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TOM TAT

Olympic toan Giai tich sinh vién 1a cudc thi hoc thuat thuong nién dugc td
chuc bdi Hoi todn hoc Viét Nam va B Giao duc va Dao tao danh cho sinh vién
yéu toan trong ca nude. Cudc thi gop phan quan trong trong viéc thic day phong
trao day va hoc toan trong cac truong Dai hoc va Cao dang. Tuy nhién dé sinh vién
cac trudong khong chuyén vé toan cé thé tiép can dugc véi cac bai tap trong dé thi
Olympic 1 chuyén khong hé d& dang néu khong c6 su phan tich giang day cta cac
giang vién c6 kinh nghiém thuc té on luyén doi tuyén.

Trong bao cao nay ching toi trinh bay mot cach sang tac bai toan Giai tich
trong cac ki thi Olympic toan toan qudc nham gitp sinh vién khéng nhitng nim bat
dugc phuong phdp giai ma con giup sinh vién rén luyén dugc phuong phap suy
nghi logic va tu duy sang tao trong cic dang bai toan giai tich mo rong va tong
tong quat.

Twr khoa: Bai todan Giai tich, Dao ham, Vi phan, Tich phan.

1. Cho ham s kha vi trén [0,1] va thoa man diéu kién r©0)=o, ra)=1. Chting minh

rang vOi «,p>0 ton tai cac sO ¢,c, €(0,1),¢, #c, sao cho —% B —a+p

fe) f(c)
Loi giai. Xét ham g(x)= £(x)-—%—.
a+p
€ thay g(0) ﬂ<0,g(1) a+ﬂ>0

Suy ra ton tai s6 ce(0,1) dé g(c)=0,thc f(c)= ﬂ
+
Dung dinh 1y Lagrange cho ham s trén (0,c) thi ton tai ¢, e(0,c) sao cho
-/, s __ @«
s c=0 f(Cz) (a+p)c ‘
Dung dinh ly Lagrange cho ham s trén (c,1) thi ton tai c, e(c1) sao cho

Fe,)= JfO-/©_ B _ g '
l-c f(Cz) (a+p)1-c)

Tir d6 ta ¢ - b _ _

u do ac0~ f'(Cl) (a+p)c, 7 (a+p)(1—-c). |

Te d6 dé thay ¢,c,e(0,1),q#c, va thoda man di€éu phai ching minh
B

a
7oy ey @t



+ Ly p=1-« ta s& co bai thi OLP-2008 tai Nha Trang.(OLP-2008, Nha Trang).
Cho ham y lién tuc trén [0,1], kha vi trong (0,1) va thod man r(0)=0, (1) =1. Ching
minh réng vOi «<(0,1) tOn tal cac $b x,,X, €(0,1),x, # x, sao cho A I-a =1.

f'x) fi(xy)

C6 thé mé rong bai toan trén thanh bai toan tong quat nhu sau:

+ Cho ham s kha vi trong (0,1) va thod man r)=o0,r1)=1. Chirng minh r@fmg Vo1

cac s6 duong a,,a,,a,..a, cho trude, ton tai cac diém phan biét x,x,,..x, €[0,1] sao

ho R

+ Cho ham s lién tuc trén [0,1] , kha vi trong (0,1) va thod man f0)=o0, (1) =1.

Chtng minh rang véi mdi ne N ton tai cac diém phan biét x,x,....x, €[0,1] sao cho
! + ! +...+ ! =

f'x) f(x,) f(x,)

2. Cho ham s lién tuc trén [a,b] kha vi trong (a,b). Ching minh rang ton tai

a, B,y €(a,b) sao cho

e )_a+bf(,6’) a +ab+b2f(7/)

B 6 y
Loi giai. Theo dinh 1y Lagrange véi ham f(x) trén [ab] thi ton tai a e(a,b) Sao
cho ()= f(b)—f(a)'
b—a .
Dung dinh 1y Cauchy cho f(x) va g(x)=x’trén [a,b] thi ton tai ge(a,b) sao cho
B fb)-f(a) B fb)-f@ : a_erf'(ﬂ).

