Hcollz+72772 T] > (E,(0T)-1).

Néu |¢| <c, thi theo (1.6) va (1.13), ta c6



ay 1 \[Th}+1 ,
MO [EO,(hT“)ﬂmax(P)IIwIIZ oy MJ (E,(hT*)-1)

zm.n@) )&
1 . , E, (hT%) -1 o
(P)(Ea(hT Vi ()G, + 7,7 %} >, (E.0m)-1) <

No6i cach khac hé (1.1) 12 6n dinh viing hiru han twong tung voi bd cac sb thuc
duong (c,,c,,T,n).

Nhan xét 1.1 q
bicu kién (1.4) va (1.5) la cac bat dang thirc ma tran tuyen tinh va tir cho cac so
c,,Cc, khong xuat hién trong (1.4) va (1.5) do d6 ching ta co thé tim dugc cac bien
P.Q, 7.7, tir c4c bat dang thirc ma tran tuyén tinh nay va sau d6 kiém tra diéu kién
(1.6).
Thuat toan: q
i) St dung LMI Toolbox trong Matlab dé tim P,Q,,,7, tu (1.4) va (1.5)

i) Kiém tra tinh 6n dinh viing hitu han tir diéu kién (1.6).

Nhan xét 1.2

binh Ly 1.10 dua ra diéu kién du cho tinh 6n dinh virng hiru han cho hé (1.1). Hon
the, s€ thad vi hon néu chdng ta co thé tim dugc ¢, nho nhat (hoac tim duoc gia tri
I6n nhat caa T ). Bai toan nay c6 thé xem nhu t6i wu hda mot bién nhu sau

min{c,: P,Q,7,.7 st (3.1)-(3.2)-(3.3)}.

Nhan xét 1.3

Str dung ham Lyapunov 1a mét cong cu manh dé nghién cau tinh 6n dinh caa cac
phuf(mg trinh vi phan thuong. Tuy nhién, con nhiéu thach thic khi sir dung phurong
phap nay cho cac hé cip phan s6 c6 tré do kho khan trong viéc thiét Iap cling nhu
tinh dao ham cap phan s0 cho cac ham Lyapunov. Day chinh la li do ¢6 rat it két
qua 6n dinh cho hé cip phan s6 co tré. Piéu nay chi ra tinh vuot troi ciia phuong
phap duoc dé cap trong bai bao cua chung toi.

Nhan xét 1.4
Tiép theo chiing ta s& 4p dung Dinh Iy 1.10 d¢ nghién ctu tinh 6n dinh ving hitu
han cho hé bat dinh sau

{D“x(t) = [A+AA]X(t) + Dx(t —h) + Bw(t),

x(s) = @(s), s<[-h0],
trong 46 AA=KF(t)L 12 bat dinh c6 cau trdc voi K, L 13 cac ma tran da biét, F(t) 1a
ham ma trdn khong x4c dinh thdéa man
F@) F(@)<I, vt>0.
Dé ap dung Dinh Ly 1.10, chdng ta ki hi¢u
f(x(t)) = AAX(D).

(1.14)

Ta thay,
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| f (x(t))||2 = (AAx(t))T AAX() = x(t)" L' F(t)" KTKF (t)Lx(t)
< A (KTK) X)) LF (1) FO)LX()
< A (KTK) x(0) L L()

< A (KTK) A (LT L) X()TX(0) = A (KTK) A (LL) X[
chira

| £ OO < oo (KTK) A (L) [0

Chon d = \/}Lmax (KT K)}Lmax (LT L), cung véi cac ki hiéu gidng nhu trong Dinh ly 1.10,
ching ta c6 mot hé qua tuong tu vé tinh 6n dinh vitng cho hé (1.14).

Vidul.1l
Xeét hé (1.1) voi
a=0,5h=0,2,d=0.17=0.1

-1 2 01 01 01 0,2
A= D= B= :
{ 0 —2} {0,1 O,J [0,3 0,4}
Str dung LMI Toolbox trong phan mém Matlab, cac LMI (1.4) va (1.5) thoéa man
Vo1

8,7377 30,7371 1,2287 4,2762
7, =51,6949; 7, =40,9883;

3 {20, 0413 8,7377 } B {2,9476 1 2287}

Véi
c,=0,01 ¢,=0,3; T =5
chang ta tim duoc
A (P)=15,1448; 1 . (P)=35,6336; E,(hT*)=1,7990;
Tir day, diéu kién (1.6) thoa man
a [T/h]+1 .
T nl(P) [Ea (hT*) A, (P)e, + 7,1 E(h+)_1j joj (E,(hT“)-1) =0,2817<c, =0,3,
Do d6, theo Pinh 1y 1.10, hé (1.1) 1a 6n dinh vitng hitu han tuong ang vai bo s6
(c.c,,T,7)=(0,0% 0,3, 5; 0,2).

KET LUAN CUA CHUONG 1.

Chuong 1 nghién ctru tinh 6n dinh vitng hitu han cho hé phi tuyén cap phan sb c6
tré va nhiu. Tiép cin ndy dwa trén ham Lyapunov va bién d6i Laplace, dua dén mot
diéu kién du phu thudc tré (Pinh Ly 3.1) duoc biéu dién béi cac bat dang thirc ma
tran tuyén tinh va ham Mittag Leffler. Cac két qua ciia chwong dugc dam bao béi
bai d& chap nhan ding vao Sé 80, thang 8 nam 2022, tap chi Khoa hoc, Truong
DPHSP Ha Noéi 2.
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CHUONG 2.

SU THU BPONG TRONG THOI GIAN HUOU HAN
CHO HE CAP PHAN SO ATANGANA-
BALEANU-CAPUTO CO NHIEU PHI TUYEN

1. Mot s6 khai niém co ban ’
Trong chuong 2, ching téi gigi thiéu mot s6 khai niém mai AB tich phéan:
81 #f (t), dao ham cap phan s6 AB Caputo: **°D? f (t), a €(0,1) cho ham kha vi
lién tuc f (t) e L (0,00) lan luot:
l-a

AB| _iTa a
1O 5@ 'O B

t
0p £, 2 [ f9)E, [ 7 (-9 s
l1-ay -
trong d6 B(«) la ham thyc thoa mén B(«) >0, B(0)=B(1) =0.

Tiép theo, ching t6i nhac lai mot s6 tinh chat ctia dao ham va tich phan trén duoc trinh
bay chi tiét trong [38].

j(t —s)* ™ f(s)ds,

Bo dé 2.1 (xem [38])
Neu f(t) 1aham kha vi lién tuc sao cho f (t) € L (0,0) thi

21 (*°Dr f () = (1) - F(0), vt=0.

B6 dé 2.2 (xem [39])
Cho x(t) € R"1a mér véc to ham khd vi lién tuc va ma trdn doi xirng Q > 0. Khi d6, véi
moi t >0, bdt dang thire sau 1a ding

220D (x()" Qx(1)) < 2x(1) Q **° D x(t).
Xét hé phi tuyén ABC cap phan s6 nhu sau

EDIX(t) =[ A+ AAR) [ X(1) +[W + AW (L) eo(t) + f (t, x(t), (1)), t =0,
z(t) = Mx(t) + Neo(t), (2.1)
x(0) =0,
trong do
e ae(0,1), x(t) e R" lavéc to trang thai,
e o(t) e R” lanhidu dau vao,
e 7(t) e RY la véc to dau ra,
e AcR™, WeR™, M eR¥, N eR% lacac ma tran hé thong hing sb,
e A=EF (t)H,, AW=E_F, (t)H,,, voi cac matran hing s6
E.,H., E,, H,, vacac matranbatdinh F,(t), F,(t) théa min
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FO) F@)<I,F @t F,@t)<I, vt>0.
Dé thuan tién cho viéc trinh bay két qua chinh, ching t6i ludn sir dung cac gia
thiét sau.