2B gb)-gla) MY 25~ p_g nénsuyra f T

Dung dinh ly Cauchy cho f(x)va h(x)=x’trén [a,b] thi ton tai y (a,5) sao cho
') f(b)-f(a) S fO)-f() 4 oy @ +ab+b’ f(y)
R I A S e i S

Tur do ta thu duoc diéu can phai chimg minh. ,

+ Lay [a,b]=[0,1] ta s€ thu duoc bai toan cua ky thi OLP-2015 tai Héu.

(OLP-2015, Héu) Cho ham s& :[0,1]— R 1a mot ham kha vi lién tuc. Chimg minh

f1x)  f05)
4

2
X,

rang ton tai x,,x,,x, €(0,1) sao cho f'(x,)=
X
1 1
3. Cho ham 7:[0,1]—R lién tuc va thoa man diéu kién j F(x)dx :jxf(x) dx.
0 0

a) Chung minh r::fmg tdn tai diém «<(0,1) sao cho I f(x)dx=0. Tu do suy ra voi

mdi sb thuc aeR tdntai ce(0,1) sao cho f(c)=a [ re0dx.
0



b) Ching minh rang véi mdi s6 thuc aecR ton tai ce(0,1) sao cho
of (©+a[ f(x)dx =0.

0
Loi gidi:

a) Xét ham g(t) = tjf(x) dx—jxf(x) dx, t€[0,1].

0

Tacd g(0)=g()=0 va g'@t)= jf(x) dx
0
Theo dinh 1y Rolle tdn tai «e(,1) sao cho g'(@)=0 hay T f(x)dx =0. Lai xét ham
h(t) = e_”tjf(x) dx, ¢ €[0,1].
0
Tacd h(0)=h(a)=0 Vi h()=e* { f(t)—aj ) dx}.
0
Theo dinh 1y Rolle tdn tai ce(,a)c (1) sao cho h'(c)=0 hay f (c):aj f(x)dx.

b) Xét ham s6 F(x)= [ f(t)dt, x[0,1]. Ta 6 F(0)=0 Vi F(o-/(x) Va
0

1

F(l)= j F(x)dx = j X (x)dx = j XF'(x)dx = xF (x)|, - j F(x)dx = F(1) —jF(x) dx

0

1
Do d6 [F(x)dx=0.(*)
0
1
Ham so F(x) lién tyc trén [0,1]. Ta nhan thdy F(x)>0,vx<(0,1) thi _[F(x)dx>0,
0

1
néu Fx<0,vxe@©hthi [Fx)dx<0, deu trai véi (*).
0

Do d6 phai ton tai diém be(0,1) d& F(b)=0.
Lai xét ham sO gx)=x"F(x). Tacd g'x)=ax""'Fx)+x* f(x) va g0)=gb)=0. Theo

dinh 1y Rolle ton tai ce(,b)c (0,1) sao cho g'(c)=0. Tir d6 ac*” j f(x)dx+c“ f(c)=0
0

hay cf(c)+ajf(x)dx =0.

+ Chon céc gid tri a thich hop ta s€ dugc cac bai thi Olympic.



4. Cho ham 7:[0,1]—R lién tuc va thoa mén diéu kién j f(x)dx = '1[ xf (x)dx. Ching
0 0
minh rﬁng mdi sb thuc aeR ton tai diém ce(0,1) saocho f(c)=af '(c)j f(x)dx.
Loi gidgi: Xét ham s g(t):e‘“f(”j f(x)dx, t[0,11 Theo bai 3 ton tai ae(0,1) dé
0
T Fx)dx =0.
0

Taco g0)=s@)=0 VA g0=c"| fO+af O f) dx}.
Theo dinh 1y Rolle ton tai c € (0,a) < (0,1) sao cho g'(c)=0.
Tir d6 ta c6 dicu phai chimg minh /(c) = af'(0)[ f(x)dx.

+ Chon a thich hop s& duoc cac bai thi Olympic. Chiang han chon a=2018 1ai bai
thi OLP-2018 (bang A) tai Quang Binh

1 1

5. Cho ham r:[0,1]— R kha vi va thoa mén diéu kién j F(x)dx = j M (x)dx =k.
0 0

Chiing minh réng ton tai diém ce(0,1) sao cho f'(c)=6k.