GT1: Ham phi tuyén f(t,X,w) thda man
ft,x,0) f(t,xw)< XTGXX+ a)TGwa), Y(t, X, ), (2.2)
Véi G,,G,, 1a cac ma trdn hang so thich hop.

GT2: Nhiéu phi tuyén dau vao w(t)1a ham lién tic théa man
3d >0: |e)|" <d, vt>0. (2.3)

binh nghia 2.3. ’
Cho trude cac hang s6 duong c,,C,,T, d, va ma tran dbi ximg x4c dinh duong S. Hé

(2.1) dugc noi 1a 6n dinh vitng hitu han twong tmg véi (c,,C,,T,S,d) néu
x(0)" Sx(0) <c, = x(t)" Sx(t) <c,, Vvt e[0,T],
va cé4c nhiéu dau vao thoéa man GT1 (2.2).

Pinh nghia 2.4.
Hé (2.1) dugc néi 1a thu dong hitu han twong tmg véi (c,,C,,T,S,d) néu hai didu
Kién sau thoa man:

(i) Hé (2.1) 1a 6n dinh vimng hitu han tuong g véi (Cl,C2 ,T,S, d),

(ii) Vi diéu kién ban dau Xx(0) =0, ton tai ¥ > 0 sao cho

2°°17 (2(t) (1)) = =y "I (0(t)" @(t) ), Yt [0,T].

Nhan xét 2.1

C6 nhiéu dinh nghia dao ham cap phan sé duoc gidi thiéu trong giai tich phan sé.
Mot trong s cac dinh nghia duoc quan tdm nhiéu nhéat 1a dao ham Grunwald-
Letnikov, dao ham Riemann-Liouville, va dao ham Caputo. Uu va nhuoc diém cua
c4c dao ham trén duogc thao luan chi tiét trong [40]. Tuy nhién, c4c tac gia trong
[41] chi ra rang nhiéu hién tuong trong thuc té khong thé mé ta chinh xac bang cac
dao ham trén do sy ton tai mot diém ky di nhan tao tai diém ban dau cta nhan liy
thira. Dé vuot qua cac nhuoc diém nay, Caputo va Fabrizio [42] da dé xuat mot dinh
nghia dao ham cép phan sé mai dua trén mot nhan Iy thira khéng suy bién, yéu tb
cho phép diéu nay da loai b han ché ciia diém ky di trong nhan lity thira. Mac du
vay, dao ham cép phan s méi ndy chi c6 tinh dia phuong [43]. Gan day, Atangana
va Baleanu [41] dé xuat hai toan tr dao ham cap phan s6 méi (theo Riemann-
Liouville va theo Caputo) dua trén tinh khong dia phuong va ham Mittag- Leffler
khong suy bién, ham nay so hiru mot lién két manh véi 1i thuyét vi phan cap phan sb
[44]. Toan tir dao ham cap phan s ABC duya trén biéu dién nhan Mittag- Leffler va
vu diém cua toan tar dao ham Caputo, thém vao d6 nhan nay lién két vai tinh khdng
suy bién. Hé bac phan s6 ABC d4 nhan duoc nhiéu sy quan tdm trong nhitng nim

13



gan day do c6 nhiéu ung dung trong viéc mod hinh hoa céc hién tuong thue té Do
dd, chang téi tap trung vao bai toan thu dong hitru han cho hé phan so phi tuyén lién
két voi dao ham ABC trong chuong nay.

2. Két qua chinh

q Pé chi ra tinh thy dong hiru han cia hé (2.1), dau tién ching t6i chi ra hé (2.1) la
on dinh virng htu han.
Trudce hét, ching t6i sir dung cac ky hiéu sau trong dinh 1y chinh.

o f()=1f(tx) o)),

o Q=57"Q5™, 5, =2,,(Q) S, = 2, (Q),
e E,=QA+A'Q+VHH, +VG'G,,

o E,=—¢l +V2HWTHW+VGWTGW.

Pinh 1y 2.5.
Hé (2.1) |a on dinh vitng hitu han tuwong img véi (c,,C,,T,S,d), néu ton tai ma trén

doi ximg xac dinh dwrong Q va cac hang sé thiee diong V,,V,,V, & thoa mén cac diéu kién
sau
E, Q QW QE, QE,
* vl 0 0 0

x x E. 0 0 |<o 2.4)
ok %yl 0
* * * * —V2|

C,S, + sla)d | ead Go_ $,C,. (2.5)

B(a) B(a)I'(ax +1)

Chitng minh.
Xét ham toan phuong

V() = x(t)" Qx(t).
Tir B6 dé 2.2, chlng ta co
Dy (V (1) = *°°Dy (x(1)" Qx(1)) < 2x(t)" Q**° D x(t)
=2x(t)" Q([ A+ AAM) | X(t) +[W + AW(t) [(t) + f ()
=X(1)' [QA+AT QIX(t)+2x(t)" QE,F, (t)H (1) +2x(t)’ QWa(t)
+2x(t)" QE,, F, ()H,, (t) + 2x(t)" Qf (). (2.6)

Str dung bét dang thirc Cauchy va tinh chét ctia cac ham F, (t), F,, (t), ching ta nhan
duogc cac bit dang thirc sau
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2x(t)" QE,F, (OH,x(t)
<v X(1)" QE,[QE,T'x(t) +v,x(®)' [F, OH, I R (DH.x(1)
<V () QB [QE, I x(t) +vyx (1) [H, 1" Hx(t) 2.7)

2x(t)' QE, R, (OH, (1)
<v, X(t)' QE, [QE, I X(t) +v,00(t)' [F, (OH,, T F, (DH,, o(t)

<v, x(t)" QE,[QE, I x(t) +v,(®) ' [F, OH, ] F, ()H, a(t) (2.8)
Gia thiét GT1(2.2) chira
wx(t)" G x(t) +vo' G w—Vf ()T f () <0. (2.9)

Tir (2.6) dén (2.9), chling ta thu dugc

PEDZ(V (1)) < E()TWER) + ea(t) oft), (2.10)
trong dé
X(t) Yy, Q QW
o (M)=|fO)|,¥=| * ~vI 0 |
o(t) * .

e ¥,=0QA+A'Q+V,'QE,E,'Q+V,H,"H, +Vv,"QE, E,Q+VG, G,
e ¥_.=-¢l+Vv,H,'H, +VG, G,.

Str dung bo dé Schur Complement, LMI (2.4) twong duong véi ¥ < 0. Két hop
nhan dinh nay va (2.10), chung ta co

PEDZ (V (1)) < ca(t) a(t). (2.11)

Lay tich phan Atangana-Baleanu ca 2 vé cua bat dang thirc (2.11) tir 0 dén t, st
dung B0 d¢ 2.1 cung vai gia thiet GT2 (2.3) dan dén

X(t)" Qx(t) < X(0)" Qx(0) + “*I” (£eo(t)" (1))
= x(0)" Qx(0) +

l-«a T a
B () ea(t) o(t) + B (o) (@)

_ t
¢d(l-a)  cda [t—s)ds
0

't[(t —8)*eaw(s)" w(s)ds

<X O+ =5 T T B@r@

ed(1-a) N eda T
B(«) B(a)'(@) T(ax+1)’

< x(0)" Qx(0) + vt €[0,T]. (2.12)
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Tir cic bat dang thuc,
X(t)" Qx(t) = x(t)" S"*QS"*X(t) > Ay, (Q)X(1) SX(t) > ,X(1)" Sx(t),
x(0)" Qx(0) = x(0)" $"*QS"*X(0) < A (Q)X(0)" SX(0) < 5,x(0)" SX(0),

(2.5) va (2.12) néu x(0)" Sx(0) <c, thi
S X0 SX(Y) = Ay (QVX(D)T SK() < X()T Q(1)
ed (1— 05) N cda T
B(«) B(a)'(a) I'(x +1)
ed (1— CZ) N cda T
B(«) B(a)I'(a) I'(ex +1)
ed (1— a) cda T¢
+ <sc,.
B(a) B(a)'(@) T'(x+1)

< x(0)" Qx(0) +

< x(0)" Qx(0) +

<S,C +

Hé qua la
x(t)" Sx(t) <c,, Vvte[0,T].