1 1
Loi giai: Xét ham s g(x) =6kx—2k. Dé dang thay j g(x)dx = j xg(x)dx =k.
0 0
1
Suy ra j [f(x)-gx)]dx =0. Him A(x)= f(x)—g(x) lién tuc trén [0,1] va co tich phan
0

J' h(x)dx=0 nén khong thé xay ra truong hop h(x)>0, Vxe(0,1) hodc truong hop

0

h(x) <0, Vx €(0,1).

Nhu vdy phuong trinh h(x) =0 phai c6 it nhat mot nghiém trong (o,1).

Gia su réng h(x)=0 chi c6 mdt nghiém x=a<(0,1). Xay ra hai kha nang sau:
1) Néu h(x) <0, Vx € (0, a) thi h(x) >0, Vx €(a,1). Khi do

j X (x)dx—k = j X (x) dx— j xg(x)dx _j [ (x) —g(x)]dx
= j xh(x)dx = j xh(x) dx+ j xh(x) dx >j ah(x) dx+ j ah(x) dx

a 1 1 1
=a [ [ ) dx+[ hex) dx} =a[h(x)dx =0.Suy ra j xf(x)dx >k, mau thuan véi gia thiét cua
0 a 0 0

dau bat!



ii) Néu h(x)>0, ¥x € (0,a), thi h(x)<0, ¥x e (a,1). Khi d6

[ () dx—k = 2 (x) dx—[ xg (x) dx =] ff (x) ~g (x)Jdx

0 0

= j xh(x) dx :j xh(x) dx+j xh(x) dx <j‘ ah(x) dx+j ah(x)dx

a 1 1 1
=a [ [ ) dx+[ hex) dx} =a[h(x)dx =0. Suy ra j xf(x)dx <k, mau thuan voi gia thiét cta
0 a 0 0

dau bai!

Nhu vdy phuong trinh h(x)=0 phai c6 it nhat hai nghiém trong (o,1. Gia sit rang
h(x)=0 chi ¢6 hai nghiém 4,b€(0,1) a<b . Theo dinh ly Lagrange ton tai
ce(a,b)=(0,1) sao cho

1(e) = fO)-f@) _gb-g@ .
b—a b—a )
+ Chon k thich hop s€ dugc cac bai thi Olympic. Chang han chon k=1 lai bai thi
OLP-2010 tai Hue.

6. Cho ham r:[0,1]—>R kha tich véi If(x)dx :J'xf(x)dx:k. Chtng minh rang
0 0

[F)] dx >4k>.

S S

1
Loi gidgi: Xét ham s0 g(x) =6kx—2k. Ta co j [/(x)-g®)] dx>0.Mat khac
0

IS S

[/ —g(] dx =[[ £ dx=2[ f(x)g(x) dx+ [[g(0)] dx

Ctm— — O —\

[fx)] dx— 2j F(x)[6kx-2k]dx-+ j [6kc —2k] dx

[f] dx—lzkj xf(x) dx+ 4k j F(x)dx + j (36k>x>—24k>x+4k?)dx = j [/(] dx—4K>.

Nhu vay ta co _[[ f (x)]2 dx >4k,

+ Chon k thich hop s& dugc cac bai thi Olympic. Chang han chon k=1 1ai bai thi
OLP-2004 cua Kiev.
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ABSTRAC

Student Calculus Math Olympiad is an annual academic competition organized by
the Vietnam Mathematical Association and the Ministry of Education and Training
for students who love math throughout the country. The contest makes an
important contribution to promoting the movement of teaching and learning
mathematics in universities and colleges. However, it is not easy for students of
non-math schools to be able to access the exercises in the Olympic exam without
the teaching analysis of instructors with practical experience in team training.
recruitment.

In this paper, we present a way to compose Calculus problems in the
national math Olympiads to help students not only grasp the solution method but
also help them practice logical thinking and Creative thinking in general
Keywords: Calculus problem, Derivative, Differential, Integral.