Do d6, hé (2.1) 6n dinh viing hitu han twong tng voi (c.c,,T,S,d).

Nhan xét 2.2

Bing cach sir dung bat dang thirc Gronwall Atangana-Baleanu cip phan sé va bién
d6i Laplace cua dao ham ABC, cac tac gia [39] khao sat bai toan 6n dinh hitu han
va on dinh viing hitu han cho mot 16p hé tuyén tinh cap phan s6 ABC. Tuy nhién,
gia thiét ciia nhidu phi tuyén f (t,X(t), o(t)), AA, AW khong duoc dé cap trong két
qua nay. Pinh ly 2.5 d4 giai bai toan nay cho hé (2.1) cap phan sé6 ABC cuing nhiéu
phi tuyén vé&i véc to dau ra 0 bang cach sir dung bat dang thirc ma tran tuyén tinh.
Do d6, hé (2.1) 1a tong quat hon céc két qua trong [39].

Quay lai h¢ trong [39] dang

ABC o —
{ D x(t) = Ax(t) + Wa(t), >0, (2.13)

X(0) = x,.
Tu Pinh 1y 2.5, chdng ta ngay lap tirc c6 hé qua sau.

Hé qua 2.6.

Hé (2.1) 1a on dinh Vitng hitu han tuong ung voi (Cl,C2 T, S,d), Néu ton tai ma trdn

doi ximg Xac dinh dwong Q va hang so thuc dwong & théa man céc diéu kién sau
A+ AT W

{Q Q Q } <0

(2.14)
* -l
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el-a)d N ead Ta

B(x) B(a)I'(a +1) =$,Cz. (2.15)

GS, +

trong @6 Q =S"?QS ™, s, =4 .. (Q), s, =1, (Q).

Tiép theo, chling ta s& chi ra mot diéu kién du cho tinh thy dong hiru han ctia hé
(2.2).

Pinh 1y 2.7.

Cho trude cac hang so duwong ¢,,c, (C, >¢,),T, va matrdn doi xieng xac dinh duwong
S. Gia sir GTI va GT2 théa man. Khi @6, Hé (2.1) 14 6n dinh Vitng hitu han twong irng
véi (¢,,C,,T,S,d), néu ton tai ma tran doi ximg Xac dinh dwong Q va cac hang so thuc

dwong V,,V,,V, &,y thoa mén cac dieu kién sau

®, Q (QW-M") QE, QE,
* vl 0 0 0
x % @ 0 0 [<0 (2.16)
* * * _Vll 0

I * * * * —V2| |

C,S, + sla)d | ead  Go_ $,C,. (2.18)

B(a) B(a)'(ax +1)

trong @6 Q =S"?QS™?, s, = 4. (Q), s, =1, (Q).

Chiing minh.
bé chimg minh Dinh 1y 2.7, chiing ta chon ham toan phuong nhu chimg minh cua
binh Ly 2.5 va biéu dién dugc

D (V (1) - 22(1) o(t) - yeo(t)" eo(t) < E(B)T HE(D), (2.19)
trong do
X(t) H, Q Qw-M'
o EO)=|fO[H=[* v 0 |
o(t) * * Has

e H,=QA+A'Q+V,'QE,E,/Q+VH "H +Vv,"QE,E,'Q+VvG G,
e Hy=-¢l+v,H,/H,+VG, G, —(N+N" +yl).

Tiép tuc sir dung Schur Complement, tir diéu kién (2.16), chiing ta thu dugc H<O0,
va do d6 véi moi t nam trong [0,T],
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PEEDZ (V (1) < 2z(1)" o(t) + yeo(t)" eot), (2.20)

L4y tich phan Atangana-Baleanu ca 2 vé cuia bat dang thirc (2.20) tir 0 dén t, ching
ta co

X(t)" Qx(t) - x(0)T Qx(0) < *°1* (22(1) ao(t) + yoo(t)" (t)). (2.21)

V6i didu kién ban dau 1a x(0)=0 va x(t)" Qx(t) >0, ching ta thu dugc
1 (22(1) wt) + yo) o)) 20, vte[0,T].
Tur day,

17 (22(0) @(t)) 2~y *°17 (o) @(t)), Vte[0,T].
Noi cach khéc, Hé (2.1) 1a thu dong hiru han bén viing twong (ing voi (Cl,C2 ,T,S,d )

Nhan xét 2.3
Mic du ¢6 nhiéu két qua tha vi vé tinh thu dong hitu han cho mot vai hé dong luc
cap nguyén [45,46,47], nhung cac két qua nay khdng d& dé khai quét hoa va é&p
dung cho c4c hé cip phan sé6 ABC do giai tich cAp phan sé6 ABC khéng ¢ tinh nira
nhom. Béng caCh st dung li thuyét on dinh hitu han va mot vai tinh chat cua giai
tich Cap phan 30 ABC, chuong nay trinh biy bai todn nay cho cac hé thong phi
tuyen cap phan s6 ABC lan dau tién. Va day ciing chinh 1a ¢6ng gop quan trong cia
két qua nay.

Nhén xét 2.4
Vé mit Ii thuyét, LMI Toolbox trong MATLAB c6 thé giai mot cach hiéu qua céc
LMI véi s chiéu bat ky. Tuy nhién, khi kiém tra tinh kha thi ctia cac LMI thu duoc,
khi s6 luong bién tang 18n s& dan dén viéc tinh toan tré 18n phuc tap va thoi gian
tinh toan sé& 1au. Pay chinh I1a nhuoc diém cua céch tiép can dua trén LMI. Mic du
vay, v6i cac két qua chinh caa chuong ndy viéc tinh toan kha rd rang va thuan tién.
T Pinh 1y 2.7, thuat todn sau duoc dé xuat dé tim cac nghiém mét cach kha thi:

Budc 1. Giai diéu kién (2.16) dya trén LMI Toolbox dé tim cAc bién thyc duong
V,,V,,V, &, vama tran doi xang xac dinh duong Q.

Budc 2. Tinh cac dai lugng Q =S™?QS™*, 5, =4 (Q), s, =4, (Q).

Budc 3. Kiém tra diéu kién (2.17).
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Vidu 1.11 ’
Xét hé (2.13) véi céc bien

-1 1 0 1 00
a=05A=0 -2 1| W=/01 0|
1 0 -2 0 01

Muc dich cua vi du ndy dé so sénh véi két qua trong tai liéu [39], chiing toi xem xét
2 truong hop

Truonghop 1. ¢, =1, T =10,S=1,D=0.2, va B(e) =1.
Str dung Hé qua 2.6, hé (2.13) 6n dinh viing turong tng véi moi c, >3.5. Trong khi
d6, str dung Pinh 1y 3 [39], gia tri nho nhat ¢, =5.5.

Truong hop 2. ¢, =1,¢c, =1, S=1, D=0.2, va B(a) =1.
Str dung Hé qua 2.6, hé¢ (2.1) 6n dinh virng twong ung voi moi 0<T <15. Trong
khi d6, stir dung Pinh 1y 3 [39], gi& tri I6n nhat cua T 14 0.772.

Tir thao luan trén, két qua cta ching toi 1a hiéu qua hon va tét hon cac két qua da co
trong [39].

Viduy 1.12 ,
Xét hé (2.1) vai cac bién

-2 0.1 0.5
a=05 A=  E, = ,H,=[0.7 0.8], F,(t) =sint,
0 -2 0.06

E, :{Of}, W :B} H,, =[0.5], F, (t)=cost,
M =[2 3], N=[0.5].

Nhiéu phi tuyén f(.) thao mdn GT1véi G, =1, G, =1.
Nhidu diu vao e(t) =+/0.1 cos2t , d =0.1.

Véic =1c,=2 T=10,S=1, va B(a)=1.Str dung Nhan xét 2.4 va cac LMIs
(2.16) - (2.17) la kha thi voi

y =5.9004, £=5.9004, v, =1.7493, v, =8.4628,

o~ 25773 -0..0803
- 1-0.0803 2.3702 |
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Theo Pinh Ly 2.7, Hé (2.1) la thy dong hiru han véi tham sé trén. Céc hinh vé sau
mO ta tinh chinh xac cua céac két qua chinh.

"

| | | | Iy o | | | .
e :Il.ln:av"g“p,
18- — o
— )
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i -
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b o \ -
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) o A y ) A
; . s %
\ Ad " xip) 2xip) * " N
[ \ ¢ ~'\ o ¢ s “‘,- Ny, -
. ’ Y ¢ \ ¢ )
- ~, v ‘a ,\'.
0 | l | | .‘.'--h" | | |- |
0 1 2 3 4 5 & 7 8 9 10

Timeizec)

. 0.7
Hinh 1 voi gia tri ban dau X, = {O 7} mo ta quy dao cua X(t)" Sx(t).

1€

’ T T T T T T T T ——

1. )
— e-$ S04
“l-‘~
¢ - ~ .l' A
i e 4 »
] ‘Q - 4 ¥ i Y il
-
¢ ~ ' N ¢
A) \ ‘N -
4 ' ’, -
. ) '" S an'®
~ o’ . -
~ - ' -
=L L LTt "
%)

o -

a5l -
w5304

-10 | | | | | | | | |

0 1 2 3 < 5 6 7 8 8 10

Time{zec)

1 (22() o(t))

. véi —y =-5.9004
1 (o) o))

Hinh 2 m6 ta quy dao cua ham y(t) =
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KET LUAN CUA CHUONG 2.

Chuong 2 nghién ciru bai toan thu dong hitu han cho lop hé phi tuyén cap phan sb
ABC. Bong gop chinh cua cac tac gia 1a gigi thiéu dinh nghia méi cua tinh thu dong
hitu han cho c& 16p hé cip phan s6 ABC va dua ra mot diéu kién du dam bao cho hé
thng 14 6n dinh vimg hitu han va thy dong hitu han. Hai vi du dwgc dua ra trong
chudng ndy nham so sanh va minh hoa cho tinh hiéu qua ciia cac két qua chinh.
Trong twong lai, chdng t6i s& mé rong két qua nay cho nhiéu 16p hé khéc nhau nhu
hé suy bién, hé Neural c6 tré, .v.v. Cac két qua cua chuong dugc dam bao béi bai
bao ISI chap nhan ding trén tap chi Circuits, Systems, and Signal Processing, 1SI-
Q2 (2022).
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KET LUAN

Dé tai nghién ctru tinh 6n dinh cua hé cip phan sb c6 tré. Cac két qua dat duoc
cua hé dugc dam bao bai 3 bai bao (2 bai bao trong nude va 1 bai ISI) cu thé:

- M6t sb diéu kién du cho tinh 6n dinh viing hitu han cta hé phi tuyén cip
phan s6 c6 tré va nhiéu

- Mot 86 diéu kién du cho tinh 6n dinh viing va thy dong hitu han cua cac 16p
hé céap phan s6 Atangana-Baleanu-Caputo c6 nhiéu phi tuyen

- Mot vai két qua m&i v€ ude lugng tinh bi chan nghiém bén vitng cho cho hé
diéu khién ngiu nhién ¢ budc nhay Markovian roi rac

Trong tuong lai, chung toi s& tiép tuc nghién ciru bai toan nay trén co s¢ mo hinh

hoa nhiéu 16p hé khac nhu 16p hé cap phan sb suy blen 16p hé cap phan s6 quy md
I6n va &p dung nhiéu hon vao cac tng dung thuc té.
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